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FINAL TECHNICAL REPORT 


Summary: 

This research started in July 1978 -st Rice University, 
Houston TX as NASA-Ames Grant NSG 7490 with Ken Bill man as 
technical monitor- In July 1980, the grant terminated at Rice 


lid tht; exTLjrt wair, iii(_>vt;d t s_j the Ui ; 1 Vt:;r ^=i Ly Cal 


■ Lj r ri 1 a u 


Santa Barbara, CA under NASA-Ames Grant NAG 2-48 for its 
completion in June 1983; the technical monitor then was R. L- 
McKenzie. The research goal was the theoretical understanding 
of free electron lasers (FELs) - 

In 1973, FELs were just barely an idea; the first 
e;-;periment at Stanford University had just been completeid 
months before, there had been only one publication,, and no 
other theoretical or experimental groups were even aware of 
the concepts. At present, there are uiany major ex per i imen ts 
aground the world and the . funding level in the U.S. alone 
e c e e d s $ 4 0 , 0 0 0 , 0 0 0 / year. The simple F E L design uses a 
static, periodic, tra^nsverse magnetic field to undula^te 
relativistic electrons traveling along it’s aixis; this allows 
coupling to a co-pr opagat i ng optica^l vyave and results in 
bunching to produce coherent radiation. The advantages of the 
FEL are continuous tunability, operaition a^t unique 
waive lengths ra.nging from centimeters to angstroms, and high 
efficiency resulting from the fact that the interaction 
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maq n e t i c -field. 

This grant initiated and developed the b-asic theoreticail 
concepts that are now the most widely used in the PEL field. 
While the title of the grant indicates a narrow application 
to the initial storage-ring PEL design, the research quickly 
became generalized to full PEL theory. The theoretical 
approach is related to those of accelerator physics, plaisma 
physics, and conventional! atomic laser theory, but with 
important distinctions. First of all, the fundamsntail 

mechainism is classical. The electrons entering the 

interaction region of an operating PEL respond to the 
combined forces of the static magnetic field and the light 
'waive. We han/e shown that the resulting electron motion is 
governed by the phase-space of the siimple pendulum. In an 
aitomic Istser, the electron equations of motion are quite 
diffierent, the Bloch eq'uations. It is appropriate to assumie 
that even from spontaneous emission there is enough initial 
coherence to use the slowly-varying amplit'ude and phase 
aippr ox i mat i on in the optical wave equation. This red'uces it 
to the paraibolic wa^ve equaition. While the pendulum equation 
shows up LJT tt^n in act_t^i ctti— *r and pi aisfna phyai-i cs, those 
fields do not usually use the paraibolic wave equation to 
describe electromagnetic radiation. In accel er ator s , the 
el ectromaignet i c 'wave typically does not evolve since it i s 
an RF cavity. In plasma physics 
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electrostatic as well as -freely propagating, and are usually 
more broad-band. 

After several years of development the basic theory 
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effects, strong and weak optical fields. Coulomb forces, 
e;-;otic undulator designs, short optical pulse effects, 
transverse mode optical resonator design, higher optical 
harmonics, and multimode operation in each dimension. We feel 
a particularly dee^p knowledge of the theory is justified for 
two reasons. First, FELs are ■ typically $10,000,000 
investments -so that design improvements and guidance are well 
worth a substantial effort. Secondly, a fairly simple theory 
seems to work very well, indicating ..that many detailed 
measurements are possible and that the compa(rison between 
•theory and experiment can be made complete. 


Research : 

The main emphatsis of the work accomplished under this 

( 

grant -was the de'vel cpmen t of the basic equations and 
theoretical concepts which describe FEL operation. During the 
course -of the research some other closely-' related topics were 
also explored. The research resulted in ele-ven refereed 
publications and five non-refereed publications and reports. 
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In col 1 aborat i on V‘jith B.K. Ride, 
possibility ot creating an FEL in a i 
C 1 j . In was -found thcit the interaction o- 
tree el ectr oma\gnet i c radiation, in the presence ot a unitorm 
magnetic tield, can result in stimulated eiTiission or 
absorption^ We analyzed the dynamics ot single electrons by 
salving the classical, rel ati vi stic Lorentz torce equations 


Q-f 

motion in 

t hese c 

oiTib i 1 led 

t i t; 1 d . rt ri el 

ect r on 

iiia'y gain 

e n s r 

g y t r o m , 

or lose 

energy 

J- J_ >_ . « _J 

U. U , »_ 1 { 1“ d U 

i at i on 

tield, 


depending crucially on the pha-se z^nd oscillation tr equency ot 
the electron’s helical motion within the superposed, 
circularly polarized light wave. To tirst order in the 
radi.ation. tield strength, electrons in a monoenergeti c , 
unitorrnly distributed beam become spatially bunched, but 
there is no net energy change. To second order, however, the 
beam may experience a gz^in or loss ot energy, cor r espond i ng 
to zdztenuat i on or amp 1 i t i cat i on ot radiation. We compared the 
bunching ot this leaser process to the bunching processes 
involved in (1) thoz Stantord tree-el ectron laser and (2) the 
c c * o o r o Ci m a s e r , and t i i nj -s i g ri i t i c a ri t d 3. -r -i- e r e rs c e s i r i each 
czi.se- Our ana.lytic results provide a clez^.r, simple picture ot 
the interz^ction process, and can be usetul in exploring light 
zuT.pl i t i cat i on in zist r ophysi cal magnetic tields, the 

mz^gnetosphere , or in Iz^boratory devices.. 

in the tip ace Bolar Power R!e search Proa ram 
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at. Rice Uni VE^rsi ty,, J « Freedman and S. Bimene, we explored 
1121 two new devices which may have application to space 
deployed solar energy conversion and transmission systems, 
the ''photoklystron" and the FEL. The photok 1 yst r on converts 
solar energy directly to K.F. power. It operates on the 
principle o-f the klystron with the cathode replaced by a 
phot oemi 1 1 i ng sur-face. We tested a model at F:ice University 
which oscillated at 30 MHs . The laborsitory model required t'wo 
low-voltage bias voltages. Concepts tor a sel -f -b i asi ng device 
are ail so being considered. The photok 1 ystr on is expected to 
be a^n al terna^t i ve? to solid state solar cells which produce DC 
current. The second device, the FEL, converts energy from 
rel a<t i vi st i c electrons to narrow band el ectromagnet i c energy 
which is tunable from the infared to the ultraviolet. Such a 
system is now being studied at NASA Lewis Research Center for 
spa^ce commun i cat i ons applications. 

Again in col 1 abor .at i on with S.K. F;ide C31, it was shown 
thart a laser can efficiently accelerate charged particles if 
•ai magnetic field is introduced to improve the coupling 
between the pa^rticle and the wave. Solving the relativistic 
equations of motion for an electron in a uniform magnetic 
field and superposed, circularl'y polarized el ec t r omagnet i c 
wave, we found that in energy-position phase-spatce an 
electron traces out a. curtate cycloid: it al ternadcel y gad ns 

and loses energy.. It, however, the par.ameter5 are chosen so 


that the electron’s osc i 1 1 at i ons in the two fields are 
resonant, it will continually accelerate or decelerate 
depending on its initial position within a wavelength of 
light. A laiboratory accelerator operaiting under these 

resonant conditions a-ippears attractive: in a iTiagnetic field 
of 1 (J'J ktiauss, and the fields of a, h teraWatt, lu itiicron 
wavelength laser, an optimally positioned electron would 
(accelerate to 7uu Met' in only lo meters. 

In collaboration with S. K. Ride 143, the spontaneous 
emission properties of FELs where explored and related to 
those of synchrotron radiation from relativistic electrons in 
a bending magnet. The modes of an FEL evolve from the 
spontaneous radiation emitted by relativistic electrons 


traveling in "small pitch angle" helicad orbits in a magnetic 
field. The details of FEL operation depend on the angular and 
spectral character i st i cs of the emission spectrum, and 1 Ciser 
gain is pr oport i oncil to the slope of the spontaneous emission 
line. We first cibtained an exact, fully relativistic 
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Tor electrons guided by ‘>1) a periodic, transverse maqrietic 
field, and (2) a uniform, longitudinal magnetic field, and 
show that a knowledge of the spontaneous spectrum, and its 
dependence on the field parameters, could be exploited to 
t un e t h e laser , or i n d uc e gain in the high er harmonics. 

In c o 1 1 abor a t i on with J. rreedman, S. Simons, F. 
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device oscillates at R.F. frequencies simply by illuminating 
it by light. It was originally conceived as reflex klystron 
with the termionic electron source replaced by a 
photoemitter. In practice, the photokl ystron has been found 
to have different properties from what might be expected by 
simply scaling -a reflex klystron to lower electron energies 
au"d oscillation frequencies. These include electron energy 
exchange with the F;.F. field on multiple osci 1 1 ait i ons and 
plasma effects. The device can be made to "self-osci 1 1 ate" ; 
thait is, no external e.ccel erating bias voltage is necessary. 
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ultirnate ef f i <_i i=;ni_y uf appears pc^-eible. 

In col 1 abor at 1 on with S. 'degall of KMS Fusion, Inc. 
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curve per'iTiit one to predict iTiawimum fractional energy 
conversion for any set of values of initial electron energy, 
initial laser intensity, magnetic field amplitude, and magnet 
per i od „ 

In col 1 aborat i on with S. K. Ride, we developed a self- 
consistent., nonlineair description of the free electron laser 
using si ng 1 e-pairt i c 1 e dynamics and Maxwell '’s wave equation 
C7], .Microscopic electron bunching drives the amplitude and 
phi\se of the optical wave. This is the first paper where the 
warve equaition was sel f-consi stent 1 y coupled to the electron 
pendulum equation. A method of sampling only a few pairticles 


was 

devel oped 

to save 

computer time in numerical 

approaches . 
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In a subsequent, more complete pampers we applied the 
coupled wave a.nd pendulum equations to a variety of problems 
to show their capabilities C8,93.. The short optical pulse 
problem is solved to show a wide range of exotic effects in 
F'ELs. cieveral of these effects were observed in the original 
Stanford experiments. The excellent comparison between theory 
and experiment gave the first implication that the approach 
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ong time— scale averaging procedure was developed which 
allowed us to relate the PEL oscillator to a second order 

jherence grows in the laser -field, the 
order grows as in a magnetic solid. The 
generalised potential -for the evolution o-f the PEL optical 
■field is presented. 
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depends on I-/ the magnetic field -strength and the magnet 
wavelength, Por most experiments the coupling is not small. 
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Another experiment has measured gain in the third 
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In -Further work 111211 the theory is used to explore the 
dynamics ot the laser -Field’s amplitude and phase for a wide 
range o-i- parameters using families of normaaised gain curves 
applicsible to both the fundamental and higher hsirmonics. The 
electron phaise- space displays the fundamental physics driving 
the wave, and we use this picture to distinguish between the 
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f high gain and Coul' 


It is shown thait 


Coulomb forces can be included in a generalized pendulum 
equation and collect effects in FELs are typically not caused 
be p 1 asmat osc i 1 1 at i one . 

In collaboration with P. Elleaume of University of 
Paris,, Orsa'/;, France, we study C133 the electron phase-space 
evolution and gain of FELs whose short-'wavel ength radiation 
has Gaussian spherical wavefronts. Several FEL designs are 
consideredr. the periodic magnetic field undulator, tapered 
wjivvel ength undulator, and the optical klystron with .a gap 
between two short undulators. We find that the gain spectrum 
is not p r o p o r t i o n si 1 to t. h e s lope of t h e for w a r d s p o n t a n e o u s 
emission spectrum as had been predicted by a previously 
published theorem, and we found the design of the Gaussi a;n 
mode which maximizes the energy extraction from the el eve tr on 
beam in FELs, 


Geveral years aft sir the initial short pulse experiments 
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at Stanford University, ainother round o-f more sophisticated 
msasurements were being made. Now the credibility of the 
theory had grow to the e;<tent that the e;; per i men t al i st s were 
using simulations to help design the measurement technique. 
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meters. The agreement with theory on these matters vjas good; 
all qualitative effects agreed with theory and the 
quantitative comparison was with exper i mental uncertainty.. In 
the review of these results, some predictions were itiade for 
short pulse effects in tapered wavelength undul-ators C131. 
This kind of magnetic undulator design was being explored sit 
the .National Labs to extend the saturation level to higher 
pC!W£;r 5 . 

In col 1 abor at i on with P. Bosco, a gra.duate student 
supported by this grant in the last year, and R. Freedman, 
t h e p r o b 1 e m o f o s c i 1 1 a t o r e v o 1 u t i o n a n d m o d e c o m p e t i t i o n i n 
FFILs was studied l 151, Rel a< t i vi st i c quantum field theory wars 
used to calculate the electron wave functions., the anqula.r 


di stri buti on 


spontaneous emission, and the transition 


■ at es f or at i mu 1 .at ed em i ss i on and ab sor p t i on i n sa.c h 
L’equency mods. The photon rate equation for the weak-f i el d 



regime was presented. This rsite equation was applied to 
oscilla^tor evolution with a conventional undulator, the two- 
stage opticail klystron, and the tapered undulator. The 
G-f-fects o+ classical shot noise and optical quantum noise are 
brietlv discussed,. In eaich case, noise is -found to have onlv 




e-f-fect on laser operation. 


With the NASA supported graduate student, P. Bosco, the 
spectrum, angular distribution, polarisation auid coherence 
properties o-f the ra.diation emitted by r si ait i vi st i c electrons 
undulating through a quasiperiodic tapered magnetic -field 
were studied Cl6]. Tapering the wavelength atnd/or -field 
strength along the undul -ator ■’ s aKi-s has the e-f-fect ot 
3pre,ading the spe^ctral line to higher frequencies; 

i nter-f erence over this broa^der spectral rainge results in a 
more complex line shape. The angular dependence, on the other 
hamd, is not ai-f-fected by the amount o-f ta.per. The 
polarization ot the raidiation in the forward direction is 
determined by the tra.ns'/erse pal a^ri zat i on o-f the undulator, 
but the polarization changes off axis. The raidiation paitterns 
predicted are distinct from those of untapered undulat-ors, 
and their detection is now feasible. They will provide useful 
diagnostics of electron trajectories a.nd threshold behavior 
in f ree-el ectr on-1 aser oscilia.tors using tapered undulators. 
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Abstrirl. The interaction of free electrons and free electromagnetic radiation, in the 
presence of a uniform magnetic field, can result in stimulated emission or absorption. We 
analyze the dynamia of single electrons by solving the classical, relativistic Lorentz force 
equations of motion in these combined fields. An electron may gain energy from, or lose 
energy to, the radiation field, depending crucially on the phase and oscillation frequency of 
the electron’s helical motion within the superposed, circularly polarized light wave. To first 
order in the radiation field strength, etecirons in a monoenergetie, uniformly distributed 
beam become spatially bunched, but there b no net energy change. To second order, 
however, the beam may experleoce a gain or loss of energy, corraponding to attenuation or 
amplification of radiation. We compare the bunching of this User process to the bunching 
processes involved In I) the Stanford free-eUctron laser and 2) the cyclotron maser, and find 
significant dilTcrcnces In each case. Our analytlo results provide a dar. simple picture of the 
interaction process, and can be useful in exploring light amplification in astrophysical 
magnetic fields, the magnetosphere, or in laboratory devices. 

PACSi 4I.41S5, 95 


Recently there has been a great deal of Interest in the 
development of a frce-electroo User, a device in which 
ultra-relatJvistic electrons, following helical orbits In a 
periodic, transverse magnetic field, amplify coherent 
radiation [I]. This User operates on the principle that 
the free spontaneous radiation, emitted in a narrow 
cone about the forward direction, remains in the 
Interaction volume with the electrons and b therefore 
avaiUble to stimuUte subsequent radUtion processes. 
The energetic electron beam need only lose ■ small 
fraction of Its energy to amplify ■ powerful sbort> 
wavelength pulse stored b an optical cavity. In 1976^ 
Madey built a prototype free-electron User, which has 
operated both as an collator [2] and amplifier (3). 
C>n a free-electron User operate in static fietda other 
than the periodic transverse field? In this paper, we 
will show that thb type of User action b abo possible 
b a uniform, bngitudinal magnetic field (symbolized 

• Supported io part by Amy Coninct No. DASO0V77.C-OO83 
tftd NASA Onal NSO-TSSO 


The characteristics of such a User differ both 
qualitatively and quantitatively from those of the laser 
employiim a perit^tc, transverse magnetic Odd (sym* 
bolized 

The process we investigate b shown schematically in 
Fig. 1. ReUtivblic electrons spiral with small pitch 
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Fif. 1. gehtivbtk cfectront fpiral slonf the 5cM lina of a uniUfRi 
ma(MtlB Md. and cinh dfcularty*pot*rized monoenerfcdc ra- 
diation b the fonrard dJrectkm. Tbe ridiailon Inddcei tbc eretssion 
of laser Hfht from ekciroos further aton| b (be beam 
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angles in a uniform mugnelic field. CircuUily ptdarized 
radiation (like that emitted sptmtaneouslyl passes over 
these electrons, and stimulates further radiation pro- 
cesses. It should be noted that the device proposed 
here is difierenl from a well-kmtwn cyclotron maser 
[4 7J. Ihe stimulating fields are free radiation fields, 
not mi>des ofa cavity opctuiing near cutoff (as with the 
cyclotron maser): Ihe result Is a different gain mecha- 
nism and a correspondingly difierenl gain curve. The 
two devices are compared in detail in Appendix A. 

In thb paper, we adopt a single particle approach 
similar to that used by Lamb [8] and Gaponov [9] to 
model conventional lasers and the cyclotron maser, 
and by Colson [10] to model Ihe B^-field free-cleclron 
later. We examine the fully reUlivtslic Loreniz force 
equations and solve them order by order in Ihe 
radiation field strength to obtain analytic expressions 
for the electron trajectory and energy as functions of its 
initial position within a wavelength of light. To first 
order, a dilute, spatially uniform, monoenergetie elec- 
tron beam becomes bunched, but there b no net energy 
transfer. To second order, however, the energy change 
of Ihe beam does not average to zero, and if the 
parameters of Ihe device are chosen Judiciously, the 
system should Use. We derive analytic expressions for 
the longitudinal and transverse bunching (both are 
important), and for User gain. 

This general procedure can be employed to derive Ihe 
low gain behavior of other free-electron devices. We 
have used it to derive Ihe particle trajectories and gain 
equation of the cyclotron maser and i^^-field free- 
electron laser. The results of these calculations are 
presented in Appendices A and B. respectively; Ihe 
bunching mechanisms and gain curves of these devices 
are compared to those of the **uniform field free- 
electron laser'*. 

By investigating laser action In a 0|-field. we are 
exploring a process which, like Ihe cyclotron maser 
and 0^-ficld laser, has potential as a Uboraiory device; 
more intriguing, however, b the pouibiliiy that thb 
process, which requires neither a cavity nor an intri- 
cate field structure, could occur spontaneously outside 
Ihe Uboraiory. The basic ingredients. reUlivblic elec- 
trons and uniform magnetic fields, are present, (or 
example, in the earth's magnetosphere, the radiation 
hells of Jupiter, Ihe magnetospheres of pulsars, and 
other astrophysical situations. 


I. Physical Problem 

To examine whether User action could be sustained in 
a tmif«>rm magnetic field (0||) we will consider the 
frdlowiiig miKlel problem ; a single relativistic electron 
entering a region of space containing a circularly 


polarized electromagnetic wave, of well defined fre- 
quency and phase, and travelling along the aib of the 
0|]-rteld. The dynamics of Ihe electron are described by 
the Loreniz force equations 

, 2 , 

where gr is the velcKily of the eleciroii of charge 
e a - |e|, mass m, and energy ym<*’. B. b t^ magnelic 
field in the J-direction, 


E, and B, are (he radiation eteclric and magnetic fields. 
Equation (2) shows that the work done on Itie cUciron 
by the radiation field b proportional to 0-E^ the 
orientation of the vectors determines wh^her the 
electron loses or gains energy. If it loses energy, t^re 
has been stimuUied emission; if it gains energy, there 
has been absorption. The longer p • E, retains a partku- 
br value, the more energy will be transferred b^weeti 
- Ihe radUlton field and electron. Thb suggests that to 
maximize the ertergy Iransfer rate, we should choose 
Ihe radUlion to be cucubriy pobrized such that Ihe 
electron sees an electric field which rotates in the same 
sense as its velocity vector. We therefore take Ihe 
radUlion field to be of the form' 

-tin(M-uV* + ^K0). 

D,»Co[s{n(A^z-tu,r-f ^kcos|k,z-cu,( f ^kO] - 

Equation (4) describes a plane wave of constant antpli- 
lude Eg. frequeiKy and phase irayelling 

with velocity cl. It b auumed that (a) £, b large 
enough that it (and the phase remains substantially 
constant during Ihe amplificatioit process (low gain), 
yet (b| Eo b small enough that the elTeci of radiation on 
the eicctroti dynamics may be handled pertur- 
balivdy. 

We perform Ihe analysb for a light wave of arbitrary 
frequency, but show that only frequencies near a 
“resonanr* value will result in significant energy trans- 
fer. Near resonance p^ and E, rotate together and 
retain (heir orientation through many oscillations. The 
frequency of oscillation b given by the cyclofton 
frequency frequency at which 

radiation passes over (he electron b (I -fi iko,. The 
“resonance parameter** b defined as 

. 1 ,,, - 01,(1 -# i(. (51 

yrwf 

' It Ihe parikkt were pouiively chiifed. or it the nuineiic field 
were reversed, pulineation o( the opposite wnse would he 
■pproprutc. 
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'1)n rexonnnce" exactly one wavelength of 

light will paxx over the electron as it travels tliioiigli 
one oscillation in the magnetic TieU. For \iltra- 
relativistic electrons (y large, fi ts: 1|. and reasonable 
laboratory magnetic nelds, the radiation wavelength 
can be made quite small. 

lit a laser oscillator, or fice-space laser, the initial 
radiaiitm would be spontaneously emitted by the 
electrons accelerating through helical orbits with small 
pitch angles. We emphasize that such radiation has 
just the right direction, polarization, and frequency to 
initiate amplification when passing over electrons fur- 
ther '‘upstream** in the uniform magnetic field. The 
radiation b emitted into a small range of frequencies 
about the resonance frequency given In (S|. and into a 
narrow forward cone of angular width y’V The ra- 
dialibn yielding the highest net gain will establish the 
final laser tine. In an amplifier, the Initial stimulating 
radiation is specified. In this calculation, we assume an 
initial ekcUomagnetk wave of arbitrary frequency and 
phase, and scardt for the conditions necessary for 
amplification (gain) as the wave passes over an electron 
bcaiii travelling through a uniform magnetic field. 

The torenti force equations desaibing an electron's 
motion in the combined fields (3) and (4| form a 
complicated set of coupled, nonlinear difierenlial equa- 
tions. We will employ a perturbation approach to 
obtain a solution. Before turning to this approxima- 
tion method, we can make some progress toward an 
exact solution. The l<otnponenl of (I) can be com- 
bined with (2) to yield a relation between the energy 
and the velocity in the i-direclion 

>10tl“/».l'l)«-con»l. (61 

Therefore, if the energy of the electron b changed, its 
vetocily in the l-dircclion b necessarily changed: since 
Y, fi,. sod are related through Y'*°it~fil- fi\% the 
velocity In the transverse direction must also change. 

As a second step towards solution of the equations of 
motion, we can integrate the .4- and ^-components of 
tl) Inimcdialely by noting that the right-hand sides ore 
perfiki lime derivatives. We therefore have the follow- 
ing set of exact equations 

|a| (sinll.z +dl 

** mev), 

-sin(*,Zo fd)J“ +consl., 
me' 

h’lK 

(h| y/l, « — ^2 fcos(A,z-n>.f + 4^)-cos()i,r„ r ^ll 

mOrl. » II * 

+ + const.. |7( 

me' 


(cl ;1l const.. 

lUl V = -■ --*2 cnstfc.r — m,i + ^1 
nil 

-/I, sin(fc,2-<u,f + dll • 

Unable to integrate fuMlicr. we seek a solution by 
means of a pcrluibation expansion in the field strength 
£(,. 1'hat is. we assume that the electron's trajectory b 
determined by the static field, and that the radiation 
field prtvduces small perturbations about this motion. 
We choose to perform our analysis in weak radiation 
fields where the energy transfer b small, and require 
only that the amplitude be large enough that we are 
dealing with a classical wave. 

\\ b possible to seU-consbtently solve the equations of 
motion (7) order by order in £q. To zeroth order, the 
electron moves in the uniform magnetic field alone 
with trajectory r,»(x,.y,,z,) 

>J0 = - «n («>,> + 0.1 . 

y, «consl.«(l-/i;o-/l,*o)'''* . 

where m,«lr|0Q/r,mc is the relativistic cyclotron fre- 
quency; the arbitrary constants fi,^c, fi^^c, and 0g 
are the electron's initial longitudinal velocity and 
position, and transverse velocity and phase, respec- 
tively. These constants of motion define a class of 
trajectories which spiral symmetrically about the 
l-axis. 

We now proceed to first order in the radiation field 
strength, and write the solutions in the form 

r(r)-r,(i)+dr,(0+.... 

)<O«y,+0y,(r)t^..., 

where df| e(d.V|,d>*,.dz,) and dy, are small, pro- 
portional to Eg, and must vanish at leO. Substitute 
these expressions into the Lorentz force equations, and 
retain terms only to first order in small parameters. 
Equation (7d) becomes 

— L Cl ~(ti2^jgCOS|d(i;f ffi) . (10) 

i'» 

where 0sk,2g + 0 + 0g. = 

- I - fi.g). liquation ( HI) can 1^ integrated immedi- 
ately to give the first order change in the electron 
energy 

i*!iy „ _ (sin(,)„i ,01- jinO] . (II) 

y» dfti 
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From (6) it is clear that we can relate dy, to dz, order 
by order. In particular, after evaluating the constant 
— fi^) at I BtO. we find 

c t% 

Therefore. 

“ />i .< I 

■ [cos(d»u + 0) - cos 0 -f dmi sin 0] . (12) 

d.X| and d>'| can be found from combining 7(a) and (b) 
into an exponential form. They are 


2. Partkk Dynamics 

To second order in the radiation field, the fractional 
change in the electron energy evolves as 

i,v) ^ •,<!)- ?, iy, ^ h, , 

1*1 Vf I’i Va 

A partkies's evolution depends, in a complicated way. 
on Us initial parameters ^^g. ^,g, and Zg. 

In a real electron beam, particles enter the interaction 
region with a range of initial conditions. Dilute beams 
(where Coulomb forces may be neglected) can be 
accurately described by summing over all electrons in 
the beam. We assume that realisik beams are not "pre- 


^ ^ ^ cos -t- ^ -u>,l) - cos [k,ig 4- ^ - Old I -ftoM] ^ 

( Cr>, dtU (1)^ 


4 t' cos (u>,i 4 0g) [ ~ cos ( AwZ 4 0) 4 cos 0 - dux tin 0] 
d(U 


dy» ft>, sin [fc,Zo 4 ^ - cu,( I - |7,a)rl - tin (k.ig 4 ^ - »o,l) tin (k^g 4 ^ -cu.i) - sin (k^g 4 ^) 

ex -- + 

C UK Aoi <t>. 


a' 

+ ,in(u>,i4'9.)[-cos(<tiU'l'0)'f co>9-.liuiiin6) . 


The c>pan$ion can now be olended lo lecond Ofdcc 
in a similar Fashion. 

— = u>, cos H.J, + ♦ - U),( I - 0,„)l] 


C ' f 


4 «>| sin (k,Zg 4 ^ - w,( I ~ 7f,o)i ) 

.lisa. .^1 


When the zero-order and firsl-order rcsulli are in- 
serted. (15) can be integrated directly. 

[-cosl.hirr 40)cos04cos'0 

y, dfir 

4 Jcosl20 4,lJ(oi)- )cos20 
4 di-x cos(.Jmi 4 0)sin0] 

f £*, (I-(».„MI-co5 .1i.<i|. (161 

Note that the second-order change in energy results 
from first-order changes in both longitudinal and 
transverse pirsinim. Also, all phases (Zg.^. and 0g)huve 
combined into the single phase 0. 


bunched**, and therefore consider, as • specific exam- 
ple. a monoencrgelk, uniformly spread beam entering 
the interaction region at a parlkular angle. The initial 
positions are uniformly populated over many wave- 
lengths of light so that the phase should be averaged 
over intervals of 2a. At any given lime, lo first order in 
Ibe radiation field exactly half the elections within a 
radiation wavelength gain errergy and move ahead of 
the average beam flow; the other half lose energy and 
fall behind. This causes spatial bunching of the beam 
and a spreading of the initially narrow energy 
distribution. 

To first order in fields, the form of the electron energy 
distribution is given bv where 

^vi*»i*l*("'{7i/^!o/2d«>*)(l -cos deal) with two spik- 
es at tdy^.jl). and oscillates with frequency do*. 
The second-order corrections (proportional lo lojl are 
asymmetrk and cause the distribution lo become 
slightly distorted. It is these distortions that are re- 
sponsible foe net amplification or laser gain. 

If the cicciron beam is initially bunched, gain may 
result from the first-order energy changes. This gain 
mechanism can be important in long wavelength appli- 
cations. In short wavelength radiations fields, gain cun 
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only be obtained by mcani of “aelf-bunchinf** ai ibe 
r«'idialton wavetenglh. described above. 

As an aside, we wish lo ilress the importance of the 
-bunched" electron beam produced by the free- 
electron laser. This analysb shows that an external 
laser tor the laser oscillator) may be used in com- 
bination with a uniform longitudinal magnetic field to 
coherently modulate a relativistic electron beam at 
optical wavelengths (.10). Such a beam may be used, 
for example, to drive a high gain, powerful optical 
klystron [II]. 


3. Cain Equafloa 

To calculate "gain", the fractional change in radiation 
energy, we must compute the eivergy gained or lost by ■ 
the electron beam as a whole. The energy change per 
election. <dy>mc’, is obtained by averaging ( 1 7) over a 
weighted distribution of Initial positions and veloci- 
ties ; multiplying this by the number of electrons yields 
the energy change of the beam. We now identify the 
energy lost (or gained) by a section of the beam of 
volume K containing electrons, at the energy 
gained (or lost) by radiation field in that volume. Oaln, 
(i(t|, can therefore be written 

where lEjk'/Sa is the radiation energy (in egg units) 
orginally present in volume V. Thus, using energy 
conservation, the small growth of the field amplitude is 

Eo(l|a;EoexptC(iV2). (19) 

In general, growth is not exponential, since G(() b not 
necessarily linear In time 

We perform the average for a uniformly spread, mono- 
energetic beam. In short-wavelength (large y,) appli- 
cations, even short electron pulses are spread, approii- 
malely uniformly, over many optical wavelengths. 
Note that averaging over all Initial longitudinal phases 
or over all initial transverse phases dg. b equiva- 
lent and renders Ihe result IndependenI of any phase. 

la 

Thus. < > s I dflf ). The firsl-oriler terms In Eq. (17) 

average to zero, but the second-order do not. the 
result is 

cot - {(Olo + ?( I - />,o)] - 1 • 

Thu b Ihe fractional change In the energy of Ihe 
radiation field as it passes over an electron beam 


spiralling ihrough a uniform magnetic field fSg|. Under 
the proper conditions, energy can be transferred to the 
radiation field. 

The gain is proportional to the electron density, 
inversely proportional to particle mass and kinetic 
energy, and decreases if far horn resonance (.l«i large). 
We can acquire insight into Ihe gain mechanism hy 
examining the nonrclaiivistic limit of Eq. (20) 

c;ii)“ — ?-' t(cosAo»i~ I) . (21) 

m<h(i 

where - ni,. Resonance occurs 

when Ihe electron cyclotron frequency equals Ihe 
radiation frequency. Note (hat in (his limit gain cannot 
be positive - net slimutaled emission is not possible for 
any choice of parameters. 

We can understand this result by considering the 
electron beam as a system of classical oscillators, tl b 
well known (hat a set of randomly phased harnumU 
oscillators absorbs energy from an electromagnetic 
wave -.net stimulated emission can only occur if (he 
oscillators are anharmonic [12, 9). In (he non- 
relaiivbtk limit of our problem, the electron beam b 
Just a collection of harmonic osctllalors; if, however, 
the electrons are even slightly relativistic, they arc 
anharmonic oscillators - then, as indicated in (20), 
stimulated emission can dominate. 

It b appropriate lo examine gain at the end of an 
Interaction region of length L The lime required by 
the unperturbed beam to traverse Ihis length b L/0,of- 
Since shifls in Ihe position and velocity are small, ihis 
b very neatly the time requited by each electron to 
cover that length. 

The final gain b then, 

^ 11/':.+ 211 

— 


• (cosoi- 1)+ 


^louisinoil 


where to is a dimensionless resonance parameter. 


JwL 

€OS — — < 

0tO^ 


;Wflo II a I ' 

— s -to,n s— : • 


Note that, for a fixed E. <u can be changed by varying 
any of the parameters 7r <*»r. Of ®o 
We can examine (Km) in (22) by fixing, for example, 
/9,o. and to,, and sampling various resonance parame- 
ters hy changing the magnetic filed strength. In Fig. 2. 
(K«u| (in units of is plotted versus or. 

Maximum attainable gain is proportional lo L^. We 
have chosen y, = 50 and show (he gain curves for three 
different injected pitch angles, Fxaetty on 
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Fi|. 2. When injected at a unaO piicb angle. <b« 

rdaiimtic electron beam ihoart Kveral gain peaks on either 
tide of rctooanoe. 'On-monance' t(w»0) ooljr abtorptinn 
can occur 


j 


resonance |(u«>0) the "gain" b negative; in the specific 
limit I. it b independent of the injection angle 


Further, if the beam is injccled exactly on-axis, (here b 
no value of w which can lead lo net stimulated 
emission. 

If however, the beam b injected slightly olT-axis, net 
stimulated emission b possible for certain values of or. 
The device will then operate as a laser if gain b larger 
than Ihe tosses. Maximum gain is achieved if 7.5. 
The principle of operation b Ihe same as that which 
governs ihe Stanford Tree-electron laser : K Ihe narrow 
spontaneous radiation cone |of angular width y,"^ 
[10]) remains on-axis |lbat is, if tt will 

excite a narrow fundamenla) emission line in the 
resonant cavity. 

In contrast lo the d^-field laser and Ihe cyclotron 
maser. Ihe gain curve of the ^i-field laser b symmetric 
in the resonance parameter. Although lo zero order- 
the electrons in each of these devices move in hetkal 
(rajectoiies. Ihe irajeclortcs evolve differently. In the 
cydolron maser, (he electrons become aztmulhally 
bunched (Ihis is sometimes called "phase bunching") 
and Ihe second-order changes in energy (i.e., gain) 
result from these transverse jiertubations. ^.v,. and 3>| 
(see Appendix M In the Bj-field free-eicciron laser, 
the electrons become longitudinally bunched, and 
second-order energy changes arise from perturbations 
dzi Isee Appendix B). Again. Ihe result b an anti- 
symmetric gain curve. However, in the fig-field laser, 
iMfth transverse and longitudinal bunching contribute 
lo fF/j. or gain. Their cuiiiributions oppttse. and elim- 
inate (he usual cyclotron maser gain mechanism. 1'here 
is however another (less elTicicnil mechanism at work : 
that mechanism is the one described in (his paper. 


In all these free-electron processes (and. in fact, any 
laser process), Ihe length (he interaction region b a 
crucial factor in determining Ihe conditions required 
for positive gain. Thb can be understood by referring 
to Fig. 2, and noting (hat the resonance parameter lo 
depends on (he product of L and dui. If E is fixed, as b 
usually (he case in laboratory situations. Jot can be 
chosen to maximize the gain. Creating a laser is 
Iherefore simply a mailer of exlracling the electron 
beam and radiation field at Ihe right lime. 


Concfcwlooa 

We have presented a calculation whkh demonstrates 
that under certain conditions laser action can be 
sustained by relativbik electrons spiralling Ihrough a 
uniform magnelk ftetd- We find that lo lira! order in 
radiation field strength, the electron beam becomes 
spatially bunched in both the longitudinal and trans- 
verse directions, and spread in energy. The nel energy 
transfer b zero lo first order'lfor a uniformly spread, 
monoenergelk beam), but (he self-bunching achieved 
to (hb order results in gain lo second order. To achieve 
laser action in (he uniform magnelk field, the electrons 
must be relalivutk, they must be injected slightly off- 
axis. and they must oscillate slightly off-resonance. The 
gain mechanism b not that of a cyclotron maser or (he 
periodic-field laser. 

A laboratory devke similar to the periodic, transverse 
field frce-electrnn laser currently operating at Stanford 
could be made by placing mirrors of a resonant cavity 
beyond each end of Ihe region of (he uniform axial 
magnetic field. The condition fiioT, ' - 1 would 
maximize available gain, yet allow Ihe narrow spon- 
taneous emission cotie to excite Ihe resonator on-axis. 
1 he uniform-field laser would enjoy the same potential 
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iitjlvumA$» |).1) as ihe perhH)k*rw)tl itevtct: i( w«>uhi 
he co»t}i»U4>us))( and ca^tdt id high {H>i»cr 

with good rflkienty. iknf«ver, far « giv«n Heh} strength 
and electron energy, the umibim Hetd laser typi- 
call) priHitices less gam and operates at hmger wave* 
lengths. $ince the uhia*relafivtsttc electron beam has 
such a high energy den.sify. even this tow gam can 
sustain a powerful la^r pulse. The cscUing possihitity. 
of course. Is that the uniform Held laser mechanism 
descrihed in this paper may operate in nature. 
Although a spedHc retetronshrp between the electron 
motion and the radiation Field is requited for laser 
guilt, the spontaneous emission produced by dectrons 
hr retaliviitic helical motion wHl pass over decirons 
further along irt a heatn. and bathe them its radiathm 
which has the right properties to Induce stimulated 
emission. Resonant Interaction might therefore occur 
natuiaHy for a whole range of magnetic field strengths, 
from weak intersiellar fields to the huge Reids near the 
surfaces of neutron stars. 

The signature of this laser process would be anom- 
alously bright, directional radiation fraturing a narrow 
emission line; the efnls.sloti frequency would be related 
to the magnetic Reid strength and clcctton hincmaiks 
through the resonance condition f5h ft must be em- 
phasised, however, that these properties may be dis- 
guised or distorted as the radiation propagates from hs 
Source 1o our detectors. Thb suggests that more 
specific analytes ought to be perform^, and the model 
problem adapted to particular physical situations, in 
order to esj^ore the Importanoe of thh radiation 
mechanism. 


Appendfa A 

In in ron»rwrr tt>e vnOmm-Mi bm the 

tfvloifoa mrrr. ne »iS drsedhe the fatter detror «uMg the oot- 
bod) c4 itw leti. Both <fevke« tt*c • oatk tmtfoim m«stwtir 

grid, but bec«(»e ne (noposc «n ctperitnental conflimahoR ^mibi 
to the gtanfotU Iree-clicctioft bsti (2, )} tiwiking utt Dopptet 
rhilted hee rsdbiiofti the sab are quUc diffiereat. W< 

tdvifM * vitnple <n<«del the ejertotrem ctawf. <n^>«d b) >c«ci«l 
frevh'tn stf^on (S. d, 9. )4|, choosing fhe tti*»vl»img Ueid to Nr • 
tm>dr ct • rmnngobr w*»>^wtde operaUnf near eertoff. Thh choke 
the mathcmttkf, fcl dhotrates the cswnUit ^srkv of the 
deikr. In fivirikulst, it drs^ihes the '’Imiuvem banehing innh>- 
fthrn- If. T. 15) 

Aftin «e begin niib the teUUvhtic etpuuionr of nHHhioOlendtJt 
the otciUeUni (kU at the cjidottan mnser is 

r.,-f,4ct>ih»,MdlO.0K O'J 

»nd ibete is nu e«MKbicd iiingnetk field. 1 he stMk ma|ne<k f«td k 
the umc «« ihel in the vntfurm neVl hcc.«h!«ton bset. 
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thr fvaKkm c#n m««. hr M^vrit t<i>i)inrd m >h< tesi. the 
txdrs udu(MH» ntt 

(t *r 

\ • - ir. nnhifJ 4 a,,! . 

a ^ 

r ■ - cMhrt 1 ♦ n » . r?7» 

w, 

«be« agein in, • kia« V,na . end the tkcitons ate initiatl) lucated at 
•nyuies t^wsrs end longitudiruil poiKiom 
At theebetrofu osedbur thfottfh their hehcxl othiti. (he oeedbring 
na*c does vrwh on them. Ihe b»yc<t tottff u»nsitt i< fossihk neat 
mciuiAct. defined by 

Au» , iZfl 

Hole that this h similer fo the mnnenee persmeier tin the uniform 
fktd Uses, but the frequency of the o«c01ating (fefd is not Ooiykt 
ihiftod. 

To fim mdei in £«. the hecikmel chenge in energy is 

^ - ^j“t*m(d.iJ(-d49*t'siot-d4d*t) 

f loaa-reKMMm termit, f?^ 

wheic «>»««■ Since (he tnesci niS jbe ofwtetcd oeet ft* 

tonanca, the Rsooanf {decn in tptofwdionai (o »dl 

domloste. fo* beeviljf a« do tiol «nt« out the nati-rcsrHient terms. 
WorhctabedanemKirbyrhsetectroa.'Chetifnardr, depends on 
the ebetron'r JiUUa} phase g,, rrbiiyr fo (he phase ot Iht ostSffaiing 
firhld 

The first'Ofdee chadfes in putitinn ««e 

Jt, 

-co*t-d fft,!- doeslot-d + a^H f ... . 

^ “ "■ sinl<a,( ■* - d 4S,| 

-cost '> A 4 tf,>~ d«,rf un( -d * 9,t] 4 ... . (Jtt| 

“ ?,a loostditK - d ♦ a,t 

~coif'-d4d«l~d«'iitfnt>d4d«|)f ... . 

W« htve on( icKtuded the aan-rewnent terms 
We use these brsi'Oider rhenges in position In cakubte the second* 
Mder change in energy. Here we find the important difference 
between the cyclotron mat» and the Ay-fwld hec eteciron User. In 
the User knafjrred in the test, cnntribuikins to were found to 
mtdt Irtmt bt>(h itamvcrsc thlDs fitx, and jy,| «nd longiiudinat 
shiffi (d.ttf fhese enntiihutiom nearly carKcffed. bacing only « 
«n«ll resldoef <^rST shift. The c*ch«tf«n ntaser. howeser. em* 
(doys a eivhy >n»«fr(KnM>dr«diatHMU(r> upset shtscirMefialioit. In 
fh» OKiffiiing field. hurgUndinaf hunchrng ctwto* affect the energy 
ffnw (3y,( hel acen IIk electtnm and Uk nw iffattrif ftetd : energy flan 
b a leeuh ol transseiw hum:h)n| a(r>nr*. 

* ft » possiHe to cfHHne a eavhy nindr with » phase wtority less 
than r. and lemver the KHigittidinat bunrhin| meehanhm. but kMtng 
the iransvctsc mcchaniun Jb. T> f5). The form cf the resuUs arc 
timtUt. 
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The average rale id energy change ol a beam ts coined by 
*• 

awtapngdyovet thetnitiafidkasea: < >w { dP|,/2a. l*crfcKmmg the 

a 

average renders <.iy) independent of the iiuiUi tongstodioaf po- 
sitkm. and the phase d nvetages lo mn. Ihctcfnrt 

<dt> 

" r, 

w (sin.b.it-di'acosdi'aft r'*T“»i*td«»a 

4 tvnatkr, non-irsonant terani . f)0 


A|>pc«di« B 

In thH appendis. we tne the singk partkk. pertutbativc anatyvM tn 
derive t^ gain o|uatkm ol a iramvcrte. pctkidk (kid (tf,i free- 
ckeiron User. This will (uiiher demonsttatc the validity of the 
uchnique (Ihe reudia »« obtain in (bis low gain regime accurate!* 
deserr^ (he deeke currently operating at StantnrdJ; and win enable 
m to draw a r^htcri civnpBmoo hciwtetv the M, -fkld Uses aad the 
R|<field tasc*. 

tn the |^4kld laser, the reUtivrstk cUctrons travel akmg the asis <d 
• tiansverie. period magnetic (k)d of the lotm 

B»«Bj|coak»S.skiS*i.(^. 154) 


Here, the kadi»| rton resonant term has been wtHicn out (or where g. b Uw (kid stict^h. and *- 2a/*» h the wavtUngih. If 

comparison with pobthhed tetitUt. (t b convenknt (o rewrite (Ms there is no tighi preseitl. Uatlonary sofutkmv desctlbing (he hetkat 

equation for the haclIooafCMify Dow ran as aoibn afong Um ttugnet atk am 


f. 


“^e***,*/, -I 




4 (tmafler non*tevo«ant tetms) . ()}) 

In (hk fosm. we out see that ra» sspreasion agrees wUh those 
obtained using (a) the linearized Botirmann mv^twn or lb) quantum 
meebanks ( 7. 14). To cranparc (521 to Schneider's otigmid quantusD 
Asectunkal result )5. 7}M H necesuty to identity the interaction time 
t with hB '’coflniofi time" t ; Sclmetdrr also issomcd a torminan 
"mpooae fuztetion*. whkh differs horn the (Un a/a) expUcidy da* 
find hene. tV 8ftt term ht (12) k tymmerrte. and ahsiya po^«e 
(oormportding to absorptfoe); the aecood term, fcsutUng bom 
rcfoUvhtk con e el tens is anti^tyaMnetrie and zms lead to fairs. 
Maabniilnf the aeoond term with respect to the fott can pB o doo a a 
net Dow of tnrifg JSrom the ekefron beam folo >h« cackling Deh) 
|))hs k masimkrd da* dok a 1) Hose that 1>2) b fofiy ttlaiivbtk, 
and that gain b ooly possihk for rctadrbik bcarna fsea the 
dbctttston foffowing ())) in (he teal). 

The rate o( energy change can be tntrgrated to describe maset gahi. 
The poranteten rd a worhiot cyctotion maser wouh) ha choam such 
that the absnrptiott term in 111) (the tint term) wotdd be smaQ 
compered to the '’gain term'*. ComMeting only this second term, we 
find that the pin (the (mctlonal change in the enngy ol the 
osofiating wa*c| b 

y^dfo' V » f 

4tno«'n-son>ni lenm) . (51) 

where g, b (he eketton beam density. (( «e fit (he krrgih at (he 
iniciacthia (tgion. t - L.'P,^, the gain funcifon ts ami'Symtttetfic in 
Ihu b in striimi ronUtci to the gain curve of the rm^'nO'fkld 
6ce.«fF<iro« fascr. whkh h symmetric <n the levonanoe paranwim 
(sec Fig. ll 

The opcraikm of the eycloirtm maser U intimately tied to iu cavity 
design, 11 (hr cavity modr t« chvHcn praperly 1&. T, IS), the devke b 
an esccCkni. and highly effkirnt smptiTtrf. (n « devke Similar to Uw 
Stanford laser (1-5) leewatief free tadbUon and uftra'ieiatbiltk 
ckcTrontL the ncHmal eyefotron otMcr mechanttm b not port<tAe. 
The derivatiun in the trit thows that even after the csncetiatten o( 
rhe te4»g>}»dh>al and rran*»srw htmebing mcihanbm. a usrftd fow- 
gain mechaniwn ttiff eskt* H^ailicr. Pcielin )lb) hat discuised 
another uUra-.r<Ut<v<vtk mechanism using uartemir.r ekctrnni 
t/f,« * m bu> (hiv d>w> not make ww id the Oivpider shift in vlHvttet 
wavelength* a* does the Stanhud K'hrine ) 


* • • (111 
y» -« -Di) . 

•hem and#!, tr* the roitial fongftadinal poskfon and pfiase oT the 
fonkk; and Thb parikwfar aotuiteo hai 

no transKcm drift. 

Use eketromagnetic wave b rattco to be of the forot 

K • fy (sfo (1,4 - 4 dl«os (4,^ - m^t t dfOf ' 

Thb srgvn. Mrcrtkai to the one employed m the test, satbAes 
Maawefi's eqeatkau with fteqwcncy », *&,r. and ampfiiude C,. The 
poforizatten and dhaetiorr arc apgaopvbie fee (he Irghr emiued 
spontaneously by «n elect roa In hebcol orbb o( ID). As before, this 
osciDaiiiig wasa ahm the e)ecfio 0 ''s osMi d<ght)|. and can do work- 
in Ihb laics, fba dectron'i ovMtal ftequeney b detemined by ihc 
wavcbnflb of the hdkal (bid : the leaonanoe conditron (where C,. B,. 
and rotais with (he same fttquency) b given by 

. (Ill 

The mil step b to solw the oquatrons of motion. Ttw tiansvem 
components tan he foiegraied by fospcction. The ronitants of 
intef ration am chosen stich that the stationary solutfoos satbfy the 
equatfona of 0 M(ton at f wft. Ptoceeding as in the test, assume that 
the radiaifon field induce* smaff pertarhatiom abotu (he zero-order 
aoluikNU. and eafeutate tbewr changes to first, then aeeond. order to 
the radUtion Add sttcngih. {In prevknuly puMbhed works f 10- 1 T). 
the l-eomptmenl of (he momentum F.q. iH and the energy fiq. <21 
were combined, muUing in the pendulum equatkm.l 
F-Xpanding to first order, and rriaining only itw mnnanl term* 
(those ptnpoitionBi to Au*’). w« Am) that the rhange in an 
ckcMon'i energy b 

“ w — 4^-wfidi , 

s (Aon-revonant terms) . (.14) 
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where rr *(4, « *f*i,*^’ If* firti-orifct thifti in poiilion tte helpful diKW^ioni rrlaicJ lo thn w<«rk We ure pjilkiilarl> fialcfiil 

f<u ihf fneml%hip anti fuiibiHT <*flvreil h\ l*f|ef> and Rudi 

1^;, . . Knmpfner. «ho will remain an in%ntralion. 

? 

« «-Vn,J..r 


(I'Otl.hnI 4 0I-CO404 .hilt tin R| 

4 |non>rcionanl leimif . 

-cm{ - in,fl -fi,olrtm<} . (J9» 

4iinj-«i>Jt-^„|tcoa{| , 

where {•t.:«4-#. Note that the transverae perturbations arc ra- 
pidly varying, and arc small (non-resottani) compared |o ihe longito- 
dinal periutbaiiont. In Ihh laier. unlike Ihe uniform-fleld laser. Il Is 
only longitudinal bundling that mulls in laser action: the trans- 
verse bunching b rKgligible. 

The tecund-order change in electron energy b. 

dyj 2w2<if*j cos|2jMji4 2d)-coa20 ^ 

I cos Jurt'- Jotftin0cosida>r40|| 

4 inon-resonanl temu| . <40| 

where d«4i b given hi |J2| tor thb field configuration, and «c have 
dropped the non-rcaonant terms. 

In a rulistk beam, the eleriroM enter the hieractloo reghm srtth a 
rendom dbtribuikm cl phases. To describe the cvolutloa of the 
entire beani. •« may average over eiitwr adauthal pkases. 0^ or 
longitudinal phaiet. fk,4lfMawk,r« fsinoe l,bk« in the uttra- 
rclativitlk easel, these are cquivaknt. and perlbming either average 
ykMs an answer independent of all initial phases. As usual, the first 
ordet energy shift averagn lo aero, but the aecond-order energy 
change does not 



4 fnon-resnnani Icrmsl . |4I| 

The gain (defined by <I8|] b 

8«e*0l0. / dwu \ 

Ctrl* — i ll -cosd«ur — —sinAurl. (42| 

An eiiensive dbeusskm of this gain equation can be lound in [10]. Il 
has previoust) been derived using lemklitskal radiation theory (I. 
10. II], qiianlutn clecirodyruimics (lOj, the coupled Masweli- 
Botumann equations (19], and the lingk parikle equations of 
motion (10. 11. 20V Although |42| b shnilat fat (otm to the gain 
equation of the cyclotron maser 031, the detailed mechanisms are 
quite distinct; Ihe cyclotron maser relies on atfanuthat bunching, 
while the j.-field later relies on tnngiiudinal bunching In the 
0y-rield laser of the lest, both these mechanisms are present, but 
cancel to leave a smaller, but non-zero remnant as the gain process 
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Abstract 

This paper discusses two new devices 
which may have application to space de- 
ployed solar energy conversion and trans- 
mission systems, the photoklystron* and 
the free electron laser. The photokly- 
stron converts solar energy directly to 
R.F. radiation. It operates on the 
principle of the klystron with the cath- 
ode replaced by a photoemlttlng surface. 
We have tested a model which oscillates 
at 30 MHt. This laboratory model requi- 
res two low-voltage bias voltages which 
can be supplied by D.C. solar cells. 
Concepts for a telf-blaslng device are 
also being considered. The photoklystron 
Is expected to be easier and less expen- 
sive to manufacture than solid state 
solar cells. A photoklystron array 
could replace the high voltage solar 
cell erray, slipring and klystron trans- 
mitter In the SPS. The second device, 
the free electron leser (PEL), converts 
energy from a relativistic electron 
beam to narrow band electromagnetic 
energy, tuneeble from the Infrared to 
the ultraviolet. Because the lasing 
electrons are not bound in atomic energy 
levels the ultimate efficiency of the 
PEL is expected to exceed that of con- 
ventional lasers, possibly making lasers 
a practical means of energy conversion 
and transmission In space systems. 


Introduction 

As presently conceived, the solar 
power satellite (SPS) requires a high 
voltage D.C. solar cell array, a massive 
bus bar and slipring D.C. current distri- 
bution system, and nigh power klystrons 
to generate an ultra-nigh-frequency ra- 
dio eneroy beam. The use of high voltage 
solar cell systems In space is, at best, 
challenging and will certainly lead to 
losses from parasitic currents, even at 
the geostationary orbit! The massive 
slipring concepts being considered 
appear awkward and demanding of techno- 
logy and resources. For this reason. 


the Rice Space Solar Power Research Pro- 
gram has focused on other possible approa- 
ches to the solar to R.F. conversion pro- 
blem and has examined free electron lasers 
(FEL) as an alternative concept, should 
the microwave beam prove impractical. 


The Photoktystron 


We have designed a working model of 
a device which converts sunlight Into co- 
herent narrowband R.F. radiation. The 
device, called a photoklystron , takes an 
electron beam from a photoemlttlng surface 
and through electron bunching allows the 
beam to reinforce oscillations In a reso- 
nant circuit. .The mechanism is that of a 
reflex klystron with o phbtocathode as 
the electron source. 

Because of the simplicity of the 
photoklystron, the cost of production Is 
expected to be lower than that of solar 
cells, and manufacture In space Is con- 
ceivably possible. 

A Solar power ' Sate! 1 i te configure 
tlon Is envisioned where the R.F. radia- 
tion from each photoklystron Is beamed 
directly to the earth. The potential 
advantages of the photoklystron as app- 
lied to the Solar Power Satellite ere as 
follows: 


1. High voltage solar cell arrays are 
eliminated. 


2. D.C. bus bars are greatly reduced 
in quantity. 

S. The necessity for sliprings is 
el Iminated. 

4. Lifetime problems associated with 
with high power klystrons are 
el iminated. 


5. Heat rejection of the R.F. ele- 
ments becomes less important. 

6. The cost of manufacture of the 
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photnk lyst ron should be much less 
than that of solar cells. 


PHOTOEMITTER 



Figure I is a schematic of the pho- 
toklystron. In version (a) solar photons 
pass through a transparent substrate and 
emit electrons from a photoemi t t ing ma- 
terial. The photoelectrons are then 
accelerated and pass through a pair of 
grids connected to an inductor and on 
which an oscillating voltage is esta- 
blished. After passing through the two 
grids the electrons are repelled by a 
negative-biased reflector electrode. 

They return to the two grids and are 
bunched according to reflex klystron 
theory*. When the reflection voltage is 
adjusted properly the returning bunched 
electrons will be phased such as to add 
energy to the A.C. electric field between 
the grids. This energy from the electron 
beam reinforces the oscillations In the 
tuned resonant circuit. Energy can be 
extracted from the resonant circuit by 
transformer coupling or bv an antenna 
stub in the case of very high frequencies. 
The version of this device being tested 
is designed to oscillate at about SO MMt. 
The frequency Is determined by the time 
of flight of the electrons during relec- 
tlon. The resonant frequency of the LC 
circuit must be tuned to match this 
frequency. Fine tuning Is accomplished 
by adjusting the accelerating or reflec-- 
tion electrode voltage. 

An alternative photoealtter configu- 
ration Is shown in Fiaure lb. In this 
case, the principle of operation la the 
same except the photoemitter is now 
coated on an opaque metallic plate and 
the photons pass through the grids first. 

(a) Is called the transmission type and 

(b) the reflection type. It appears 
possible to design a device that uses 
both the transmission and reflection 
photoemission processes simultaneously 
to optimise the photoelectron yield. 

For operation at higher frequencies, the 
A.C. grids may be replaced by a resonant 
cavity which is part of a waveguide. As 
a vacuum tube the device Is Iddal for 
space application without a vaccum enclo- 
sure. 

A motivation leading to the concep- 
tion of the photoklystron was to Increase 
the useable portion of the photoeleclron 
energy spectrum over D.C. solar cells. 
While not all the photoelectrons In the 
photoklyslron contribute energy to the 
R.F. power (because bunching cannot be 
made perfect) we have an approach for 
optimizing the averaged photoelectron 
energy contribution and the final output 
Is in a desirable energy form, R.F. 
energy. 



PHOTOEMITTER 



THE PKOTOKLYSTRON 


Status 

Rice University has designed a proof- 
of-concept working model of the photokly- 
stron. The device, pictured in Figure 7, 
operates at about 30 MHz. Multiple modes 
at higher and lower frequencies can be 
obtained by tuning the bias voltaees. It 
has also been operated at higher frequen- 
cies by emrloying a smaller Inductor. 
Energy conversion efficiency data art not 
yet available, however the R.F. signal 
from the first and second upper harmonics 


2 



i» reuiJi))' detected by a small trans- 
istor radio several meters from the 
photok I yst ron without a tuned antenna 
and with 10 mb' of light input. The os- 
cillations are strong and oscillation 
begins readily without a trigger pulse. 

The proof-of'concept model described 
above uses an S-4 CsSb photocathode. In 
order for the photoklystron to be used 
in space an efficient photocathode of 
high stability at high light levels and 
temperatures will be required. 


or the R.r. radiation be reflected through 
90*. One coni igurat ion in which the sun- 
light is reflected is shown in figure T. 
The photoklystron array need not he con- 
nected. to the ref I ec t or/concent rator. 
Moreover, with the attachment of a suit- 
able counter* weight , gravity -gradient 
torques could be used to maintain allgment 
of the photoklystron array toward the 
earth. Furthermore. the larger transmitter 
area should allow a more efficient micro- 
wave beam than the conventional 1 km dia- 
meter klystron array. 


REFLECTOft/cONCENTRATOR 



PHOTOKLYSTRON ARRAY ROTATES 
TO FOLLOW EARTH 


FIGURE 2 = THE PHOTOKLYSTRON TEST liOOEL 
AND IT S RF SIGNAL 

An SPS Configuration Suitable for the 
Photoklystron 

With the photoklystron, the R.F. Is 
generated near the point of incidence of 
the solar energy. Each photoklystron is 
a transmitter. Moreover, the propagation 
vector of the R.F. wave Is at a right 
angle to the direction of incidence of 
the solar radiation. A configuration 
must be found In which the entire photo- 
klystron array can serve as a large 
transmitter array and the R.F. wavefront 
can propagate to the earth. This re- 
quires that either the solar radiation 


CiU M M.j . ^ SATELLITE CON- 

FIGURATION THAT EMPLOYS A 
PHOTOKLYSTRON ARRAY. SUNLIGHT IS RE- 
FLECTED THROUGH 90* BY AN OVAL REFLECTOR 
WHICH NAY ALSO SERVE AS A CONCENTRATOR. 

THE REFLECTOR/CONCENTRATOR PRODUCES A VER- 
TICAL CYLINDRICAL BEAM OF LIGHT WHICH 
FALLS ON AN OVAL PHOTOKLYSTRON ARRAY 
TILTED AT 4S*. THE PHOTOKLYSTRON ARRAY 
ROTATES ABOUT AN AXIS PARALLEL TO THE 
LIGHT BEAM AXIS SO THAT THE ULTRA-HIGH- 
FREQUENCY RADIO BEAM REMAINS POINTED AT 
THE EARTH. THE ENTIRE PHOTOKLYSTRON 
ARRAY IS THE TRANSMITTING ANTENNA. 


The Free Electron laser 

As man begins spending more time in 
space, there will be a growing need for 
transmitting energy over great distances. 
R.F. and microwave beams spread out in 
relatively short distances, but short 
wavelength light enables us to beam 
energy over larger distances. The dis- 




tances z over which laser light may be 
transmitted without spreading more than 
401 is determined by its wavelength, X, 
and the sender size, s. 

z«ts*/X 


For a fixed sender size s, the distance 
over which laser energy can be effi- 
ciently beamed decreases in proportion 
to the wavelength of light. Generally, 
speaking lasers give an advantage of 
10^ over microwaves. This can be used 
to increase the distance and/or decrease 
the sender- receiver sizes. Many ideas 
utilizing lasers in space* depend cru- 
cially on the compact size of the beams; 
some of the specific ideas involve 
powering airbreathing aircraft from 
space solar power stations, laser pro- 
pulsion of spacecraft, materials pro- 
cessing, and beaming large amounts of 
energy from space to earth for electri- 
cal power generation. 

Several practical questions remain 
unanswered regarding the use of microwave 
beams for the SPS. These include blo- 
effects, ionosphere and troposphere 
effects, R.F. and electromagnetic Inter- 
ference and the availability of land. 
Should microwaves prove impractical, 
lasers might offer a suitable alternative. 
Conventional lasers are generally consi- 
dered too Inefficient. A new device, 
the free electron laser (FEL) offers 
promise of higher efficiency. For this 
reason, we are examining the use of the 
FEL for the solar power satellite. 


How The Free Electron Laser Works 

The free electron laser^ uses on 
ultre-relativistic electron beam tra- 
veling through a static, periodic mag- 
netic field In a laser cavity to effi- 
ciently produce continously tuneable, 
powerful optical radiation. To under- 
stand some of the advantages of the FEL, 
it is useful to view it as an advanced, 
relativistic electron tube. Doth avoid 
the problems of dealing with atomic 
structure, which fixes the wavelength of 
most lasers, and causes Inherent ineffi- 
ciencies. The FEL is a laser reduced to 
its bare essentials; only the electrons 
and a static magnet field are present in 
the laser cavity. 

Figure 4 describes the operation of 
the FEL. Successive electron pulses (or 
a continous beam) are guided through the 
periodic, transverse magnetic field. 

The source of these electrons may be a 
storage ring, a linear accelerator, or 
electrostatic accelerator. As relati- 
vistic electrons pass through the perio- 
dic magnet, they oscillate and radiate 
primarily In the forward direction. This 
light is stored in a resonant cavity 
formed by two mirrors; one at each end 
of a long periodic magnet. When pulsed. 


subsequent electrons are synchronized so 
that the stored light pulse and electron 
pulse merge together when entering the 
magnet. The emission of light in the pre- 
sence of light is "stimulated emission"; 
lasing occurs and energy from the electron 
beam is converted into coherent radiation. 
It should be noted that the energy density 
in a relativistic electron beam Is large. 
If any reasonable fraction of the electron 
energy is converted Into coherent radia- 
tion, the laser is powerful. Typically, 
the fractional energy loss of the electron 
beam Is small (’vlk), so the electrons re- 
tain most of their original energy. The 
unused electron energy can be recycled In 
a storage ring or deceleration system. 

The relationship between the laser 
wavelength, X, and the magnet wavelength 
X», depends on the electron energy E: 


t-k./8E'(HeV), 


neglecting magnetic field corrections. 

For a 100 MeV electron beam, the reduction 
factor Is 'vlO*, therefore a 1 cm wave- 
length magnet yields 1 micron radiation. 
Furthermore, the wavelength is continously 
tuneable by merely changing the electron 
energy. Since the lasing medium consists 
of electrons, and a static magnetic field 
in a vacuum, the device is inherently 
efficient and powerful. 


Free Electron Lasert for Space Systems 

The only existing User of this kind 
is presently et Stanford University*. 

The User wavelength obtained in these 
experiments was 5 microns from a S cm 
wavelength magnet with an overall length 
of S meters; the magnetic field strength 
was 2.4 kiloxBUss. The electron energy 
was 40 MeV with peek current of i.bout 
1 amp. ThU produced %10* watts/cm* peak 
power In abort puUes. The average power 
was low due to the limited current avail- 
able from the accelerator. These experi- 
ments serve to prove the concept and lead 
the way toward more powerful systems. 

The Stanford effort is directed towards 
more efficient operation of the FEL In a 
storage ring. Other alternative recovery 
designs are being proposed. Studies show 
promise that future FEL systems may 
approach the efficiencies of their pre- 
decessors, the microwave electron tubes. 

A recent report by Bain* reviews lasers 
applied to space systems and discusses 
the FEL. Improvements are immanent in 
the peripheral technologies needed for 
FEL development, particle accelerators 
and storage rings. 

The efficiency of the FEL depends on 
recovery of the electron beam energy. 

One of the Ideas for an efficient FEL is 
to incorporate it as part of a storage 
ring as shown In Figure S. After passing 
through Che periodic magnet the electron 
beam Is re-accelerated by an R.F. field 
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FIGURE 4 ; A BEAM OF RELATIVISTIC ELEC- 

TRONS IS GUIDED THROUGH A 

PERIODIC MAGNETIC FIELD AND AMPLIFIES THE 
RADIATION PRESENT IN A RESONANT CAVITY. 



FIGURE 5: IN A STORAGE RIN6« RECIRCU- 

UTING ELECTRONS TRANSFER 
ENERGY FROM AN ACCELERATOR SECTION TO 
THE LASER SECTION. 


to replnce the energy lost to radiation. 
The FEL then operates as a frequency 
converter which transfers R.F. power 
directly to optical power. (By the way« 
the photoklystron Is a possible source 
of R.F. energy for this purpose.) 

The efficiency of the FEL and stor- 
age ring combination has been estimoted 
at around SOt. based on existing storage 
rings. The ultimate feasibility of the 
storage ring FEL rests on Che laser*s 
interaction with the circulating electron 
bean, and Its final operating efficiency 
is yet to be deternlncd. Even though 
storoge rings are quite nassive, It has 
been estlnated* that the power/welght 
ratio night be 0,1 kgAN. Thl» Is sig- 
nificantly less than the total solar 
power satellite which has been estimated 
at 10 kg/kW. 

Another system under consideration 
recirculates the electron beam through 
an electrostatic decclerator. * This 
recovery scheme Is used In non- relat I v I s - 
tic electron tubes. The power may be 
collected as a O.C. voltage, or as R.F. 
using a series of occelerator cavities 
in reverse. Estimates suggest It may be 
possible to produce 10 to 50 kN of CN 
power with an overall efficiency of about 

sot. 

In parallel with the above, several 
researchers are studying improved 


periodic m.-igncts with the hope of extrac- 
ting more energy from electrons on a 
single pass. This is an opportunity 
which is not feasible in atomic lasers. 

The magnet wavelength, or field strength 
can be modified slowly along its length. 

As an electron pulse travels down the 
mognet, and the electrons changes their 
energy, the magnet design c.'tn change 
appropriately. This is equivoicnt to 
changing atomic structure during the 
emission process in normal t.nsers. k'hile 
the constant period helical design tvpi- 
cally extracts approximately M of the 
electron energy, studies of Improved 
designs have achieved extraction for 
a large fraction of the beam*. 

Nhlle lasers .ire becoming an impor- 
tant consideration for transmission of 
power in space, the FEL is developing Into 
a promising laser. The FEL Is in It's 
Infancy, and basic reseorch Is needed to 
allow the device to reach it's full 
potential. When compared to R.F. methods 
for transmitting power In space, klystrons, 
the FEL can be considered an extension to 
optical transmission which reduces the 
sender-receiver sizes and/or Increases 
the range. In essence, the FEL creates a 
lasing medium In a more efficient, and 
controllable manner than does an atomic 
laser; it Is a laser with the advantages 
of a klystron. Moreover, when used in 
tandem with the photoklystron, we have a 
system which converts broad band Incohe- 
rent solar radiation Into high power, 
narrow band, coherent radiation and which 
is tuneable form ultraviolet to Infrared 
frequencies. 


Summary 


Re have described here the photo- 
klystron and the free electron laser, two 
devices which we feel should be more com- 
pletely investigated for their potential 
application to space energy conversion 
and transmission. These devices, used 
separatelyor together, seem to offer 
considerable promise of simplicity, high 
efficiency and flexibility in choice of 
transmission wavelength. 


* Patent applied for 


Reference.s 


1. Freeman, J.R., P. Relff, and 0. Cooke* 
Space Environmental Effects and the 
Solar Power Satellite, presented at 
the Spacecraft Charging Conference, 
Colorado Springs. Nov., I97B 

2. Hamilton, J.J., "Reflex Klystron" 

(The MacMillan Co.) 1959, Chapter 3 

3. Bill man, K.R. fed) Radi ation Energ y 


in Spa ce, Progress in Astronautics and 
Ae ronaul ics series, vol. 61, AIAA, 

New York, N.Y. , 1978 

4. Madey, J.M.J..J. Appl . Phys. ^,1906 
(1971) 

Elias, L.R., Fatrbank, V.M., Madey, 

Schwetteman, H.A., Smith, T.f. 
"A Discussion of the Potential of the 
Free Electron Laser as a High Power 
Tuneable Source of Infrared, Visible 
and Ultraviolet Radiation," published 
Proceedings of the Synchrotron 
Rjnat ion Facilities Quebec Summer 
Ror^shop i OniversitB Laval .Quebec, 
Canada^ 15-18 June, 1976 

Coison, N.B.: Physics of Quantum 
El ectronics , vol, 5, chapter 4 
(Addlson-Resley Pud. Co,, 1978) ed, 

S. Jacobs, M. Sargent, and M. Scully 

S. Elias, L.R., Falrbank, N.M., Madey, 
J.H.J., Schwettman, and Smith, T.I., 
Phys. Rev. Letts. 36, 717 (1976); 
Physics Today, 17 TFeb. 1976) 

Deacon, D.A.G., Ellas. L.R., Madey, 
J.M.J., Romlan, C.J., Schwettman, H.A. 
and Smith, T.I., Phys. Rev. Letts. 38 
692 (1977); Scientific American, 63 
(June, 1977) 

Bain, C.N., "Potential of Laser for 
SPS Power Transmission," PRC Energy 
Analysis Co., Ref. No. 186), 

Sept., 1978 prepared for DOE under 
contract no. EC- 77-C-0l*4024, and 
issued as DOE MPS/ER-4024-07 

Ellas, L.R., "A High Power. C.E. 
Tuneable Efficient, UV-visible and 
IR Free Electron Laser Using low 
Energy Beams," Jan., 1979, Stanford 
Preprint, Submitted to Phys. Rev. 
Letters. 

Kroll, N., H. Rosenbluth, and 
p. Horton, "Variable Parameter Higgler 
Devices," presented March, 1979 et the 
Stanford Free Electron Laser Workshop. 




Appl Ph>< 20.»l 


Applied 

Physics 

by Spfintet-V«(lst 1979 


A Laser Accelerator 

W. a. Colion‘ 

Space Phyiica. Rice Universiiy. Houston, TX 77001, USA 
S. K. Rldt 

Johnson Space Center, Houston, TX 77058. USA 
Received 7 Fetwusry 1979/ Accepted 25 April 1979 

Abstract. We show that a laser can efliciently accelerate charged particles if a magnetic field 
is introduced to improve the coupling between the particie and the wave. Solving the 
relativistic equations of motion for an electron in a uniform magnetic field and superposed, 
circularly polarized electromagnetic wave, we find that in energy-position phase space an 
electron traces out a curtate cycloid: it alternately gains and loses energy. If. however, the 
parameters are chosen so that the electron’s oscillations in the (wo fields are resonant, it will 
continually accelerate or decelerate depending on its initial position within a wavelength of 
light. 

A laboratory accelerator operating under these resonant conditions appears attractive : in a 
magnetic field of 10’ Gauss, and the fields of a 5x 10' ’W, 10pm wavelength laser, an 
optimally positioned electron would accelerate to 700 MeV in only 10 m. 

PACS: 42.55 

High-energy accelerators use electromagnetic fields to inahelicalpath;ir(heradia(ioniscircularlypolaru:ed,i( 
transfer energy tocharged particles. The field strength in is possible tochoose initial parameters such thatgand E, 
a typical rf accelerating cavity is considerably smaller retain their relative orientation through many oscil- 
than can be achieved in modern lasers, so we might lalions, and allow significant energy transfer to occur, 

expect lasers to be useful as particle accelerators; in a We solve the relativistic Lorentz force equaituns, de- 

typical laser-particle interaction, however, little energy scribing the motion of a charge in a static, uniform 
is exchanged. The energy transfer rate is proportional to magnetic field, and a superimposed circularly polarized 
p • E,. where ^ is (he particles' velocity vector, and E, is plane wave of constant amplitude (Fig. I ). We were able 
(he radiaiion electric field. E, oscillates so rapidly (hat loobtainiheanalyticsolution.anddeterminetheenergy 
IP E,i nearly overages to zero over any macroscopictime of a panicle as it (ravels through the interaction region, 

scale. The key to achieving large energy transfers is to For most choices of initial parameters, the energy is an 

make p rotate rapidly (with E,| for long times. Palmer oscillatory function of lime : a particle alternately gains 

[I], ai^ later Kompfner andChowdorow [2], showed and losesencrgy. If the parameters are such that p and E, 

ihataperiodic.slaiic.transversemagneticfteldcouldbe rotate synchronously, the particle's energy is nut a 
used lo‘‘guide'’relalivislic particles in a helical path. and periodic function but increases or decreases monoionl- 
increase the distance over which the interaction can cally (the sign depending on the initial orientation of p 
efnciently transfer energy. and C,). If we choose the eleclroniagnetic field strength 

In this paper, we investigate another ''laser acceterator" and frequency of the laser light such (hat the interaction 

scheme; one in which the guiding field is a static, uniform is resonant, (hen inject a monoenergetic beam of 

magneiicfield.parallehothedirectionofpropagaiionof electrons, half the electrons will decelerate, half will 

the light. Mere. too. the magnetic field guides the charge accelerate. The final energies, and the spread in those 

energies, depend on the length of the inleructioii region 

• SupporieJ h) NASA Cir^ni NS(«-7490 and the values of the initial parameters. 
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I. Particle Dynamics 

The dynamics and energy change of a single charged 
particle in the fields produced by the solenoid and laser 
are governed by the relativistic Loreniz force equations 


xl)fl = ;-[Er + PA|B. + B.)l. 


where e and m are the particle’s charge and mass, r is the 
speed of light, pc and ymr’ are the particle's velocity and 
energy, respectively, and l**~P*p. The motion is 
influenced by both the uniform magnetic field. 
B„ = (O,O.0ol, and the radiation fields, E, and B^ 
Equation (2) shows (hat (he energy transferred to (he 
particle will be maximized if the vectors p and E, are 
parallel, and retain their orientation over many oscil- 
lations. In (his magnetic field, an electron's velocity 
vector and the electric field vector rotate in (he same 
sense if the radiation is circularly polarized, with positive 
helicity' 

E, = £o(cos(k ,2 ~ tii,r + ~ sin(k,z - 4 

B, = £o(5in(k,z — oi,r + cos(k,z - o>,r 4 ^kO). 

These are ihe fields of a plane wave traveling in the 
i-directioii with frequency u>, »» phase and con- 
stant amplitude Eq. We assume that only a small fraction 
of (he laser energy is transferred to the particles. 
Using the fields above, (he Lorentz force equations 
become 

,4b, 

r./,;, = - — - l/l, cos c - II sin c,. (4c, 

«i me 


iS*'* sills',. ,4<i, 

* Ab«>%c.«e«.'oiiMdi’r ihe motion o(nrgj|ibcl>’i'haigr(Jpi<riii.lr». Since 
positive pjftklev spirjl ii, the opposite sciih* in B.. u ruJution TielJ of 
iicgame bcliciit would be rc\|uircd 


where C = k,r - 4 The lust two equations can be 

combined to produce a relation between energy arid 
f-velocily 

/(I -/f. I « const sc. (5| 

This coiisiani of motion, determined by initial con- 
ditions. describes the velocity of a particle as a function 
of its energy. If the energy increases, fi, increases: the 
transverse velocity which can be expressed in terms ofc 
and ’/• 

, 6 , 

decreases. The pitch angle of an accelerating panicle 
therefore decreases as it moves through the interaction 
region. 

Weean construct a second constant of motion by taking 
fi, and from (4b) and (4a), respectively, substituting 
these results into (4c), and extracting (he overall lime 
derivative. The result is 

isyiojl - ^P,(l,sinfl(i,j =consl. (7, 


= WBo/7o'"<^ - ( I - A.K . 

u>c-MEo/Vo'o<'< and Voffir^ and are Ihe electron's 
initial energy and i-velocity. 0(i) is the angle between 
the rotating electric field vector and the rotating 
perpendicular component of the electron’s velocity 
vector: fi-E,Bfi^EoCos0. As (he energy of (he particle 
changes, (he orientation of these vectors must also 
change. The nonlinear diaracter of the system is 
apparent; this changing orientation feeds back to 
alter Ihe rate of change of energy. 

We can use (6) and (7) to write p^i^) and 0(() in terms of 
y(r). then substitute these results into (2) to get a first- 
order differential equation for the electron energy as a 
function of time 

*—[(o^2£-;-c*-I)- J io*(y-ij)’]' |8| 

at 7 

The more relevant quantity is the energy of the electron 
as a function of its distance down the accelerating region. 
From 1 5). 

1 hen. integrating. 
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where 

<y* 

i»= + r = (| + ei/)j/d<u’. 

nnd Ihe righl-hand side must beevaluated al ihe limils of 
Integration y and yg. 

This form of the solution is rather unwieldty. and can- 
not be inverted analytically. However, it is possible to 
rewrite <9| as two equivalent parametric equations 

{-<o“«V’“hcos v». 

r ... noi 

r v’. 

where 

{eTodrur/c, T »y-«, o-r-e, 
and 

if,, determined from the initial conditions, is 

in ”[*’-(« + « - ro)’]'" + a sin - ' t(a + « - y„)/b ] , 

and V is an arbitrary angle. These are equations of a 
“curtate cyc!oid“, and generate the curve shown in 
Fig. 2. From Ihe properties of curtate cycloids, we can 
immediately eitmct valuable information on Ihe be- 
havior of y as a function oft. First, Ihe curve fa periodic 
in t. The electron alternately gains and loses energy, and 
Ihe distance between energy masima (minima) fa 2aa 
The masimum energy obtained fa F„oa+h, or 

l'«..°T+ou{/dai’ 

Similarly, r,*=<i-fc + e. The maxima occur at 
<-(4n+l)a*/2+i„or 



The masimum of the curtate cyloid depends on several 
parameters. In particular, 

<“• Vr... will increase if Ihe power of Ihe laser is increased. 
I**! r«.. will increase if the injection angle (and therefore 
r.) is increased. This is apparent from (2) and (6). As y 
grows, jl, asymplolicalty becomes proportional to 
f ' As the electron accelerates, il loses transverse 
velocity, and Ihe acceleration process “turns off’. 
Therefore, if two electrons are injected with Ihe same 
energy but different pilch angles, Ihe electron with Ihe 
larger pitch angle can accelerate longer, and achieve a 
higher energy. 

(c) y„, increases if Meo| fa decreased. This fa illuslraled in 
Fig. 3, nnd will he discussed in detail below. 


s.t 



linqlti Pirimtt«r, ( 


2. Equaik>naO0)fenetate« curtate cycloid, Ihe path traced by a 
point intide a circle at that circle lollt alon| the i*atrt 



length (irtinrary unMsI 


Fig. }, This family of cur«« illustrata the inRuence of Ihe parameter 
dur*|H6«/79mc-n on Ihe amplitude and period of Ihe 
energy cydcM. If 0 q«O, jduilaid is large, and the particle energy 
otdnalei rapidly. If |d<u| b decreased |e.g,. by increasing fl,|. the 
amplitude and period of the cycloid increaae. hi aiimum acceleration b 
achieved if Joi «0 


From (2), we expect maximum acceleration for negative 
partiefea (e= — |r|) if p and E, anlialigncd In 

general, their relative phase evolves in time, but under 
certain conditions that evolution will be slow, and (he 
two vectors can rotate nearly synchronously. Physically, 
we expect litem to be synchronous if exactly one 
wavelength of light passes over the electron as it travels 
through one complete oscillation. In the magnetic Held 
atone, Ihe electron would oscillate with the cyclotron 
frequency to^ » |e|Bg/)'gmc ; as it spirals down the z-axis. It 
® Doppler-shifted radiation field of frequency 
<u,(l The parameter d<u is Ihe dlfTerence between 
these frequencies. 

The family of curves in Fig. 3 shows the dependence of 
y(z| on dw. For a given laser and electron injection, dtu 
can be varied by varying the magnetic field strength. If 
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Fig. 4. An eleciron cniehng Ihe tnleriction itfion with end 
eipericnca maximum acedetation. jfi) b ploilcd axsummg 
a»0.01 and y«»50. The eteciron reaches an energy of TOOMcV fai 
lOm, All eiRtfonv wiih Initial phiMv between «/> and Se/t ai* 
acccleraled. Ihe inset ihows their flnai energy dbtribiition f.wO.IX 
FWHM) 


B, a 0, lAcul fa large ; Ihe cycloid period is abort and only 
minimal acceleration occur,*. A, B, is Increased, |dm| 
becomes smaller ; both Ihe cycloid period and masimum 
electron energy then increase. Finally, if B, fa chown 
such lhal dtU'.’O. we find lhal y(t) fa described by s 
cycloid of inlinile waveicngih, and continues to Increase 
with t. We can esamine Ibis case further by selling 
dur=0 in (8) and integrating 

, = (_f_)l'::^,r^(2sy-s>-l)m. (13) 

whcrey^mr’islhennalenergyofthedectron.lnthelimit 
that is large. Ihe energy increases as 
If a homogeneous, monoenergetic beam of electrons b 
injected into the interaction region with dru»0, Ihe 
energy change of a particular eleciron depends on iU 
initial position within a wavelength of light : those with 
Og between n/2 and 3n/2 are accelerated, the others are 
decelerated. From the synchronism argument, we know 
that those with initially experience the greatest 
ao:e1eralion. But (7) indicates that if b 0 and Bg > ii, 
^z| is constant : P and E, rotate at exactly (he same rate, 
and Ihe electron continues to experience acceleration. 
This would be true for all initial phases if Ihe electron's 
rbcillation frequency were determined solely by Ihe 

' Note lhal eneriy b eichan|nt in Ihe absence of ■ italic magnetic 
fickl. The laier could be used alone lo accelerate patiklei. bul Ihe 
eneriy Iranifer b «mall 


Static Geld. Bul the laser Helds influence its trajectory, 
and. in general. 6(z) evolves as the eleciron travels down 
the interaction region. In the special case doi«>0. 0{z) 
does not oscillate, but evolves monotonkally toward it. 
Although the accelerations felt by electrons with dif- 
ferent Initial phases can be initially quite differenl. their 
pha.ves evolve rapidly and are soon all near a. The 
electrons* energies then evolve at nearly the same rale. 
Figure 4 shows the energy as a function of interaclibn 
(length of an electron injected “on-resonance** (dtu bQ. 
^0 ^ sketch in the upper corner shows the final 
energy distribution of the electrons from a homo- 
geneous, monoenergetic beam with initial phases be- 
tween nh and 3a/2. Assuming a static magnetic Held of 
to’ Causs and a 5 x 10' ’ W laser with a wavelength of 
10 pm. we Hnd that an electron injected with TgBSO 
could be accelerated lo 700 MeV in only 10 m’. The 
dblribuiion of Hnal energies of those accelerated elec- 
trons b narrow: *«'0.l % in the above example. 


L Dbensstoo 


Equation (9) b an exact analytical result, describing the 
acceleration of an electron in a uniform magnetic Held 
and a circularly polarized User Held. Eflicient energy 
transfer b possible because Ihe magnetic Held guides the 
electron through a spiral trajectory, and thereby im- 
proves the coupling between the particle and Ihe 
radiation Held. The electron's energy b, in general, a 
periodic function of s; as Ihe rate of rotation of P 
approaches that of E^ the maximum energy that Ihe 
electron can aiuin increases. If p and E, rotate syn- 
chronously, the interaction b resonant; under these 
conditions, half Ihe electrons In a monoenergetic beam 
decelerate, but half accelerate. Those that begin to 
accelerate continue lo accelerate, and can reach ex- 
tremely high energies over laboratory distances. In the 
liniit of Urge energies, (I S) can be inverted to Hnd the 
asymptotic form for y as a function of s 



where - 2nc/o}, b the wavelength of the User light, and 
(S| with dcti BOhat been used to write s in terms of 0g and 
V To maximize y(x|, we should maximize Bg and choose 
the laser to maximize Ihe product As technology 
progresses, higher laboratory magnetic Helds, and mure 
powerful, longer-wavelength Users will make an accele- 
rator based on these princtplet quite attractive. 

An additional constraint on Ihe parameters, not em- 
bodied in fl7k b that the electron must remain in the 


* TV ctectrk Mi itftn|th E* b relitcd lo the laser power P throu|h 
Ihe beam aitmeter4:F/r-(E,4/4|*. loiheeiampteht the teii.abeam 
diameter oTO.5 cm (or srealerl wiN remain aubitamiatty constant om 
Ihe Raylei|h ranfe o( lOn 
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laser beam ifecceleration is locontinue. This implies firsi 
ihal (he laser pulse must be sufficiently long that the 
radiation does not pass completely over the electron 
before the end of the designated interaction region. In 
the example considered above, a I0~ * ' s laser pulse will 
remain coupled to the electrons over the 10 m length. 
Second, the diameter of the electron's spiral trajectory 
must not become greater than the diameter of the laser 
beam. In the asymptotic limit, d^2 + grows as 

y* In our example, 0.2 cm, so the laser beam 
diameter is determined instead by the Rayleigh range. 
In the above example, electrons injected with yo»50 
spiral through a few hundred helical cycles white being 
accelerated. We assume Ihal during this acceleration the 
electron beam evolution is not influenced by collisions : 
since the injected beam is relativistic, tlw effects of 
Coulomb interactions are quite small (and can, of 
course, be made as small as desired by reducing the beam 
density!. To maintain the optimum acceleration (doi «0) 
in a practical machine, the lohomogeneities in the 
magnet and laser fields must be small enough that they 
do not cause the relative phase of p and E, to evolve 
significantly (^a|. This implies that, for our eiample. 


6B/Bq should be less than *^0.1 V and the optical wave 
should be coherent over 1000 wavelengths. These are 
not stringent constraints. 

The calculation presented here is also applicable to 
certain situations outside the laboratory. For example, 
our results could describe the interaction of whistlers 
(very low frequency waves in the magnetosphere) with 
the charged panicle spiralling in the earth’s magnetic 
field. This mechanism has been proposed as a means of 
precipitating electrons from the radiation bells [3]. 
Further, it has recently been shown [4] that free electron 
laser action can be sustained in a uniform magnetic field. 
If coherent radiation is produced, for example, in the 
magnetic fields associated with pulsars or quasars, this 
acceleration mechanism could operate over astrophysi- 
cal distances. 
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ABSTRACT 


The modes of a free electron laser evolve from the spontaneous 
radiation emitted by relativistic electrons travelling in "small 
pitch angle" helical orbits in a magnetic field. The details of free 
electron laser operation depend on the angular and spectral characteristics 
of the emission spectrum, and laser gain is proportional to the slope of 
the spontaneous emission line. 

We first obtain an exact, fully relativistic expression for the 
radiation emitted by a charge travelling in a finite helical trajectory 
(the finite length of the trajectory determines the spectral line width). 

We then examine the specific case of spontaneous emission in a free 
electron laser where the narrow radiation cone continually excites a 
detector on-axis at infinity. The result is a spectrum of sharp, well- 
separated harmonics, at frequencies that depend critically on the 
observation angle. We discuss the spectrum for electrons guided by 
(1) a periodic, transverse magnetic field, and (2) a uniform, longitudinal 
magnetic field, and show that a knowledge of the spontaneous spectrum, 
and its dependence on the field parameters, could be exploited to tune 
the laser, or induce gain in the higher harmonics. 


I. Introduction 
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In a free electron laser, * * highly relativistic electrons are guided 
in helical orbits and forced to emit spontaneous radiation. The laser mode 
grows from the spontaneous emission “noise" because this radiation acts 
back on the spiralling electrons to stimulate further emission. The prop- 
erties of spontaneous emission are obviously crucial to laser operation. 
Since these lasers employ electron beams (produced by modern high energy 
accelerators or storage rings) which are nearly monoenergetic and have 
small angular divergence, the detailed spectral properties of the narrow 
radiation cone are riot washed out. If the laser is to realize its full 
potential, these spontaneous emission features must be understood and 
utilized. 

Work on the problem of spontaneous emission by a charge in periodic 

4 

motion dates back to 1912, when Schott derived the spectrum of radiation 
produced by charged particles in relativistic and non-relativistic circular 

5 

orbits. These results were rcrderi ved and extended by Schwinger, and have 

been discussed more recently by Takakura® who also considered particles in 

helical motion.^ The type of radiation analyzed in this work has been 

8 

discussed by Epstein in connection with astrophysical objects. In 1951, 

9 10 

Motz (and, more recently, Kincaid ) showed how helical motion can be 

3 

harnessed as a laboratory radiation source, and Colson related the process 
to the free electron laser. 

In the present paper, we first obtain the exact, fully relativistic 
description of the spectral characteristics and angular distribution of 
the radiation emitted by a classical charged particle in a finite helical 
orbit. The finite extent of the trajectory is an important consideration. 


and has not been included in previous works. We relate this general result 
to limiting cases derived elsewhere, then focus on radiation emitted by the 
highly relativistic electrons in a free electron laser as they spiral 
through their small pitch angle trajectories. 

The resulting radiation, an interesting composite of two well-known 
limiting cases (emission into a single frequency by non-relativistic 
circular motion, and emission of a broad synchrotron spectrum by relativistic 
circular motion), is emitted into a few narrow, well-separated harmonics at 
multiples of the fundamental emission frequency. The details of the 
discrete spectrum depend crucially on the observation angle; and several 
"harmonics" may be observed at a single frequency by varying the observation 
angle slightly. Radiation into a small detector can therefore be continuously 
tuned over a wide frequency range by simply changing its angular location. 

The properties of the spontaneous radiation can be used to good advantage 
in the operation of a free electron laser. For example, the oscillator 
mode could be changed by storing and amplifying radiation emitted slightly 
off-axis. This could allow continuous tuning of the frequency over a small 
range, or operation at significantly shorter wavelengths by inducing gain 
in the higher harmonics. Furthermore, it has been shown (both theoretically 
and experimentally^^) that free electron laser gain is proportional to the 
slope of the spontaneous emission spectral line. It is the finite length 
of the trajectory, the number of oscillations the charge undergoes, that 
determines the spontaneous emission line shape; this feature is essential 
if the spontaneous and stimulated emission processes are to be related. 
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II. General Expression 


In this section we calculate the intensity distribution of the radiation 
produced by a charged particle travelling in a helical orbit. Motion in a 
helix of radius a, with angular frequency b, is described by the equation 


This is a general expression, and assumes no particular form for the fields 
producing the motion; in particular, this motion could be produced by a 
uniform magnetic field, a spatially periodic magnetic field (as in the 
existing free electron 1 aser at Stanford ), or a time-varying electric 
field. In (1) (x^, y^, z^) is the initial position of the charge, |^C its 
velocity along the 2 -axis (a constant if we neglect the effects of radiation 
losses). 


If the trajectory of the charge is known, the Lienard-Wieckert potentials 
provide a complete description of the resulting radiation fields (neglecting 
radiation reaction). The intensity distribution, in the radiation zone is 


JiSL JcO 


€ 

fir 






z 


( 2 ) 


where /UcLdtj is the energy radiated per unit solid angle (*^-0.) per 
unit frequency pc. ^JL'r/eLt is the velocity of the radiating charge, 

and n is the direction to the observer. Although the explicit dependence 
on the charge's acceleration has been removed by partial integration, there is 
no radiation if the velocity is constant; the integration should be performed 
over the time interval during which the charge accelerates. 

The integral in (2) determines the character of the radiation emitted by 


^In the free electron laser operating at Stanford, the spontaneous power emitted 
amounts to only 10~° of the charge's total energy. 
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a charge in a particular trajectory. It is possible to make substantial 
progress toward a solution without reference to a specific particle trajectory. 
First, notice that the radiation can be decomposed into two linearly polarized 
components. Taking the scalar product of the vector integral with each of 
two unit polarization vectors enables us to calculate the intensity distri- 
bution of radiation with these polarizations. This decomposition not only 
yields information on the polarization of the radiation, but also greatly 
reduces the computational complexity of the problem. 


We choose the polarization vectors to be <9 measured from the + z-axis) 

^ Ji 

and 9 ( y measured from the + x -axis), the unit vectors transverse to n. 
Writing the vector integral (2) in terms of components along n,^, and 
and using vector identities which relate the members of this right-handed 

triad, ^ ^ 

:o(t- t'-j . f i^(t- 





iir c. 


( 3 ) 


The absense of a component along n reflects the fact that the radiation fields 
are transverse. Equation (3) can be rewritten as 




A 

where and are the intensities of radiation polarized along fi^and ^ , 
respectively. Writing these explicitly in terms of the observation angles 
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( 5 ) 


To this point we have made no assumptions about the trajectory. 

To obtain the radiation emitted by a charge in a helical orbit, sub- 
stitute the trajectory, (1), into (5). The transverse velocities, 3^^ and 
3 y, are trigonometric functions of time, and 3^ = 3^0 ® constant. The 
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periodic nature of the motion enables us to write the limits of integration 
in terms of the number of oscillations, N, that the charge travels 
through (if the charge accelerates from t = -oo to t = , N is infinite). 

It is N which determines the width of the spontaneous emission line. 

To evaluate the integrals in (5), use the Bessel function identity 


« 7f C09 I 


= Z3I,We 
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This extracts the time dependence from the arguments of the trigonometric 
functions, and leaves us with the following integrals to perform: 

AS -4- - 


( 6 ) 
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where s exp [- is a phase and - 

depends on the initial conditions, (5’) is a Bessel function of order n' 
and argument ^ , I*- i ^(\~ , and the integration 

variable ,is now >^sbt. 

To put these results into a more physical form, we re-sum the series 
to collect the contributions to the intensity at a given frequency. We 
introduce Kronecker deltas in a new index, h, and rewrite equations (7) as. 






(8a) 


4 0.L ~Ji)l -ilv-ff'y 

^\L a - IT ^ 




M] (8b) 


C = 
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In terms of A, S and C, the intensity distributions are. 


TMCb 




(8) 




^ r s *iu * f" — j 
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When A, S, C, and their complex conjugates, A*, S*, and C*, are substituted 
into (9), these expressions exactly describe the radiation emitted into the 
radiation zone by a charge oscillating through N periods of a helical trajectory. 


Equations (9), though exact, are unwieldly. Although the overall phase 
disappears (A*A = 1), the intensity distributions depend explicitly on N,^,? 
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and ej , as well as the parameters of the trajectory, through products of 
infinite sums of Bessel functions. We have evaluated the expressions 
numerically to study the intensity, polarization, and harmonic structure 
of the radiation as a function of both frequency and observation angle. 

Figure 1 shows the intensity distribution, as a function of ^ and <■? , for 
a particular choice of initial parameters. This particular case is appropri- 
ate to the radiation emitted by the relativistic electrons in the free 
electron laser, and will be discussed in detail later. Before addressing 
the detailed properties of the radiation, we will make some approximations 
which enable us to proceed further analytically, and reduce (9) to a more 
transparent result. The computer results, generated from (9), can be used 
to verify the validity of our approximations in the regimes o'f interest. 

In particular, we will first investigate the role of the parameter N, 
the number of oscillations the charge goes through, and determine when the 
large N limit is appropriate. As noted above, the intensity distributions 
involve products of infinite sums of Bessel functions through the factors 
A*A, S*A, etc. Each term in each sum over h contains a factor 






We define 

CA-) _ ua)l 

f = 2 ,r^CO^(r*> 

/cj Icm) 


and rewrite the intensity distribution displaying the double sums. 
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( 11 ) 


( 12 ) 


where is related to the bracketed terms in (9): 

c*(Oc(kO i- c^^r<i*(k)c(kO-‘ 


^-jj^can be written in a similar way. The double sum in (12) can formally 
be rewritten as an infinite series of single sums 
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^ As-*» 

+ Z‘-Mc-(U2)f/k.i-2) 


(13) 


The size of each term depends on the overlap of the functions «miJ e'(k'). 
This is clearly a maximum for h = h^, and decreases rapidly as A.h s |fi-A'| 
increases. J can therefore be thought of as a perturbation series, with 
Ah the parameter which determines the "order." To evaluate the relative 
sizes of the terms note that tf^(h') peaks at a frequency 
and has width « / /m . For relativistic motion nearly along the z-axis, 
the separation between (h) and ff'(h'), for the lower harmonics {-^N 
is much greater than the iM width. Even for small N, the overlap is 
, small, and is negligible for N s 10. Note that the sum reduces exactly 

to 




(14) 


The first order correction, for finite N, is just the second term in (13). 
Further, since tf"*(h) is a sharply peaked function for large N, the harmonic 
frequencies are centered on ('aVa the argument can never vanish for 
h<0 (since w must be positive) , therefore the sum can be taken over positive 
values of h. 

In the approximation (14), 
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These results are independent of f . The exact answer (9) does not 
have azimuthal symmetry because the trajectory has a finite extent; a 
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"beginning" and an "end." 
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III. Limiting Cases and Previous Results 


It is easier to pick out the features of the spectrum from (15). First, 
if 0 (the particle moves with uniform velocity SqC), there is no radi- 
ation. -Second, the on-axis result reduces to 




! 

d'«o 






(16) 


Both polarizations contribute equally (circular polarization) as would be 
expected from the symmetry of the orbit. Since all Bessel functions 
except vanish at zero, only h=l contributes to the sum: all "harmonics” 

vanish on-axis, and there is radiation only in the fundamental. The 
frequency, t/((/-|J^'iselected by the delta-function is easily understood: 
cyclotron motion produces radiation at harmonics of the orbital frequency 
b; since the particle is also moving along the Z-axis, this frequency is 
Doppler-shifted to the value above. 


We can, of course, recover the cyclotron spectrum from (15) simply 
by letting = 0. In this limit. 





- £!£* y 


Cf-0* 


. o, ’f)( ij,* ^ ^ (17) 


As , the line shape approaches that of a delta-function and we obtain^ 

after some manipulation of Bessel functions, the power (per cycle) emitted 

i O' 

by a charge in circular motion into a particular harmonic * , 


iL 
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(18) 
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Returning to (15),. we can evaluate the expression for , an observer 

in the plane of the circular motion; 



( 19 ) 


In the non-relativistic limit, ab/c << 1, and we can expand the Bessel 
functions to obtain the result that radiation is emitted primarily at the 
particle's orbital frequency, «.?= b. For extreme relativistic motion, 
ab/c «1, and the argument of the Bessel functions is no longer small. We 
therefore expect radiation into the high harmonics. Further, since 
the width of the lines is -'l/N, harmonics with haN will overlap and produce 
the broad, "continuous" spectrum normally associated with synchroton 
radiation. 
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IV. Application to the Free Electron Laser 


We now turn to the specific limiting case of interest in this work: 
that which applies to the operation of free electron lasers. The laser 
mode grows from spontaneous emission radiated by the relativistic electrons. 
The intensity of the spontaneous emission which will contribute to a par- 
ticular oscillator mode is found by integrating (9) over the angle and 
frequency which define that mode: 


X 

The expression for vV/Za-Zw can be simplified when we make the appropriate 
approximations. The electrons are injected in such a way that their motion 
along the axis of the helix is highly relativistic while their motion transverse 
to the axis is not: i , and = ^ <.*.i . Because of these con- 
ditions, the radiation cone (with angular width " ) is directed nearly 

along the axis of the helix. Assume Y is large; the pitch angle of the 
helical motion will be less than the width of the radiation cone if: 


< (i- ( 21 ) 

Z z, J* 

Where = 

If this condition is met (as it is, for example, in the free electron 
laser at Stanford), a detector placed on-axis at infinity receives radiation 
continuously. Assuming that the electron oscillates through many cycles 
in the magnetic field, this detector is able to resolve the Doppler-shifted 
frequency of the motion,^ The line shape and angular dependence of radiation 

^This distinguishes the radiation produced in this process from normal 
synchrotron radiation, in which the radiation cone rotates through the 

fundamental particle motion frequency (the "search-light" effect). 
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are both involved in the factor in (15). This factor is essentially 

a f -function for , so the spectrum consists of sharp spikes. The on- 

axis (^= 0) spectrum contains only a sharp spike at . There 

is no radiation in the higher harmonics (the argument of the Bessel functions 
vanishes at &= 0; J-j, corresponding to fundamental, is the only contributer 
to the spectrum). 

As the detector at infinity is moved slightly off-axis it records a’ 
different spectrum. Since the radiation cone wobbles about ^ = 0 as the 
electron spirals down the magnet, the detector samples (in a periodic manner) 
different regions of the cone. Off-axis the sampling is asynmetric (radiation 
from some parts of the orbit is sampled more often than that from others) 
and harmonics appear in the spectrum. The harmonic frequencies are given 
by 

, _ Jh. - 

^he approximate relation is true for v' large and (3*,**^ ). 

For a given detector location (a specific (^), the spectrum will consist 
of a series of spikes at the frequencies in (22) corresponding to h =(l, 2, • 

3, ...). As the angle is changed, the spectrum is changed. Although the 
radiation is emitted primarily into angles arj' , even slight excursions 
off-axis produce significant changes in the frequency. For example, the 
frequency of the "fundamental" (h=l) goes down by a factor of 2 from <?'= 0 
to &= . This dependence of emission frequency on angle for the first 

ten harmonics is shown in figure 2. 

The fundamental is found at the locus of points satisfying (22) for 
h = 1, the first harmonic appears at the curve generated for h = 2, and so 
on. If we were to plot a third dimension, coming out of figure 2, 

each value of h would correspond to a thin (width -^l/N) "curtain" of 
radiation. These curtains are sketched in figure 3. 

We now examine the intensity of the radiaiton emitted into each harmonic 
(the "height" of each curtain); this is a function of the observation angle, 
and will change if the parameters of the electron trajectory are changed. 
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The amount of radiation emitted at a given frequency and angle is weighted by 
the Bessel function J(^) in (15). Using (22) at the emission spikes, and 
the small angle approximation (valid in this regime), 

(23) 


From (2) we know that ^ is less than unity. When it is very small, 
is the main contributor to the infinite sum in (15) and emission (at all 
angles) is primarily into the fundamental. This is illustrated in figure 
4(a): the higher harmonics are small. Note again that the frequency of the 

"fundamental" (the radiation associated with h =1) changes with angle. 

When ^ is near unity, (figure 4(b)) the ratio is higher, the oscillation 

is more pronounced, and emission into the harmonics therfore becomes more 
important. The overall scale of figure 4 (the height of the "curtains") 
depends, of course, on the electron's acceleration. As either b (the 
oscillation frequency) or a (the orbital radius) increases, the intensity 
increases. The total instantaneous power can be computed exactly using the 
relation 

( 24 ) 


p- f 


c 


For a charge in a helical orbit, ( 0 ^ 


Tcrx7--')fo-n.-> '‘'“'a 


(25) 


Our results, to this point, have been formulated in terms of the 
parameters of a helical trajectory; we have made no reference to the fields 
which produce that trajectory. We now consider two particular field con- 
figurations which guide particles in helical paths, and could be used in 
free electron laser design: a periodic transverse magnetic field, and a 

uniform longitudinal magnetic field. 

1) Periodic Transverse Field. This is the field configuration 
employed in the Stanford free electron laser. The relativistic 
electrons are injected nearly along the symmetry axis (z-axis) 
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of a field 8= o ), which is periodic in z (with 

wavelength and has strength 8„ (in the Stanford laser, 

= 3,2. cm, 8^ * 2 .H X jo^ GtLitss The electrons 

follow the helical paths of (1) with 

(26) 

where » and is the electron's initial z-velocity. 
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2) Uniform Longitudinal Field. It has recently been shown that laser 
action could be sustained in a magnetic field of the form 
Again, relativistic electrons injected nearly along the z-axis will 
follow helical trajectories; in this case, the orbit parameters are 



A = 


(27) 


where again and is the electron's initial 

transverse velocity. 

With (26), (27), and the results of this and the previous sections, we 
can immediately describe the spontaneous emission of a particular free electron 
laser in terms of its magnetic field structure. The frequency of the radiation 
is, of course, determined by the Doppler-shifted frequency of the particle's 
motion; 

Periodic Field 

0 - 




Longitudinal Field 
kco^ 


(28) 


In the periodic field, the field strength has no affect on the emission 
frequencies— those are determined by the periodicity of the field. In the 
longitudinal field, however, the emission frequencies can be "tuned" by 
changing the field strength. The two lasers would operate at quite 
different frequencies for a given electron injection scheme and a given 
field strength, 5, . In the Stanford machine, electrons are injected with 
Yfsfo , and emit on-axis radiation into the fundamental mode at a wave- 
length of -'lO microns; those same electrons injected into a longitudinal 
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field of comparable strength (o' 2.4 x 10 gauss) would radiate at - jrpo 
microns (at 9'= 0, h = 1). 

The intensity of the radiation, and the relative importance of the 
harmonics, depend on the parameter 4 i/fc . In the helical-field free electron 
laser, o>Wc - This suggests that a larger fraction of the radiation 

is emitted into the harmonics if either the period of the imposed magnetic 
field, or the strength of the field, is increased. In the longitudinal 
field, «>i/c •A.: the combination of the electron's energy and injection 
angle determine the intensity (indirectly, since determines N, the number 
of oscillations over a fixed length), and the relative importance of 
harmonics (since controls the wobbling of the radiation cone in 

detector plane). 

Either of the above lasers is continuously tunable: the operating 

frequency can be changed by changing the electron energy or the periodicity 
of the field (in a periodic field) or the field strength (in a longitudinal 
field). It is also possible to tune the laser by adjusting the mirrors 
of the cavity to store and amplify radiation emitted into some small, 
off-axis angle .- Selecting ^ selects a frequency. This may be an 
advantage for lasers operating in storage rings, where the detection angle 
can be altered more easily than the electron energy. 

The off-axis radiation may enable us to extend the operating range 
of free electron lasers to shorter wavelengths. At all angles except 0, 
there is emission into many discrete, well-separated harmonics. It should 

3 

be possible to induce laser gain in these higher harmonics , and therefore 
operate the laser at much higher frequencies without altering the field 
structure. 
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V. Discussion 

We have derived the spectral and spatial characteristics of the spon- 
taneous radiation emitted by a charge in a helical trajectory of finite 
length. The charge could be guided through this orbit by any one of several 
field configurations: a longitudinal magnetic field, a periodic transverse 

magnetic field, a periodic (in time, or in one space dimension) electric 
field, or a circularly polarized light wave. Our exact analytic result, 

(9), is formulated in terms of the parameters of a helical trajectory; 
writing these parameters in terms of the fields producing the motion 
immediately yields the spontaneous emission in as a function of the fields. 

The character of the radiation depends crucially on the pitch angle of 
the particle trajectory. If the pitch angle is large ( ^ )» 
the radiation cone of a relativistic charge sweeps through the detector, 
and the harmonics cannot be resolved: the result is a broad, synchrotron- 

like spectrum. As the pitch angle decreases, the radiation cone deviates 
less and less from the forward direction, and harmonics characteristic of 
periodic motion can be resolved. If ^ . a detector near 0 is 
always illuminated by some part of the radiation cone; the spectrum it 
sees consists of sharp, well-separated harmonics, at frequencies which 
depend critically on the observation angle. This particular limiting case 
describes the spontaneous emission from a free electron laser. 

The radiation produced by the electrons as they spiral in the fields 
of a free electron laser cavity is funadamental to the laser's operation. 

It is stored in the cavity, and can therefore act back on the electrons, 
stimulating further radiation and resulting in laser action. In a future 
paper, we will include the spontaneous emission "noise" in the laser 
evolution equations. In this paper we were able to derive the spectral line 
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shape, which relates the stimulated emission rate to the spontaneous emission 
rate, because to get (15) we integrated over a finite number of oscillations. 
The free electron laser gain is proportional to the slope of this spectral 
line. 

If the features of spontaneous emission are understood, they can be used 
to great advantage in free electron laser technology. For exanple, since 
the free electron laser employs an overmoded optical cavity, the laser 
modes are not determined by cavity modes, but by the spontaneous emission modes 
It should be possible to make use of the off-axis properties of the radiation 
to tune the laser, either by amplifying the off-axis radiation into the funda- 
mental modes, or by stimulating gain in the higher harmonics. Harmonic gain 
should extend the operating range of free electron lasers to considerably 
shorter wavelengths. 

An understanding of the spontaneous emission process is important to 
an understanding of the stimulated (laser) process in free electron devices. 

It is also possible to run this argument in reverse: stimulated radiation 

(from an external laser beam) could be used to probe the intricacies of the 
spontaneous emission spectrum. If the laser were tuned to the appropriate 
frequency, it would stimulate further emission from the radiating electron 
beam; the "appropriate frequency" is' a function of angle and "harmonic," 
as discussed above. The spontaneous modes could be mapped by slowly sweeping 
the external laser beam through angle and frequency, providing a means to 
study the angular and spectral characteristics of the spontaneous spectrum 
experimentally. 
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Figure 1 - The intensity distribution, ^ is plotted 

vs. observation angle, , for values of ranging from 
^ is the funda- 

mental frequency at 0). This was calculated from 
equation (9), with 10 elements of the sum, for N=20, 
a = and b = radians/sec. 

Figure 2 - The emission frequencies of the first 10 "harmonics" 

(h = 1, 2, ... 10) are plotted as a function of the 
observation angle in units of the frequency 

of the fundamental (h = 1) at ^ = 0. We assume the charge 
is spiralling in a helix with , the value 

attained by electrons in the Stanford free electron laser. 

Figure 3 - This three dimensional sketch shows the dependence of the 
radiated intensity, as a function of frequency and 

angle. The thin "curtains" correspond to the harmonics for 
h = 1, 2, and 3, and have width ~1/N. Note that only the 
fundamental (h = 1) contributes to the spectrum on-axis. 

Figure 4 - We again plot d*T/Ja.J.u) vs. observation angle for values of 
4.^ ranging from .5<^to 2.0 (a) N = 20, 

a = 5 X 10“^cm, b = 6 x 10^® rad/sec (this is identical to 
figure 1, and is reproduced here for the purposes of com- 
parison) and (b) N = 20, a = 5 x lO'^cm, b = 9 x lO^^rad/sec. 
As *Vc is increased (as it is by 5055 from (a) to (b)), the 
overall intensity increases, and a larger fraction of the 
radiation is emitted into the harmonics. 
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Abstract — This paper discusses a new device which oscillates at radio frequencies when 
illuminate by light. It was Originally conceived as a reflex klystron with the thermionic 
electron source replaced by a photoemitter. In practice, the photoklystronf has been found 
to have different properties from what might be expected by simply scaling a reflex klystron 
to lower electron energies and oscillation frequencies. These include electron energy ex- 
change with the rf fleld on multiple oscillations and plasma effects. The device can be made 
to “self-osdnate;” that is, no external accelerating bias voltage is necessary. The energy to 
sustain oscillation is derived solely from the photoelectrons. An electrical efficiency of 1% 
has been demonstrated for the first test model photoklysiron. An ultimate efficiency of 10% 
appears possible. A solar power satellite configurod with photoklystrons might be weight 
and cost competitive with solar ceil designs. 


INTRODUCTION 

The Solar Power Satellite is basically a system for converting broadband, incoherent 
electromagnetic radiation (sunlight) into narrowband, coherent, ultra-high frequency 
electromagnetic radiation. In the conventional SPS concept this is accomplished by 
the conversion of sunlight to dc high voltage electricity which is then converted to 
microwaves via an array of high power klystrons. A solid state system is also being 
studied in which the solar cells and microwave amplifiers are an integral module. 

It occurred to us that some increase in efficiency might be possible if photoelec- 
trons could be used to generate the rf directly, possibly overcoming bandgap energy 
limitations inherent in solar cells (1). 

The reflex klystron converts a monoenergetic electron beam to rf by passing the 
beam through a pair of grids on which an rf signal already exists. The rf field velocity 
modulates the electrons so that, upon reflection by a repelling electrode, the elec- 
trons may be bunched together instead of randomly distributed in their return arrival 
times at the grids. If the return arrival time of the bunch corresponds to a point in 
time at which the field between the grids is of such a polarity as to decelerate the 
electrons, the electrons give up some of their kinetic energy to the electric field thus 
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Fig. I. Schemutic diugrani of a photoUystroa. 


reinforcing ihe oscillations in a tuned LC circuit (2), The time average of the electron 
energy imparted (o Ihe rf field is nonzero and positive because the electrons have 
been bunched. 

If relies klystron theory could be scaled to very low electron energies, a few eV 
and if a spread in energies comparable to that expected from a pholoemitter could be’ 
accommodated, it seemed possible that Ihe photoelectron kinetic energy could be 
used to drive oscillations. If we chose Ihe appropriate frequency for oscillation it 
appeared that conventional phototube pholoeniiiiers could provide sufTicieni photo- 
current to sustain oscillations. To demonstrate that Ihe concept was sound we had 
custom manufactured a proof of-concept lest model. Fig. I is a schematic of this 
device. Ihe pholoemitter is a standard S-4, CsSb photocalhode deposited on a glass 
window. The two grids are 0.8 cm apart and separated I cm from Ihe photocalhode 
and reflector electrode. The grids are coupled by an air core inductor Fig 2 is a 
pliolograpli of the lest pholuklysiron. 


II. TEST KESUi.TS 

The initial tests were conducted with a small accelerating bias voltage on Ihe grids 
positive rclaliye to the photocalhode. We found no trouble obtaining a variety of 
modes of oscillations in the frequency range from 8 to about 240 MHz. To our 
surprise, most of these modes (combinations of accelerating and reReclion bias 
voltages) did not correspond to what would be expected from reflex klystron theory. 
For example, we found that the pholuklysiron would oscillate with Ihe reflection 
voltage less than Ihe accelerating voltage. Fig. 3 is a mode chart showing Ihe uncon- 
ventiotial modes. ' 

I hroughout these tests a small tungsten microscope lamp, producing about 10 mW 
of light at the phulocalhode, was used. With no tuned antenna but with the inductor 
serving us a poor magnetic antenna, harmonics of Ihe if signal are delectable with a 
small transistor radio several meters away. Oscilloscope and rf voltmeter measure- 
ments indicate that Ihe oscillations are strong and start spontaneously. A search coil 
pickup has been used to measure the output power under a 50 H load. The measured 
elecincal efficiency is about 1%. Using an rf voltmeter, the output voltages for the 
strongest modes are about 2.0 V rms. An overall efficiency (including light energy 
input) for this particular tube is not very meaningful since Ihe pholocalbode has been 
damaged and its quantum etnciency is now less than 1%. However, assuming an 
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TIME 


Fig. 4. An Applegate diagram for (he photoklyslron showing electron energy lost 
lo the rf field over successive cycles. This Is a plot of electron distance from (he 
pliotocaihode vs time for 10 electrons which leave the pholocaihode at equal time 
Intervals and with 0 Initial energy. 


ullimule qiianliiin efTiciency of 25%. we eslimate an overall efTiciencyof atioul 10% 
under AMO solar illuminalion. Furthermore, we wish lo emphasize that this is the 
Tirsl phuloklyslron ever built and no attempt has been made lo optimize the design. 


III. THEORETICAL ANALYSIS 

Since the strongest modes were those not allribulable lo conventional reflex klys- 
tron theory, we initialed a program of computer simulation lo attempt lo understand 
these modes. This computer code models the Instantaneous electric field within the 
plioloklystron and plots the resulting electron triyeclories vs lime. Based on this, we 
found a set of allowed conditions under whieh electrons leaving the pholocaihode al 
certain limes and with certain energies can undergo multiple oscillations between the 
grids losing energy to the rf electric field all the while. Some electrons eventually fall 
out of phase with the rf field, however, after about five such oscillations 90% of these 
electrons have hit the grids. Figure 4 illustrates such Iriueclory calculations. 

It is evident from these Iriyeclory calculations that a selection process takes place. 
Electrons which take energy from the rf field on the first pass are quickly eliminated 
by collision with the cathode. The remaining electrons transfer a portion of their 
kinetic energy to the rf field over a period of several cycles. 

The heart of our present photoklystron theory is the condition that the "favor- 
able" electrons stay in phase with the rf field. To illustrate how this is possible, we 
calculate the total time required for an electron to perform a single cycle. We define 
an electron cycle as the sum of the times required for two grid crossings and the two 
turnaround limes. We then set the period of an electron cycle equal lo an integral 
number of rf periods. We have: 
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where 

n= integer e= the fundamental charge 

/^frequency electron mass 

v=velocily </-grid separation 

V.^Bcceleraling voltage fi<=calhode lo first grid distance 

Y,=reflecling voilage e=second grid lo reflector distance 


(I) 


This equation contains tWo assumptions: 

(i) The rf field has negligible effect on the electron velocity on a single pass. 

(ii) No electron-electron interactions occur. 

From Eq. (I) we can gain some insight as lo how the electrons can slay approx- 
imately in phase. As the electron velocity decreases so that the transit lime between 
grids increases, the turnaround limes decrease. Figure 5 represents a numerical 
solution of Eq. (.1). We can see that for large v the curve becomes linear and the slope 
can be made small by careful choice of electrode separation distances and operating 
conditions. For example, a factor of two change in electron energy from 20 to 10 eV 
leads lo less than a 20% phase shift between the rf field and the electron cycle. 

If we assume that the electrons derive all their velocity from the accelerating field, 
fi<l- (I) predicts modes. Examples of these modes are shown in Fig. 6. Note the 
excellent qualitative agreement between the location of the predicted modes shown 
in Fig. 6 and the observed modes in Fig. 3. 


IV. SELF-OSCILLATION 

Our first tests to understand the operation of the pholoklysiron were in the biased 



Fig. 5. Numerical sotuliou lu Eq. (I) al F=J0 Mill. 01, 02 and 03 arc 
paiYainetcTs representing the grid, pholocaihode and reheclor electrode 
spacing. 
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rig. 6. Theurellcul miMle chart based on Bq. (0. Cumpare ihls with the aclual lest resulit 
shown In I'lg. 1. The ouipui amplilude is In aihllrary units. 
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is essenlial for net positive energy exchange with the rf field. A negative space 
charge cloud near the photocalhode may also provide the repelling voltage necessary 
for multiple oscillations in the self-oscillation mode. The selToscillation mode cannot 
be fully understood in terms of the simplifled analysis represented by Eq. (I). A fully 
self-consistent model including space charge is required. 


V. THE PROSPECT FOR IIICIIER FREQUENCIES 

The present test model photoklystron with an 8 mm grid separation self-oscillales 
at about 5 MHz or lower/ and in the biased mode, it has been operated at up to 240 
MHz. Somewhat higher frequency oscillations are presumably possible by winding 
smaller inductors. To make the leap to ultra-high or microwave frequencies with the 
grid type device would require changes in the grid separation distance. From Eq. (I) 
we see that microwave frequency operation requires a substantial reduction in grid 
separation distance. One design with a grid separation of 0.5 mm was run on the 
computer and found to provide oscillations at 2.4S GHz, however, the parasitic 
capacitance of the grids at this distance Is prohibitively high. Clearly the discreet 
elcmcnis must be replaced by a resonant cavity at these frequencies. This appears 
possible, however', additional research is necessary to determine if cavities with such 
narrow gups are practical. 


mode, i.e. with an accelerating bias voltage on the grids used to boost (he photoelec- 
tron energy by several electron volts. Our photoemitter has a quantum yield which 
peaks in the visible and uses a standard glass window. With our tungsten lamp, the 
measured photoelectron energy spectrum peaks at about 0.5 eV. After investigating 
the general properties of this photoklystron we began to investigate ways to lower 
the minimum accelerating bias voltage for which oscillations could be obtained in 
hopes that we could reach the point where oscillation could be sustained by the 
kinetic energy from photoemission alone, about 0.5 eV. The required accelerating 
vuitge or electron energy can be lowered by lowering the resonant frequency. In our 
lest model, the capacitance is that of the two parallel grids and is fixed. The inductor, 
however, is outside the vacuum seal and can be adjusted to a low or high inductance. 

We found that at a frequency of 5.2 MHz our test model photoklystron will 
oscillate using only photoemission electron kinetic energy, that is, no external elec- 
tron acceleration bias voltage is required. Switching from a tungsten lam|> to a xenon 
lamp (a good solar spectrum approximation) greatly increases (he rf output amplitude 
even though the CsSb photocalhode material employed does not have a strong blue 
light response. Photoelectron kinetic energy Is thus shown to be important in enhanc- 
ing (he oscillation amplilude. A small negative bias voltage is sljll required on the 
reflector electrode, however, since the refteclor draws no current there is no energy 
drain on this bias supply. It may be possible to provide this bias voltage by lapping 
off a portion of the rf output and rectifying it. A voltage supply would be necessary to 
initiate oscillations but could be then removed. 

We suspect but have not yet confirmed that space charge effects near the photo- 
emitter play a role in shaping the pholoclecirun spectrum to a peaked spectrum 
suitable for interaction with the rf field (Cooke, D. private communication, 1979). A 
cloud of very low energy photoelectrons close to the photoemittcr may repel other 
very low energy pholoclecirons thus chopping off the low energy portion of the 
speciniin. Colson (private conununicatiun, 1979) has shown that a peaked spectrum 


VI. ADDITIONAL RESEARCH 

A problem found in some previous efforts to utilize photoelectric free electron 
devices for dc solar energy conversion has been the low quantum yield (3). The 
problem is that thick photocathodes which provide a high photon interaction proba- 
bility leave a long escape path for the photoelectron. Negative electron ailinity 
photoemitters have been tested which have quantum yields approaching 50% over a 
substantial portion of the visible spectrum, however, they are carefully prepared 
crystal surfaces. To solve the problem of low quantum yield, a photoklystron design 
may be possible which allows mure than one photoemission surface to contrihiile to 
the electron beam. It has been found that oscillation modes exist in which the 
reflector electr ode voltage is the same as the photocathode voltage relative to the 
grids. In this case, the electric frelds are frrlly synrnretric about a plane halfway 
between the grids. The refteclor electrode can now be a photoemitler and contribute 
an independent stream of photoelecirons generated by photons which pass through 
the front photoemittcr. Moreover, if the reflector electrode photoemitter is backed 
by a mirror, still unused photons traverse the lube backwards and can firrlher liber- 
ate photoelecirons. In this way, it may be possible to design a photoklystron with a 
very high effective quantum yield. 

An additional area for future research is (he determination of an optimum photo- 
emitter combining high quantum yield, stability and low cost. In order to maximize 
the effectiveness of the conversion device, pholoemissive materials must be used 
which possess (he lowest possible work function. A systematic search for stable and 
economical materials is presently underway. At this lime, certain interstitial 
Iransilion-mclal compounds coaled with alkali metals and their oxides are being 
tested fur their pholoemissive properties. 
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Fla- 7. A ikelch thowina a possible pholoklysiron SPS amy coong- 
urelion. The pholoktysirons generate a if wave which travels along 
Ihe wave guide and emerges from Ihe horn. The insel in the upper 
let) hand comer shows Ihe lolal satellite. The secondary minor and 
photoklysiron array rotate to follow Ihe earth. 

Vil. PIIOI'OKLYSTRON APPLICATIONS 

In the SPS application of the photoklystron, the entire solar array hecomes Ihe rf 
radiating surface. Instead of a cluster of high power klystrons we invision a large 
array of low power phoioklysirons. This system lends itself to modular construction 
with radiating units being added as needed. This could reduce the high initial capitol 
cost for a given system. Moreover, the lower radiation energy density would reduce 
Ihe hazard for asiroworkers and make possible Ihe addition of new modules without 
shutdown of Ihe entire system. 

To be competitive with a solar cell/klysiron system (including bus bar and slip- 
ring), efficiencies for the photoklysiron of about 12% will have to be demonstrated. 
Bused on our present estimate of about 10% and Ihe fact that reOex klystron ef- 
ficiencies higher than this have been achieved, it appears possible to reach Ihe 12% 
figure. 

In order to obtain a mass per unit area estimate of an SPS configured with photo- 
klystrons, we have developed a hypothetical design using resonant cavities and 
solar reflectors to concentrate sunlight on Ihe pholocalhode surfaces. In this design, 
each photoklysiron excites the center of a resonant cavity which forms a wave guide 
with atfjacent resonant cavities. A traveling wave then moves down a line of adjacent 
phoioklysirons. Since the resonant cavily/wave guide occupies more cross-sectional 
area than Ihe photocathode surface, solar reflectors placed sunwafd of Ihe resonant 
cavily/wave guide concentrate sunlight onto Ihe pholocalhode surface. A concentra- 
tion ratio of 3 is used. The resonant cavily/wave guide walls are made of aluminized 
1/2 mil Kapton as are Ihe solar reflectors. The pholocalhode consists of pholoemis- 
sive material vapor deposited on a 1/2 mil Kapton (or similar uv transparent material) 
substrate. Wire grids are used al the resonant cavity gap. The reflector electrode is 
again an aluminized Kapton sheet. The resonant cavily/wave guide may be formed 
by separating Ihe two sheets of aluminized Kapton by dielectric spacers or hon- 
eycomb material and drawing Ihe sheets together into contact al the edge. Figure 7 is 
a sketch of this design. 


The Photoklysiron I5J 

The mass per unit area of the photoklysiron area of such a configuration is esti- 
mated to be about 0.2 kg/m*. The resonant cavily/wave guide reflector area is esti- 
mated al 0.2S kg/m‘. 

For a CRl satellite whose combined photoklysiron and radiation efficiency are 
10%. and which is required to radiate 6.73 GW (3 GW reclenna output), Ihe required 
photoklysiron area is 16.6 km* and Ihe resonant cavily/wave guide reflector area is 
33.3 km*, for a total of 30 km*. The resulting masses are 3.2x tO* kg and 8.3x 10* kg 
for the photoklysiron and resonant cavity/wave guide reflector areas respectively. 
The lolal mass is 1 1.3 x 10* kg. This compares very favorably with Ihe 13.8x10* kg 
and 27.6X 10* kg for Ihe GaAIAs Cr2 and silicon CRI NASA/DOE reference system 
solar array masses (4){ especially since an additional I3.3x 10* kg must be added to 
the solar cell configuration weights for Ihe klystron antenna array and slipring. In this 
photoklysiron array weight estimate, no weight has been added explicitly for anten- 
nas, phase control, primary or secondary mirrors, or structure. However, an overall 
30% contingency factor has been added to cover these items. It is expected that the 
antenna would be an integral part of Ihe wave guide, probably periodic slots or 
horns, and would therefore add negligible weight. The overall satellite configuration 
could be similar to that proposed for Ihe solid stale sandwich system proposed by 
Rockwell International (3) with a primary and secondary mirror turning Ihe solar flux 
through 90° aiid then onto the planar photoklysiron configuration with rf radiating 
out the opposite side. See Fig. 7. 

This mass and area estimate naively assumes that phoioklysirons can be designed 
which will self-oscillaie al the requisite frequency and efficiency. If it should turn out 
that bias voltages are required, these could be provided by interspersing solar cells 
among the pholocalhode surfaces in the trough. The solar cells would thus feed 
nearby phoioklysirons and the modular nature of Ihe concept would be preserved. 
The ratio of solar cell to pholocalhode area would depend on how much of the energy 
to drive the phoioklysirons had to be derived from the bias voltages. 

Aside from the application to the solar power satellite, Ihe photoklysiron may 
have other uses in space and on Ihe earth. Communication satellites and telemetry 
transmitters for satellites and space probes have a need for highly reliable rf sources. 

A great advantage of Ihe photoklysiron is its simplicity and hence reliability. It is a 
rf oscillator with only passive elements. Further, we expect low cost per unit area 
relative to solid slate energy conversion devices because the photoemilter is vapor 
deposited. In space applications where large areas of photoklystrons are required, it 
may be possible to manufacture the photoklysiron in space and dispense with vac- 
uum encapsuljilion. 

We expect Ihe photoklysiron to be relatively insensitive to degradation from 
charged particle radiation due to Ihe thinness of the photoemilter. 

Potential ground based applications of Ihe photoklysiron include direct production 
of power for microwave transmission lines and use in large scale drying operations 
such as drying lumber, grain or tobacco. When operated in Ihe biased mode, the 
output frequency is sensitive to Ihe accelerating bias voltage so Ihe device may be 
used as a voltage controlled oscillator or alternatively as a simple precision voltage 
measuring device. It might also be used as a transmitting light sensor for alarm 
systems or to decode laser or fiber optic transmissions through rf amplifiers. 

J — We aclukowtedge hetpful iltscussions with Dr. WiUiam Wilson and Mr. David 
Cooke. This work has beeit suppoited by a grunt from the Brown FtMindalion of Houston. Teias. The 
Editor wishes to thank Gordon Woodcock and Dr. Owen Garrioii itir their assistance in reviewing this 
paper. 
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Abstract. A simple single particle model of a free-electron laser (FEL) amplifier has been 
used in a computer simulation to determine the maximum fractional conversion of electron 
kinetic energy to laser energy. The simulation results can be represented by a single 
universal curve. A simple scaling relationship for the length of the optimized constant 
period helix together with the universal curve permit one to predict maximum fractional 
energy conversion for any set of values of initial electron energy, initial laser intensity, 
magnetic field amplitude, and magnet period. 

PACS: 42.55 


In a free-electron laser a fraction of the energy in a 
relativistic electron beam is converted into coherent 
short wavelength radiation as both travel together 
through a periodic field which we will assume to be a 
static magnetic field. This laser is continuously tunable 
to short wavelengths and promises to be a powerful 
efficient radiation source. We are studying the free- 
electron laser as a potential fusion reactor driver [1, 2], 
For this application we require short wavelength 
radiation (< 1 pm), and high beam cunents. To protect 
the focusing optics in a high-power laser system the 
cross sectional area of the laser beam at the focusing 
elements must be large. The cross sectional area of the 
electron beam must be matched to that of the optical 
beam in the laser amplifier, so that electron beam 
diameters of the order of centimeters may be needed. 
The period of a magnetic amplifier that can accom- 
odate such a beam must be at least several centi- 
meters to a few tens of centimeters. To obtain short 
wavelength light with large magnet periods, electron 
energies of several hundred MeV are required. 

The existing technologies best suited for high current 
beams at high energy are induction linacs [3] and 
storage rings [4]. Both of these devices can produce 


beams with very low energy spread (d£/£ $ 10“ ^). The 
storage ring has the additional advantage, that the 
electrons may be repetively passed through an acceler- 
ator section which replaces the energy converted to 
radiation. The maximum peak current obtainable from 
these devices is about 10 k A for an induction linac and 
a few kA for a storage ring. For the laser wavelengths 
and electron energies and densities being considered, 
the interaction of individual electrons with the magnet 
and laser fields is the dominant effect. 

Microscopic distortion of the electron density, or 
bunching, on the scale of an optical wavelength does 
produce longitudinal electric fields of the order of 
2kqX^, where g is the electron charge density and is 
the radiation wavelength. The effect of these micros- 
copic fields on the highly relativistic electrons has been 
calculated and is small for the parameter range studied 
here. Electrostatic effects are therefore neglected in this 
paper. 

Several previous studies of the FEL have already been 
made. Both experimental and theoretical work has 
been carried out at Stanford University [5-8]. 
Theoretical analyses of the FEL have been carried out 
using the Maxwell-Boltzmann equations [9-11] and 
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the Vlasov equation [12, 13]. For this paper we de- 
scribe the FEL by numerically solving thh single 
particle Lorentz force equations in the combined mag- 
net and laser fields. The goal of the study is to 
determine the maximum fraction of the electron beam 
energy that can be converted to radiation energy on a 
single pass through a constant period helical magnet 
The electrons enter in a monoenergetic, uniform beam 
and the laser light is taken to be monochromatic with 
a self-consistency determined amplitude. 


1. Basic Equations of the Single-Particle Model 

The basic equations used in the single-particle model 
of the FEL are the Lorentz force equations which 
govern the electron trajectories. These are given in 
Gaussian units by [14] 

^(vP)=j^[E,-Hpx(B, + BJ], (1) 

and 




dt 



1 > 


and 


Because p, x B, = — ^jE„ (5) becomes 

^(vPJ=;^[E,(l-i?,) + P,xBJ. 


( 6 ) 

(7) 

( 8 ) 
(9) 


For the cases we are considering, — p.), 

so that we can neglect the first term on the right-hand 
side in (9) giving 


d e 

dt me 


( 10 ) 


Using the transformation dt = dz/p^c, (10) can be easily 
integrated. Limiting ourselves to the case for which B„ 
and are constants we obtain. 


dt 


e 

me 


PE, 


(2) Pi = 


eB, 


ymc^k„ 


+ const . 


( 11 ) 


where 

y-^ = l-pp. (3) 

Here p is the electron velocity divided by the speed 
of light c, y is the ratio of electron energy to electron 
rest mass energy mc^, E, and B, are the electric and 
magnetic fields of the electromagnetic wave, B„, is the 
magnetic field of the laser amplifier, and e is the charge 
of an electron. Equations (1) and (2) are a set of four 
equations, any three of which suffice to describe the 
interaction. 

The static magnetic field is taken to be of the form 
(cos k„z, sin k„z, 0), where k„ = 2n/X„ and is 
the magnetic period. This is an excellent approxima- 
tion for the magnetic field near the axis of a helical 
wiggler magnet as has been shown theoretically and 
experimentally [15]. The electric and magnetic fields of 
the laser beam are given by 

E, = £,(t)(cos;f, -sin;f,0) 

B, = J3,(t)(sin;^,cosx,0), (4) 

where x = + = 27r/k, = 2;rc/a}, is the opti- 

cal wavelength, and (j) is the optical phase. 

Since all the fields are assumed to be transverse it is 
convenient to rewrite (1) through (3) in terms of axial 
and transverse components 

;^(vPx)= ;^[E, + P.. X (B,-^BJ] , (5) 

at me 


We will assume that the electrons start out in perfect 
helical orbits, so that the constant of integration in 
(11) equals zero. 

Defining 


eB„ 


me^k_ 


( 12 ) 


the magnitude of Pj^ is given by 



(13) 


From Eqs. (8) and (13) we obtain 


(14) 


Differentiating and taking the limit jS.asl we obtain, 
d^. [I + OL^) dy (1-l-a^) e 


dt y^ dt 
a(l-t-a^) e 


me 


y me 
£,(r)cos!F, 


E, P, 


(15) 


where 


'B = {k„ + k,)z-co,t + (t). (16) 

Equation (15) can be put into the form of the pen- 
dulum equation in the low-gain limit [8]. 

An electron is said to be in resonance with the 
electromagnetic wave when the electron moves a dis- 
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tance of one magnet period during the time one 
wavelength of light passes over it. 

When this is the case 

= (17) 

where Ajj is the wavelength at resonance. 

The position of an electron in the electron beam can be 
written in the form 

z{t)=PozCt + z'(t), (18) 

where Pq. is the initial electron axial velocity. Using 
(18) we can write (16) as 

X k^z’ + AQt + (f) , (19) 

where 

AQ = {k„ + k,)fi^,c-a),. ( 20 ) 


From (20) we obtain 

AQ 
- — 

1-Poz 


( 21 ) 


where coj^ is the resonance frequency for electrons 
moving with the initial electron velocity. 

The relative angle between E, and Pj^ determines 
whether an electron loses or gains energy. From (19) 
we see that at any instant of time this angle varies by 27t 
radians over a distance of one wavelength of light and, 
therefore, sections of an electron beam X, in length will 
evolve identically in time provided the electron and 
laser beams are initially uniform. Electrons in a region 
where cos?' is positive will be decelerated and elec- 
trons in a region where cos!P is negative will be 
accelerated. This produces bunching of the electron 
beam on a scale of the wavelength of the laser light. If 
0 }^ = con there will be no explicit time dependence in the 
phase factor !P, and the electrons will bunch symmetri- 
cally around the position '¥= — njl. For convenience 
we define a new angle d='P — nil for which 
sin0= — cos'?. Bunching at resonance then occurs 
around 0 = 7t (Fig. 1). Net transfer of energy to the laser 
field as a result of the bunching process will be zero at 
the resonance energy and there will be no laser gain. 

If 4= cojj then d will be explicitly dependent on time, 
the function sin0 will shift relative to a reference frame 
moving with the initial electron velocity, and the 
electron density distribution will no longer be sym- 
metric about d = n. If AQ is positive, the shift of the 
function sin0 in the reference frame moving with the 
initial electron velocity will cause more electrons to 
lose energy than gain energy (Fig. 2). This produces 
amplification of the electromagnetic wave. If AQ were 



Fig. 1. Phase factor of the axial force on the electrons, sind, and 
electron density q , as a function of position over a distance equal 
to one wavelength of light when the mean electron energy equals 
the resonance energy 



Fig. 2. For to,+cUg the phase factor sin0 shifts with time relative to 
the position of the electron bunch. For the phase shift shown in this 
figure co,<qJr 


negative more electrons would be accelerated than 
decelerated, and the laser beam would give up energy 
to the electrons. 

It is assumed that energy lost or gained by the 
electrons is transferred to or from the laser field. This' 
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holds as long as the laser has a fixed frequency and 
resembles a single-mode plane-wave, which is usually 
the case. If the electron and optical beams are assumed 
to occupy the same volume, the condition for energy 
conservation can be written 

^MzllM.dV=Qy^mc^dV- ^ yiit)mc\ ( 22 ) 

4tc 

where yomc^ is the initial electron energy, q is the initial 
uniform electron density, dV is the volume element in 
the beam, and the sum is taken over all electrons in the 
volume element. 


2. An Upper Bound on Energy Extraction 


Using the basic equations derived in the previous 
section we can obtain an upper limit on the fraction of 
the electron energy that can be converted to laser 
energy in a single pass through a constant period 
helical wiggler magnet. Using the fact that gdV = Ng 
we can rewrite (22) in the form 


E^{t)=4nQyomc^ 




Ngyp-Iym 

N.Vo ) 


=4nQypmc^{s + ri), 


(23) 


where 

s=E!M^ 

gypinc^ 


(24) 


is the initial ratio of field energy density to electron 
energy density and 


_ Ngyo-Iy.{t) -1 ^ 

^ N//o Ng Vo 


(25) 


is the fraction of the initial electron energy that has 
been converted to laser energy at time f. Substituting 
(11) into (7) we have 


dy 

dt 



E^t) cos 'P . 


(26) 


The expression for £,(r) in (23) is now substituted into 
(26) to give 


ydy= 


Wc^lnj 


{4nQyomc^)^^{s+t])^^ cos Pdt , 


(27) 


which describes the variation of electron energy with 
time for a single electron. Summing both sides of (27) 
over all electrons in the volume element dV and using 
Vi = 7o + ^Vi assuming yp>Ayi we obtain 


s. 


Vo I 47i = 

i= 1 


\m^c^2nj 


{4ngyomc^yi^ 


N. 


■(s-l-?;)'^' Y, cos Wi{t)dt. 

i= 1 


(28) 


Integrating over the length of the amplifier and utiliz- 
ing the definition of t] in (25) we obtain 


7 V 

J """ I Ng 


•cos !P..(t) 


dt 

N^Jc' 


(29) 


Where rj^ is the fractional energy conversion that has 
been attained at the output end of the amplifier, NXJc 
is the time required for the electrons to traverse the 
amplifier assuming 1, and 




(30) 


The evolution of the phase angle !P,- is a complicated 
function of time which we are able to determine by 
calculating electron trajectories in a computer simu- 
lation. To obtain an upper limit for the fractional 
energy conversion rj we assume that the electrons are 
perfectly bunched to provide maximum energy transfer 
to the electromagnetic field throughout the amplifier, 
so that cos always has the value — 1. The integral on 
the right-hand side in (29) therefore has the value of 
unity. Performing the remaining integration in (29) we 
obtain 


^ = ^ + (31) 

s ]/s 4s 

where is the upper limit on fractional energy 
extraction. Equation (31) is a simple expression with 
only two variables, rj/s and K!]/s, which provides an 
upper limit for the performance of all constant 
constant B„ amplifiers free electron laser. From 
conservation of energy it can be shown that r\ls = All 
/o = (/y — /o)/fo. where /q = £^(0)c/47t is the input 
laser intensity and is the output intensity. 


3. Computer Simulations 

A computer code has been written incorporating the 
basic equations of Sect. 1 which simulates the passage 
of an electron beam through an FEL amplifier. Using 
the computer code it is possible to calculate, the value 
of the fractional energy conversion rj for any given set 
of initial conditions. A segment of the electron beam 
one radiation wavelength long is followed through the 
amplifier. The beam is represented by an array of 
discrete charges initially positioned at equal intervals 
within a laser wavelength. At each time step the change 
in the electron energy, velocity, and position are 
calculated and the amplitude of the laser field is 
updated. Periodic boundary conditions are used. The 
electrons are assumed to be initially monoenergetic 
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Fig. 3. Maximum single-pass fractional energy conversion, as a 
function of initial electron energy £g for a helical magnetic amplifier. 
Curves are shown for three values of the electron density q 



Fig. 4. Ratio of output laser intensity f^ to input intensity /g as a 
function of initial electron energy £g for several values of the input 
intensity and an electron density of 10“ cm" ^ 

and the laser beam traveling with the electrons is 
assumed to be monochromatic with frequency cu,. 

To find the conditions under which the greatest frac- 
tional energy conversion can be obtained for a given 
magnet period magnet field strength B„, initial 
electron energy Eq, and input laser intensity /q, a laser 
frequency is chosen that differs from the resonance 
frequency cOg by an amount Au>. For this frequency, 
ft), = tOR — dcu, electrons were permitted to progress 
down the amphfier until net transfer of energy to the 
laser field decreased to zero. This was done for a range 
of values of Aco. The laser frequency m, for which laser 
gain was a maximum was then assumed to be the 
frequency of the light propagating in the amplifier and 
the maximum fractional energy conversion was taken 
to be the maximum value for this frequency. The 
length of the amplifier was taken to be the length for 
which greatest fractional energy conversion was ob- 
tained and, therefore, varied as a function of initial 
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Fig. 5. Maximum single-pass fractional energy conversion for con- 
stant period helical amplifier. Data points are computer simulation 
results, and the solid line is the analytically derived upper limit given 
by (31) 


electron energy Eq and input intensity Iq. The com- 
puter simulation was used to find peak single-pass 
fractional energy conversion values for a range of 
values of initial electron energy, input laser intensity, 
and electron density. Calculations were made for a 
range of values of the laser frequency and magnetic 
field strength. 

Figure 3 shows peak fractional energy conversion as a 
function of electron energy for three values of the 
electron density for an input laser intensity of 
10® W/cm^, laser wavelength of 0.5 pm, and magnetic 
field of 1 kG. Fractional energy conversion is signi- 
ficantly higher at 0 = 10 ^^ cm" ^ than at the lower 
densities. At this density small changes in electron 
energy produce large changes in .laser intensity along 
the amplifier. As the laser intensity increases the 
magnitude of the forces that accelerate or decelerate 
the electrons increases resulting in greater fractional 
energy conversion. At lower densities the change in 
laser intensity as a result of energy transfer is lower, 
and a smaller fraction of the electron energy is con- 
verted to photon energy. For sufficiently low densities, 
fractional energy conversion will be essentially inde- 
pendent of electron density. 

The ratio of output intensity /y to input intensity Iq for 
a range of input intensities at an electron density of 
10^^ cm~^ is shown in Fig. 4. It can be seen from Fig. 4 
that over a large range of electron energies the ratio of 
optimized output intensity to input intensity varies 
approximately inversely with input intensity, so that 
fractional energy conversion varies little with input 
intensity. However, the amplifier length required to 
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Fig. 6. Amplifier length at maximum gain as a function of the 
scaling parameter 



Fig. 7. Relative frequency difference at maximum gain as a function 
of initial electron energy for selected values of laser wavelength, 
amplifier magnetic field, electron density and initial laser intensity 


obtain a given fractional energy conversion increases 
with decreasing input intensity. 

In Fig. 5 data from the computer simulation are 
compared with the upper limit for r\js given by (31). 
The computed values are, as expected, always lower 
than the limiting value of the function All of the 
computed values for peak fractional energy conversion 
lie along a single curve in the (;//s, K/]/!) parameter 
space. The data which are plotted cover a range of two 
orders of magnitude in electron energy (50 MeV to 
5 GeV), three orders of magnitude in input laser power 
(10’ to 10’° W/cm’), and two orders of magnitude in 
electron density (10’° to 10’ ’ cm" ^). They also cover a 
range of laser wavelengths from 0.5 to 15 pm and 
variations in magnetic field from 1 to 5 kG. We can fit 
an empirical curve to the simulation results. A function 


which fits this data is 


rjis =0.32 


14 


, l(K 

4(^/7) 


(32) 


Equation (32) by itself is insufficient for determining 
peak fractional energy conversion rj given a set of 
values 7 (j, Iq, q, and since the number of periods 

in the magnet must be determined from the computer 
simulation for any particular set of conditions. An 
expression can be derived, however, which provides an 
upper limit for the length of the amplifier. This limit 
will be very close to the computed amplifier length 
when the laser gain is low. To obtain this upper limit 
we make the assumption that when the laser intensity 
is approximately constant in the amplifier (low gain), 
the evolution of the electron beam will be similar in all 
cases. Only the rate at which the distribution function 
evolves will be affected by the input parameters. The 
rate of evolution is determined by the magnitude of the 
axial acceleration. When the amplifier length has been 
optimized for maximum gain, electrons in the beam 
will move relative to each other a distance on the order 
of one wavelength of light. Let us assume that on the 
average the motion of the bunched electrons can be 
approximated by the formula 

2,«l/2a,t’, (33) 

where is the magnitude of the axial acceleration at 
the input end of the amplifier. From (15) we have 



(1 -F a )a ^12 


(34) 


The transit time across the amplifier is t = Llc. Using 
this and substituting (34) into (33) we obtain the 
scaling for L in terms of system parameters 




>0^r 


fl, [a(l +«’)]’'’/’/'’• 


(35) 


Since we can use (17) in (35) to obtain 


Loc 


Vo 


(36) 


In Fig. 6 the amplifier length, as determined from the 
computer simulation, is plotted as a function of 
The straight line is a best fit to the low 
gain data. Because amplifier length is only weakly de- 
pendent on laser intensity calculated amplifier lengths 
were within 5% of the value given by the straight 
line for increases in laser intensity of up to a factor of 
50. The data points which deviate from the straight line 
fit are high gain cases with several hundred to over 
10“’ times Iq. For these cases Iq was not a good 
approximation to the average laser intensity in the 
amplifier. 
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The equation of the straight line in Fig. 6 is given by 
L = 5.9yo/Bi.'^/r (37) 

for B„ in kG and Iq in W/cm^. Equations (32) and (37) 
give the scaling for optimized constant period helical 
amplifiers in the low gain regime, and provide an upper 
limit for amplifier length and fractional energy con- 
version when laser gain is high. 

The value of dcu that is needed to maximize laser gain 
varies as a function of electron energy and density, 
laser intensity, laser frequency, and magnetic field. 
Typically values lie in the range between 10"^ and a 
few times 10“^ of the resonance frequency. Examples 
of the variation of Aco/oo as a function of energy for 
different values of electron density, magnetic field, and 
laser wavelength are shown in Fig. 7. 

All of the computer simulations described above have 
been carried out for an initially monoenergetic electron 
beam. In practice the electron beam will always have 
some spread in energy which will tend to reduce laser 
gain. To prevent serious degradation of laser perfor- 
mance the initial energy spread should be less than the 
difference between the mean electron energy and the 
resonance energy. It can be shown by differentiating 
(17) that 

(tOR-aj,)/aj,«2(£o-£R)/ER, (38) 

where £r is the resonant electron energy at the laser 
frequency. From the data of Fig. 7, we see that for 
an amplifier with a constant period helical magnetic 
field this energy spread is of the order of a few tenths 
of a percent of the resonance energy. 

In conclusion, a simple model has been developed to 
predict the optimum performance of constant period 
free electron laser amplifiers with transverse helical 
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magnetic fields. The model identifies the primary ef- 
fects that can produce net laser gain in the single- 
particle regime, provides the scaling of fractional en- 
ergy conversion with the various system parameters, 
and defines limits on the gain that can be obtained 
from constant period amplifiers. 
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We develop a self-consistent, nonlinear description of the free electron laser using single-particle dynamics and Maxwell’s 
wave equation- Microscopic electron bunching drives the amplitude and phase of the optical wave. 


In a free electron laser [ 1 ] , ultra-relativistic elec- 
trons travel through a static, periodic magnetic field, 
and oscillate to amplify coherent optical radiation 
The electron trajectories are determined by both the 
helical magnet and the slowly evolving optical wave; 
the electron current drives Maxwell’s equations, and in 
turn governs the evolution of the optical wave. We 
handle this nonlinear process by self-consistently cou- 
pling Maxwell’s equations to the single-particle Lorentz 
force equations. 

The single-particle formulation [4] provides a clear, 
intuitive description of the free electron laser, that ac- 
curately reproduces and extends the results obtained 
using more complex analyses (coupled Maxwell— 
Boltzmann equations [5], computer simulations [6], 
plasma dispersion relations [7 ] , and quantum electro- 
dynamics [8]). In previous applications of the single- 
particle approach, energyi conservation was invoked to 
relate the decreased electron beam energy to the am- 

* The results of this paper were presented at the Free Elec- 
tron Laser workshops at Stanford University (March 1979) 
and at Los Alamos Scientific Laboratory (April 1979). 

' Supported by NASA Grant NSG-7490. 

Stanford university experiments have demonstrated both 
amplification [2], and laser oscillation [3]. 


plified intensity of the optical wave. We go a step 
further, and employ the single-particle dynamics to 
determine the transverse current in Maxwell’s equations. 
Coupling to Maxwell’s equations enables us to describe 
the evolution of both the amplitude and phase of the 
optical wave; employing the single-particle dynamics 
enables us to obtain a self-consistent analytic solution. 

1. Optical wave evolution. Maxwell’s equations govern 
the evolution of a light wave in the presence of an elec- 
tron current. The resulting wave equation is 

( - c-2a2/3f2)^ (jf, t) = -(47t/c) Jy{x, f), (1) 

where A is the radiation vector potential, c is the speed 
of light, and is the transverse current density (cgs 
units). The electron trajectories will be determined 
self-consistently in the next section. 

When the laser is “turned on”, the optical wave 
grows from spontaneous emission to a large amplitude 
wave with a well-defined phase. After the coherent 
wave is established, its amplitude and phase can still 
evolve in time. To represent the laser optical wave 
during these stages of evolution, we choose a waveform: 
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0= [C(z, COS 4/, 0) , (2) 

where C(z, t) is the wave amplitude, and \p = k^z 
- cOjt + 4>(z, r); the wave has frequency = k^c, and 
phase 0(r; t), and depends only on z and t. When the 
amplitude and phase of this wave are held fixed, eq. 

(2) describes a plane wave traveling in the z-direction. 
We take the amplitude and phase to evolve slowly over 
an optical wave length ( coj d, etc.); faster evolu- 
tion would diminish the coherence and monochromi- 
city. The left-hand side of eq. (1) can be rewritten by 
inserting eq. (2), and neglecting terms containing two 
derivatives. The remaining terms are “fast” rotating vec- 
tors with “slow” coefficients. In order to establish true 
slowly varying equations, we project the wave equa- 
tion onto two unit vectors, £[ = (cos i//, —sin \j/, 0) and 
Z 2 = (sin 4/, cos i//, 0), to get 

d&ldz + c~^d&ldt = —(^Trjc)J. • «i , 

( 3 ) 

&(b(l)ldz + c~^d4>/bt) = . 

The second-order partial differential equation (1) has 
now been reduced to two first-order differential equa- 
tions (3), one describing the evolution of the ampli- 
tude of the wave, the other describing the evolution of 
its phase. When there is no source current = 0), S 
and (p satisfy the free-space wave equation. 

The waveform (2) contains no dependence on x 
and a proper description would give it some finite 
transverse dimension. In order to address the essential 
physics of the problem, we choose to avoid this com- 
plication by describirig dynamics well within the op- 
tical wave (an appropriate “filling factor” could be in- 
troduced to handle the overlap between the optical 
mode and the electron beam [2,3]). 

2. Single-particle current. The dynamics of electrons 
in the combined static and radiation fields are governed 
by the Lorentz force equations. A helical magnetic 
field of the form 

^m = 5 q(cos kgz, sin k^z, 0) (4) 

produces the optical polarization in eq. (2). Bq is the 
field strength, and Xq = 2nlk^ the wavelength of the 
helical magnet. The radiation electric and magnetic 
fields are obtained from the vector potential; inserting 
the static and radiation fields into the fully relativistic 
Lorentz force equations yields the “self-consistent pen- 


dulum” equation for an electron’s motion within an 
optical wavelength [9] : 

.. 4e^go&(z, 0ko[l - v{t)lkQL\^ 

(X-i- K^)m^c^k^ ^5^ 

X cos(f + 0(z, 0) , 

where f (r) = (K^ + kQ)z(t) - cu/, u(t) = l{t)L/c, L is 
the magnet length, K = le|5gXo/27rmc2, and e (jri) is 
the electron charge (mass). and v describe the elec- 
tron’s microscopic bunching on an optical scale; its evo- 
lution depends crucially on the initial conditions fg 
= f (0) = (k, -^ kg)zo and Uq = r-(0) = [/3gkgC - 
X (1 — |3g)]Z,/c, where Zg and |3gC are the electron’s 
initial position and z-velocity. Since y is large, k^ > kg 
and fg is the initial electron phase within an optical 
wavelength. If an electron is injected such that Uq = 0, 
then exactly one wavelength of light will pass over it 
as it passes through one wavelength of the magnet. Uq 
therefore measures an electron’s deviation from this 
“resonant” condition, and will be termed the reso- 
nance parameter. i>(t) is related to the evolving electron 
energy y(t)mc^ through = j(l +K^)k^l{kQL - i>). 

In the low gain limit, S and 4> ate nearly constant, and 
for small energy extraction, v < kgZ,; in this case eq. 

(5) becomes the pendulum equation. 

The self-consistent pendulum equation (5) correct- 
ly describes electron dynamics up through saturation. 
When the radiation field becomes large, the electron 
becomes trapped in closed orbits of the pendulum 
phase space. In the beam frame, the bunching electrons 
will have moved on the order of an optical wavelength 
(Af =5 1); at this point gain stops, and the laser saturates. 

For relativistic electrons, the transverse radiation 
force is very small so the electron’s transverse velocity 
(and therefore the transverse current) is determined al- 
most entirely by the static magnetic field. Solving for 
the velocity in the field (4) alone, and projecting the 
single-particle current onto our two unit vectors tj 
and £ 2 - 

e^BnXn 

' '1 " 2 ^ 0)5(3)(a: - r, (r)) , 

e2figXo 

' '2 0)S(3)(x - r,(t)) , 

where /’, (t) denotes the location of the /th particle at 
time t. Note that the sinusoidal factors depend on the 
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\ // 

We develop a self-consistent, nonlinear description of the free electroiylaser using single-particle dynamics and Maxwell’s 
wave equation. Microscopic electron bunching drives the amplitude and phase of the optical wave. 


In a free electron laser [1], ultra-relativistic elec- 
trons travel through a static, periodic magnetic field, 
and oscillate to amplify coherent optical radiation . 
The electron trajectories are determined by both the 
helical magnet and the slowly evolving optical wave; > 
the electron current drives Maxwell’s equations, and iiy 
turn governs the evolution of the optical wave. We / 
handle this nonlinear process by self-consistently cou- 
pling Maxwell’s equations to the single-particle Lo/entz/ 
force equations. / / 

The single-particle formulation [4] provides a clear, 
intuitive description of the free electron laser,^at ac- 
curately reproduces and extends the results OBtained 
using more complex analyses (coupled MaxWell-r'^ 


Boltzmaim equations [5 ], computer simula/ions [6J, 
plasma dispersion relations [7], and quantum electro- 
dynamics [8]). In previous applications of the single- 
particle approach, energy conservation ^ws/lnvoked to 
relate the decreased electron beam enet^^lo the am- 

* The results of this paper were presented^t the Free Elec- 
tron Laser workshops at Stanford University (March 1979) 
and at Los Alamos Scientific Laboratory (April 1979). 

* Supported by NASA Grant NS(j-7490. 

** Stanford university experiments have demonstrated both 
amplification (2J, and laser oscillation [3]. 


plijled^int^ensity of the optical wave. We go a step 
further, and employ the single-particle dynamics to 
/4eteimine^the transverse current in Maxwell’s equations. 
/ Cc^upling to Maxwell’s equations enables us to describe 
the evolution of both the amplitude and phase of the 
optical wav^; employing the single-particle dynamics 
/enables us to obtain a self-consistent analytic solution. 

' \ 

1. Optical wave evolution. Maxwell’s equations govern 
the evolutioniof a light wave in the presence of an elec- 
tron current. The resulting wave equation is 

( y2 _ c-2a2^9,^2)4 (^x, t) = -(47t/c) J^(x, t) , (1) 

where A is the Radiation vector potential, c is the speed 
of light, and is the transverse current density (cgs 
units). The electron trajectories will be determined 
self-consistently in the next section. 

When the laser is “turned on’’, the optical wave 
grows from spontaneous emission to a large amplitude 
wave with a well-defined phase. After the coherent 
wave is established, its amplitude and phase can still 
evolve in time. To represent the laser optical wave 
during these stages of evolution, we choose a waveform: 
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1. INTRODUCTION 

In a free electron laser [1], ultra- relativistic electrons travel 
through a static, periodic magnetic field, and oscillate to amplify 
coherent optical radiation. The electron trajectories are determined by 
both the helical magnet and the slowly evolving optical wave; the 
electron current, the source term In Maxwell's equations. In turn governs 
the evolution of the optical wave. This non-llnear process can be 
explored by self-conslstently coupling Maxwell's equations to the 
single-particle Lorentz force equations. 

The single-particle fomnulatlon [2] provides a clear, Intuitive 
description of the free electron laser, and accurately reproduces results 
obtained using considerably more complex analyses (coupled 
Maxwell-Boltzmarm equations [3], computer simulations [4], plasma 
dispersion relations [5], and quantum electrodynamics [6]). In previous 
applications of the single-particle approach, energy conservation was 
Invoked to relate the decreased electron beam energy to the amplified 


Intensity of the optical wave. In this chapter, the formulation Is taken 
a step further; the single-particle dynamics are used to determine the 
transverse current In Maxwell's equations [7]. This procedure produces 
Imnedlate analytical benefits: Maxwell's equations describe the 
evolution of both the amplitude and phase of the optical wave; the 
single-particle dynamics describe the self-consistent electron evolution 
In phase space. 

A free electron laser can operate as an ampllfer [6], or as an 
oscillator [9]. In the first case, the electron beam amplifies an 
existing wave during a single pass through the Interaction region. In 
the second case, a resonator Is formed by placing mirrors at either end 
of the Interaction region (see Figure 1); the radiation stored In the 
cavity bounces between the mirrors, and fresh electrons are either 
supplied continuously, or Injected to overlap the rebounding optical 
pulse. The laser field grows on each pass, and becomes large. The 
equations developed In the next section will be used to describe laser 
evolution over a single pass (this Is the timescale relevant to the 
electron beam evolution), but will also be used to describe the laser 
oscillator, following the evolution of the optical pulse (toward a steady 
state) over many passes. 

In the later sections of this chapter, the coupled equations, and 
the phase space diagrams they generate, are applied to several aspects of 
free electron laser operation. How Is laser gain affected If the 
electron beam has some angular divergence or energy spread? What are the 
qualitative and quantitative effects of ultra-short pulses? And, In 
particular, do experimental results show evidence of these effects? 
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MIRROR PERIODIC MAGNET MIRROR 

— ^ JL 

OPTICAL RESONATOR 


Figure 1 . The electron pulse is Injected Into the resonator with 
velocity |3oC, and travels through the periodic magnetic field with 
the optical pulse. The electron pulse Is removed after a single pass, 
the enhanced optical pulse Is stored in the cavity. The parameters of 
the Stanford free electron laser are suimarlzed in the table. 


Bo = 2.4 kgauss 
\ = 3.2 cm 
N = 160 
L = 5.2 m 


1 = 3.4 microns 
mode area = 0.096 cm 
X,= 12 m 

power loss per pass = 3.5X 

y = 84.524 

peak current = 0.66 amps 
electron pulse length ° 0.13 cm 
beam cross section = 0.0079 cm 


V 


4 

The results dealing with Initial pulse shapes and "Imperfect" 
Initial conditions must be obtained numerically. It is possible, 
however, to make significant progress analytically, and attain results 
valid In the strong-field regime. The single-pass result can be 
incorporated In the laser rate equations to describe the operation of an 
laser oscillator analytically throughout its evolution to saturation. 



2. MAXWELL'S EQUATIONS 
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Maxwell's equations govern the evolution of a light wave In the 
presence of an electron current. The resulting wave equation Is 

where A Is the radiation vector potential, c Is the speed of light, and 
Is the transverse current density (cgs units). Wien the laser Is 
"turned on", the optical wave grows from spontaneous emission to a large 
airplitude wave with a well-defined phase. After the coherent wave Is 
established. Its anplltude and phase can still evolve in time. The . 
following waveform was chosen to represent the laser optical wave during 
these stages of evolution: 

- £ fet ) C/X. o) ,2) 

where S( 2 ,t) Is the wave anplltude, and k^z -u^,t +^(z,t); the wave 
has frequency uj^= k|.c, and phase ^(z,t), and depends only on z and t. 
When the anplltude and phase of this wave are held fixed, (2) describes a 
plane wave traveling In the z-dlrectlon. 

The anplltude and phase of the wave evolve slowly over an optical 
wavelength { £ « , etc,); a faster evolution would diminish the 

coherence and monochromiclty of the radiation. The left-hand side of (1) 
can therefore be rewritten by Inserting (2), and neglecting terms 
containing two derivatives. The remaining terms are "fast rotating 
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vectors with "slow" coefficients. Equations which are truly slowly- 
varying can be constructed by projecting the wave equation onto two unit 
vectors, 6, = (cosV', -slnf', 0) and (sinl^’, cosV', 0), to get 



The second-order partial differential equation (1) has now been reduced 
to two first-order differential equations (3); one describing the 
evolution of the anplltude of the wave, the other describing the 
evolution of its phase. When there Is no source current = 0), 

£ and ^ satisfy the free-space wave equation. 

The waveform (2) contains no dependence on x and y; a proper 
description would give It some finite transverse dimension. In order to 
address the essential physics of the problem, we choose to avoid this 
complication by describing dynamics well within the optical wave (an 
appropriate "filling factor" is Included in the definition of the 
electron density to handle the overlap between the optical mode and the 
electron beam [1]). 

The dynamics of electrons In the combined static and radiation 
fields are governed by the Lorentz force equations. A helical magnetic 
field of the form 

fint “ 6> ( Urd k> 2 , 1 2 , 0 j (4) 
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produces the optical polarization in (2). is the field strength, 
the wavelength, and L = Njk<, the length of the helical 
magnet. The radiation electric and magnetic fields are obtained from the 
vector potential; Inserting the static and radiation fields into the 
fully relativistic Lorentz force equations yields the "pendulum" equation 
for an electron's motion within an optical wavelength [10]: 



where ^(t) = ^ct/L * * t<,ilz(t), is the initial electron 

phase within optical wavelength, z(t) = z^ + ^^ct *Az(t) is its position 
along magnet axis, y£^c is its initial velocity along the z-axls. If the 
electron is injected with a velocity ^c such that y*= (L/c)[ya„ k,c- 
U^(l-^)] a 0, exactly one wavelength of light will pass over the 
electron as It passes through one wavelength of the periodic magnet, yu., 
determined by the initial conditions, therefore measures an electron's 
deviation from this "resonant" condition, and will be termed the 
resonance parameter. Equation (S) is the self-consistent, non-linear 
equation for a electron's microscopic position; V(t) =^(t)L/c is the 
electron's microscopic velocity. "Perfect injection" into helical orbits 
has been assumed. As the electron energy changes, Az(t) describes 
bunching on the optical scale. If the electrons are relativistic, as 
they are in a free electron laser, k^» k„. The electron energy, 
y(t)mc , can be updated to evolve with V, but in most cases this leads 
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to minor corrections (in the Stanford laser, an electron's energy changes 
by less than ~0.1X on a single pass). 

The pendulum equation correctly describes the electron dynamics 
through laser saturation. When the radiation field becomes large, an 
electron becomes "trapped" in the closed orbit region of the pendulum 
phase space. In the beam frame, the bunching electrons will have moved 
on the order of an optical wavelength (k^z ~1); at this point gain 
stops, and the laser saturates. 

For relativistic electrons, the transverse radiation force is very 
small, so the electron's transverse velocity (and therefore the 
transverse current) is determined almost entirely by the static magnetic 
field. Solving for the electron velocity in the field (4) alone, and 
projecting the single-particle current onto the two unit vectors 

A A 

C, and 6^: 

ZnYme 

( 6 ) 

lixYmc 

where 'r^ (t) denotes the location of the IWh particle at time t. Note 
that the sinusoidal factors depend on the longitudinal position of the 
electrons through j, the solution to the pendulum equation. 

The total beam current is the sum of all single-particle currents. 
The electrons can be labelled by their initial positions and velocities 
(or, equivalently, resonance parameters); this definition is unique, and 
rigorously defines the electron beam current (Jean's theorem). In 
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experimental situations, the electron pulse is large compared to an 
optical wavelength, so on a microscopic scale the electrons are Initially 
spread uniformly over each wavelength of light. Although bunching occurs 
within an optical wavelength, It does not affect the average density In 
any macroscopic section of the beam. Similarly, although the energy 
spread of the Injected electron beam would generally not be large enough 
to result In distortion of the pulse as It travels down the magnet. It 
may be large enough to result in a significant spread In resonance 
parameters. Neither the bunching mechanism nor an Initial velocity 
spread alter the macroscopic electron pulse shape, and It travels 
undlstorted through the Interaction region. Microscopically, however, an 
electron's resonance parameter^ and Initial position wltln a wavelength 
of light S,(i.g., Its Initial coordinates In the pendulun phase space) 
are crucial in determining the result of its Interaction with the wave. 
The beam current density In a volune dV (which is large compared to an 
optical wavelength, but small compared to the pulse length) Is found by 
averaging overhand i,, then weighting this result by the macroscopic 
particle density ja(z) within that volume element. Combining (5) and (6), 
and indicating the appropriate microscopic averages by < ^ and <>J. the 
coupled Maxwell and Lorentz force equations become: 

( 7 ) 
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where f>{z - ^„ct) is the density of the travelling electron pulse at 
position z. 

In their general form, the non-linear equations (5) and (7) are 
valid for low-gain and hlgh-galn' systems. In weak or strong optical 
fields, and describe the evolution of an arbitrary electron pulse, and 
the amplitude and phase (and therefore structure and spectrun) of the 
optical pulse. The remainder of this chapter Is dedicated to exploring 
the content of these equations, both ninerlcally and analytically. 
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3. ELECTRON PHASE SPACE EVOLUTION 

The physics contained in equations (5) and (7) can be understood by 
appealing to the electron phase space diagrams. Consider the microscopic 
current within a small volume of the beam. If the coefficient JlL/c = 

\t ^ 

(28,6) eL/ymc In (5) were truly constant, the electron phase space 
would be exactly that of a single pendulum, as shown In Figure 2. 



Figure 2 . The pendulun phase space ( S(t), V (t)) Is periodic In the 
optical wavelength which defines the bunching length. Electrons 
evolve along their paths In either the open or closed orbit regions. 
The optical field strength £ determines the height of the closed 
orbit region 4JlL/c. 
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Two sample electrons are included in the figure; each electron's initial 
conditions determine the evolution of its "velocity" V(t) = i(t)L/c and 
"position" Set), and therefore constrain it to follow a particular path 
in phase space. The height of the "closed-orbit region", 4AL/c, is 
determined by the optical field strength, and is important in determining 
the character of electron evolution and hence the laser gain process. 

Equations (5) and (7) indicate that an electron's evolution is not 
governed by the exact pendulum equation, but by a "self-consistent" 
pendulum equation; at any instant in time, however, an electron's motion 
can be determined from the pendulum phase space defined by the value of 
4D.L/C and ^ at that instant. The phase space picture therefore remains 
a valuable tool in understanding beam evolution. Figures 3-6 show the 
evolution of a monoenergetlc beam with the parameters of Stanford's laser 
(Figure 1) in terms of the phase space of an "evolving pendulum". Since 
the electrons in a pulse are spread uniformly over an optical wavelength, 
and the pendulum phase space is periodic in the optical wavelength; it is 
only necessary, then, to consider a sample of electrons distributed 
uniformly over one optical wavelength. 

In low gain, weak- field lasers, electron evolution can be described 

quite accurately by the exact pendulum phase space; this is evident in 

Figure 3. All electrons are injected with 2.6, the maximum gain 

3 a 

point in weak fields. With the optical power only 5x10 W/cm , all 
electrons fall in the open orbit region. The beam acquires an energy 
spread, and some bunching can be detected. The gain equation and 
electron distributions have previously been derived in this regime by 
expanding the pendulum equation in the field strength [10]; in section 6, 
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we solve Maxwell's equations analytically in this same regime. 





3 » 

Figure 3 . In weak optical fields (power = 5x10 W/cm ), electrons 
evolve In the open-orbit region and acquire a small spread in energy. 



Figure 4 . 


In stronger fields (power = 10* W/cm*)il Is larger; 


In Figure 4, the optical field Is stronger (10* W/cm*); the closed- 
orbit region has expanded, and now contains some of the electrons. The 
energy spread is larger, and bunching Is more evident. 

In Figure 5, the field Is larger enough (5x10* W/cm*^) that 
saturation begins to occur: 



Figure 5 . Saturation occurs when the fields become so strong (power = 
5x10* W/cm*) that nearly all electrons are "trapped" in the 
closed-orbit region. 


electrons gain and lose energy in a nearly symnetric way, and the gain 
(originally <^15X) has dropped to ~5X. When the laser oscillator 
reaches the point that gain per pass = loss per pass. It runs In a steady 


bunching becomes evident at the end of the laser. 


state. 
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Each of these figures are derived from the self-consistent 
equations, so the phase is also allowed to evolve. As it evolves, the 
separatrix (the path which separates the closed and open orbit regimes) 
shifts. For low gain the shift Is slight, and Is barely perceptible In 
Figure 3 through 5. However, this effect is larger If taking Into 
account the laser cavity mode. In the Stanford laser, radiation Is 
stored In an over-moded resonant cavity, 12 m long. Although the mode 
geometry causes only a small change In the field's amplitude along the 
laser. It results in a significant change the phase of the wave. In 
Figure 6, the effect of the cavity is Included. The separatrix clearly 
shifts with the phase; the qualitative behavior of the electrons remains 
the same, but there are slight quantitative differences. 



Flqure 6 . Now a finite length resonator (i= 12 meters) is Included; 
the major effect is a shift In the phase of the optical wave along the 
magnet length. This Is evident as a shift In the pendulum separatrix 
at each point In time (compare to Figure 4). 


4. GAIN DEPRESSION 

The phase space diagrams of the previous section show how the gain 
of a monoenergetic beam depends on its resonance parameter, and on the 
field strength. The electrons In a beam populate the horizontal 
5(positlon)-axls of an element of phase space uniformly, and Figures 4-6 
show that the history of an individual electron depends critically on Its 
location along that axis. This section addresses population of the 
vertical axis as well. A range of resonance parameters results from a 
range of z-velocities, ^*s. A perfectly injected, monoenergetic 
electron beam is characterized by a single resonance parameter; any 
realistic beam, however, will enter the laser with a range of /I's. The 
electron beam powering Stanford's free electron laser is supplied by a 
superconducting linear accelerator with excellent beam quality; 
measurements indicated a fractional energy spread of only ~0.05X, and an 
emittance (angular divergence at a given beam diameter) of ~0. 06 mn-mrad 
over 1 imi. This beam can be characterized by a single /*. Other 
electron sources, which may power future free electron lasers, are 
capable of supplying higher average currents, but with. lower oeam 
quality; the fractional energy-spread and the' emittance may be a factor 
of ten to hundred higher, and in some recirculation schemes (storage 
rings, for example) the beam quality may deteriorate with time. It is 
clearly lirportant to evaluate the effects of these factors on laser 
performance. The "gain depression" which occurs if the beam quality is 
low has been explored for weak fields [11,12], and also for high density 
beams (in which collective effects are important, and the single pass 
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gain is very large [4,5]). 

The equations of section 2 allow an exploration of this phenomenon ' 
In strong, as well as weak, optical fields. Extenstlon to strong-fields 
is Inportant for free electron laser oscillators, which operate in this 
regime. 

A weight function, f(yt) can be Introduced to populate the velocity 
dimension of phase space and appropriately reflect the range of y*'s. 

The gain which results is then an average galn^g>= J f^)g^)d^. A 
wide distribution will tend to yield a small <g>, depressed gain, since 
g^) is anti-synmetrlc. The distribution in ^(centered at which 
results from an Initial distribution in electron energies, is defined as 
fg(^,^,); the distribution in ^(positioned at which results from 
a distribution in injection angles, is defined at f0<^,/*»). 

If the gain is low, the gain curve in weak fields is anti-synmetrlc, 
and peaks at a resonance parameter 2.6 (i.e., if the parameters of 
the system are chosen such that 2.6, the laser will operate at 
maximum gain). In weak fields, gain has been shown to be proportional to 
the slope of the spontaneous emission line, sln*^(^2)/^2)*^ [10]; if the 
field strengths are increased, the gain curve Is altered. The effect is 
examined for parameters of a low gain laser similar to Stanford's: 

=2x10 gauss, = 5 cm, V = 100, N = 200, and \= 2x10 cm (these 
parameters lead to ~10% gain). Figure 7 shows a family of gain curves, 
derived for this system, in increasingly strong optical fields. The peak 
of the gain curve decreases, and shifts to higher as stronger optical 
fields (BpC It 0.85(ymc*’/eL)'^*') are Imposed. 



Resonance Parameter ft 


3 > 

Figure 7 . In weak optical fields (curve a, power = 5x10 W/cm ), g(^) 

Is anti-symnetric and peaks at 2.6; the width of the closed-orbit 

b ^ 

region is shown. At stronger fields (curve t>, power = 10 W/cm ), the 

closed-orbit region is wider than the gain region. Saturation occurs 

b % 

when the fields are sufficiently strong (curve c, power = 2x10 W/cm ) 
to significantly reduced gain. The maxinun available gain occurs 
at 4 (in b) and 4.5 (in c). Inserted is an electron distribution 
distorted by an energy spread and Inperfect injection. 


In higher gain lasers (up to <vioox gain has been examined with this 
approach) the positive gain "bmp" begins to swell, while the absorption 
region shrinks. An energy spread and angular spread have similar effects 
on the average gain; In fact, a single distribution function, which takes 
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into account both the angular and energy distribution, can be found from 
fg and f^: 




) (/* t/^‘) ^ 


( 8 ) 


A typical distribution, with both an energy spread and angular spread Is 
shown In Figure 7. It is clear that the location and size of the 
distribution, relative to the gain curve, are crucial In determining the 
average gain. 


Electron Energy Distribution . The strong-field results will be obtained 
nunerically from (5) and (7). It is possible, however, to derive the 
weak-fleld average gain analytically in the low-gain limit [11,12]. 
Assuming the spontaneous emission line-shape to be gaussian Introduces 
negligible error, but slnpllfies the analysis considerably. The gain, 
proportional to the slope of the line-shape, is then g«c yue •' , 

where r should be chosen so that the peaks of the approximate gain curve 
occur at the correct values of ^( #" = 2.6 fT). 

Consider a beam with a range of energies %)f. The range of resonance 
parameters Is related to the fractional energy spread In a simple way, 
Sy/V ^ iy//4irN. Taking fg(^) to be a normalized gaussian centered at 
2.6, with a 1/e half-width of the average gain Is 



The constant of proportionality has been determined by comparing ^g)^ 
for yu„= 2.6 and 0 to the correct maxlnun gain [10]. 


On resonance, 0, ^g)>^ is zero regardless of if AjL«r, 
the weak-fleld, low gain formula result (for a gaussian line-shape) is 
recovered. If the beam quality is "poor", so that »«r" , (9) shows 
that the maxinun possible gain decreases as The characteristic 

spread is Note that the maximum average gain occurs for 

)/2. As the beam quality decreases (iyz Increases), 

It becomes beneficial to move the mean resonance parameter yu„, further 
away from resonance, toward larger a less severe penalty Is incurred 
(the gain depression Is less), if fe(^) is shifted to the right (to 
overlap zero gain regions) Instead of being allowed to overlap negative 
gain regions. Gain begins to deteriorate when the spread in resonance 
parameters Is larger than the characteristic width of the positive gain 
region in phase space (iyz^m*). 

Gain depression In the strong-field regime must be calculated using 
nunerlcal techniques. Each appropriately populated "bln" In the electron 
phase space ( j , V ) is allowed to evolve and drive Maxwell's equations 
((5) and (7) are solved self-conslstehtly). The resulting gain 
depression, as a function of the initial energy spread of the electron 
beam is shown in Figure 8 for lasers of different optical power levels. 
The uppermost curve is for weak optical fields, and agrees with the 
analytic result (9). For stronger fields, the average gain is depressed 
even if 0; further depression occurs as iyi Increases. Each curve 

In Figure 8(a) Is plotted assuming the laser Is turned on with yu«= 2.6 
(the value which gives maximum gain in weak fields); Figure 7, however, 
shows that In strong fields this Jic Is no longer the optimum resonance 
parameter. In Figure 8(b), each curve is plotted with ju, equal to the 
value that gives maximum gain for the particular field strength. 
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Energy Spread A/t 



Energy Spread Aft 


Figure 8 . If the electron beam has an Initial energy distribution, 
laser gain is depressed. The curves show the gain as a function of 
energy spread iy»= AirNSV/y for the three power levels in Figure 7; 
in 8(a), with 2.6; in 8(b), with chosen optimally for each 
power level parameter. 
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All curves decrease with iyi in qualitatively the same way as in Figure 
8(a). Note that the characteristic spread ^ causes approximately 

a factor of two decrease in gain for strong or weak fields, but is 
somewhat larger for higher power levels (this roughly agrees with the 
analytic result above). 


Electron Beam Angular Spread . All electron beams have a finite 
emittance, so not all the electrons in a beam can be injected into 
perfect helical orbits. Physically, a poorly injected electron will 
drift off-axis and fall behind "perfectly injected" electrons with the 
same initial energy and z- velocity. A small angular misalignment 8, 
translates directly into an altered resonance parameter; 
where 

Syut = -4irNy V/(l+K^) ( 1 , 


and K = eB,A0/2irmc^. For typical parameters, an angular spread of a 
few tenths of a mllllradian gives a unit shift in 

A flnite-emlttance electron beam contains a distribution of •'s; we 
take this distribution to be gausslan centered about 0=0, with 
characteristic angular spread a 0. The distribution of^'s populated by 
(10) is not gausslan, because ^ is quadratic in 8 : 
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where a = 4i|N # A9 /(1+K ) and has been normalized. This 
distribution has a spike at^ = (corresponding to 0=0), and is zero 
above (since imperfect injection can only lower the resonance 
parameter). Figure 7 shows a composite which combines the effects 

of a gaussian energy spread and this asynmetric angular spread. 

The gain depression in weak and strong fields, determined 

t 

nunerically from (5) and (7) for 2.6, is shown in Figure 9(a); in 
each case the average gain peaks at A0= 0 (no angular spread) and 
decreases substantially for an angular spread of only 2 milllradlans. In 
Figure 9(b), the laser is started at its optinum resonance parameter for 
that power level. Remarkably, we find that if the laser is operating in 
the saturated regime (strong field), and at the optimum resonance 
parameter, there is comparatively little penalty for these angular 
spreads. If we compare the strong-field gain curve in Figure 7 to the 
shape of f^, the reason becomes clear: increasing A0 produces a 
distribution which can expand and fill the positive region in the gain 
curve without much gain depression; no negative or zero gain regions are 
populated. In fact, given a beam with some angular spread, the gain can 
be larger for strong fields than for weak. 

The free electron laser experimentalist (who is given an electron 
beam of fixed emlttance) , may find it beneficial to accept a larger 
angular spread in order to obtain a smaller electron beam diameter. The 
Increased beam density will yield higher gain, while the angular spread 
will cause only modest depression in the strong-field regime if the 
resonance parameter is optimized. 
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Figure 9 . If the electron beam has an Intial angular spread, A0 , 
laser gain is depressed. The curves show gain as a function of /10 
for the three power levels in Figure 7: in 9(a), with 2.6, in 

9(b), with chosen optimally for each power level. 
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5. ULTRA-SHORT PU.SE PROPAGATION 

To this date, the free electron laser at Stanford University is the 
only such device to have demonstrated airpliflcation and oscillation. 
Detailed cotrparison between experimental results and theoretical 
predictions have been difficult because analyses have assimed long 
optical and electron pulses, while the experimental device produces 
ultra-short pulses. The system of equations, (5) and (7), can be solved 
Iteratively, step-by-step along the laser, and take into account the 
spatial structure of both the optical and electron pulses. 

The behavior of the free electron laser is, in fact, modified by 
short-pulse effects [13]. The shape of the optical pulse, its Fourier 
transform (which shows the laser line shift), and the optical pulse 
"slippage", are all sensitive to the pulse length. This is not 
particularly surprising, since each of these depends on the overlap 
between the optical pulse and the electron beam— which for ultra-short 
pulses is continually changing. In Stanford's system, for example, as 
the short ( ~ 1 mm) pulses travel together down the 5.2 m magnet 
(Figure 1), the optical pulse gradually passes part of the way over the 
electron pulse. Each section of the optical pulse sees a varying 
electron density; similarly, each section of the electron pulse sees a 
varying optical field. The evolution is therefore quite complex. 

In the working laser oscillator, the optical pulse remains in the 
resonator, bouncing between mirrors at either end. On each roung-trlp 
3.5X of the pulse's power is lost at the mirrors. To maintain the pulse, 
a fresh electron beam is injected every cycle, and timed to overlap the 


rebounding optical pulse. The evolution of a low amplitude, coherent 
wave, can be followed through many hundreds of cycles in the resonator; 
the parameters chosen are those in Figure 1, so the results of this 
section can be compared directly to Stanford results. 

Optical Pulse Slippage . One might think that to "synchronize" each 
electron pulse with the rebounding optical pulse (to have it overlap the 
optical pulse in the same way on each pass), the electrons should be 
injected every 2jC/c seconds (jC. is the resonator length). But while 
2i/c is the bounce time of a photon, it is not the bounce time of the 
centroid of the optical pulse. The physics: since there is more gain at 
the end of a free electron laser than at the beginning [10], the trailing 
edge of an ultra-short optical pulse experiences more amplification than 
its leading edge. The net effect is that the centroid of the optical 
pulse passes over the electrons at a speed less than c(l-^), and would 
therefore intercept the next electron pulse later than the expected 2jC./c. 
If the experimenter does not compensate for this effect, the optical 
pulse centroid will continually "slip" back, and after many passes will 
no longer adequately overlap the electron pulse; when this occurs, the 
absorption per pass exceeds the gain, and the equlllbrlifn oscillator 
power is zero. 

In the Standford experiment, the resonator length was varied until 
maximum steady-state power was achieved. The experimenters found that 
the power was sensitive to changes on the order of microns, but did not 
measure the absolute length of the cavity. It is now clear that the 
resonator must have been slightly shortened (by microns), to 
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decrease the 2X/c bounce time, and compensate for the optical pulse 
"slippage". Figure 10 shows the steady-state power as a function of 
cavity length; our results agree well with the "detuning curve" found 
experimentally [14], 



RESONATOR SLIPPAGE COMPENSATION 
JL t microns 

Figure 10 . The length of the resonator nust be "tuned" to compensate 
for optical pulse "slippage". The steady-state power is a sensitive 
function of the length. The inset shows Stanford's experimental 
"detuning curve", which is similar to the theoretical curve, but only 
5 microns wide. 


and has nearly reached a steady state. The Stanford group has not yet 
had the opportunity to measure the structure of the optical pulse; when 
the measurement is performed, it will be an excellent test of the 
predictive powers of this analytic technique. Various pulse shapes are 
possible depending on the cavity length; often a large peak is followed 
by a smaller bump. 



Figure 11 . After 600 passes, with tt, = -0.5 microns, the. optical 

7 j, 

pulse has grown to ~3xl0 W/cm . It can evolve through various 
shapes which depend on ti , ; multiple peaks can occur as can single 
wider shapes. The multiple peak spacing is ~0.8 mm. 


Optical Pulse Structure . Once the cavity has been properly adjusted, the 


ultra-short pulse in a free electron laser can evolve to, and operate in, 
a steady state. In Figure 11 we show a predicted optical pulse in the 
Stanford laser; after ~600 passes the pulse evolution slows considerably 


The multiple peak structure in Figure 11 does, however, explain an 
observed feature of the power spectrun. The peaks (<>'0.8 mm apart) would 





if 

correspond to approximately a 60 GHz modulation in the laser line shape. 

The Stanford experiments do report a 60 GHz modulation. This can be 
interpreted as indirect evidence for multiple peak structure. 

The spatial Fourier transform of the steady-state optical pulse 
yields the laser power spectrum shown in Figure 12. A low amplitude pulse 
starts at maximum weak-field gain 2.6); after many passes the 

pulse amplitude grows large and the power spectrum shifts *’4 for 

maximum strong-field gain (see Fig. 7). The structural cause for the 
shift is a linear phase change along the pulse profile so that 41 °° 6kz where 
6k/k^ -0.0015; the resonance parameter is shifted by ^ = -2TiN6k/k^ = +1.S. 



kr 

OPTICAL WAVENUMBER (xlO'^k,) 

Figure 12 . The power spectrum is obtained by taking the spatial Fourier 
transform of the pulse. 

The theoretical width and shape of the power spectrum is in excellent 
agreement with experiment, but the reported laser line appears to be shifted 
towards resonance yi= 0) as determined by comparison with the spontaneous 
emission line-center. A possible cause for this discrepancy is a slight 
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misalignment of the detector from the magnet axis during the spontaneous 

emission measurement. This alignment is so delicate that 9 0.0007 radians 

2 2 2 

would shift the spontaneous line-center up by = 2 tiNy 0 /(1+K ) = 2.5 
and make the laser line appear to be shifted towards resonance by the amount 
shown. Note that there is no other determination of resonance in the Stanford 
experiment and such a misalignment can only cause the laser line. to appear 
shifted towards resonance. 

No matter how the laser pulse grows, 1) remains nearly constant 

for all electrons and the electron pulse retains its shape. On 
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Figure 13 . As the steady-state optical pulse passes over the monoenergetic 
electron beam, an energy distribution results: 

each pass all electrons are injected with the same energy, but as they respond 
to the local optical field a small microscopic energy change alters the 
resonance parameter. Figure 13 shows the resultant energy distribution within 
the electron pulse envelope; experimental agreement is consistent with the 
resolution of the spectrometers. 
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6. ANALYTIC STRONG-FIELD TECHNIQUES 

The results presented to this point have been derived numerically 
from the self-consistent coupled equations. It Is possible, however, to 
make progress analytically In the limit of low gain and long pulses**. 

Wave dynamics depends only on the average phase shifts ^cos( J *)^j^and 
^sin(S*)^j^ (where "5* = -J + ^). These phase averages cannot be performed 
analytically since the solutions to the full pendulum equation (5) are 
elliptic Integrals. In the low gain limit, however, 5* can be written as 
an expansion in powers of £ ; •$* = J*W + + j*<fl +..., where the 

superscript indicates the power of £ ( $*(** is proportional to £ , etc.). 
We expand ^cos( i then perform a partial resumnation of inportant 

terms. This can be diagramned in the following way: 

= <i \- <fi (S*'V 

^<i,( 1 ’“’* 1 *"’^ -y)}, * ■ ■■ ( 12 ) 

“ -To 

where the resuimatlon retains the underlined terms, *^) and ;J*‘», to 

a a 

all powers in £ . We do the same for ^sin( ^ selective 

surmatlon which retains only j*t>) vanishes when averaged over initial 

**A monoenergetlc, perfectly injected beam, a good approximation for the 
Stanford laser, is again assumed. 
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phases, if ^*bl is retained as well, the net average current can be 
non-zero, and will drive the wave's evolution. We will see that this 
resumietlon, rather than a straight-forward expansion in powers of £ , is 
necessary to retain the essential features of the strong-field effect. 

The quantity ♦ 5**'M is obtained by expanding the full 

pendulun equation, (5), to order £ , and integrating twice with respect 
to time. Inserting the result into (12), and performing the average over 
initial positions within the optical wave, 

( -jOinAUft + AUft CifiAtot) ( f(Aiu t) b£) 

f (Aiot) (13) 

= 

(-14-iMAuJt-tAtift^AuAt) J^f(AUt)b£)_ 

/y f(^o,t) 

^ 4 ^ 4 A 

where b = 8e Bo /(YmcAu>) , f(AWt)s (l+(Ab>t) /2-cosaut- auttsinauit), 

and iiu> = ^c/L. In this low gain case, the microscopic average is 
independent of and the only dependence on the fields is in the 
arguTBnt of the Bessel function. Further, the functional form (13) is 
non-analytic in the coupling constant, e, and therefore could not be 
obtained to any finite order in perturbation theory. 

Summing an infinite class of diagrams, then performing the 
microscopic average, yields a result which describes the growth of the 
wave to saturation. When the amplitude is small, (9) is proportional 
to £ , so the field's growth rate is proportional to Its amplitude. As 
the field grows, problems with the expansion might be expected: the 
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argument of the Bessel function contains the same expansion parameter 
used to calculate the electron single-particle currents; the results are 
consistent (the Bessel function description Is applicable) only so long 
as this parameter does not grow too large. Fortunately, before this 
parameter becomes too large, the Bessel function approaches its first 
zero— the growth rate decreases, and the laser begins to saturate. In 
other words, the result remains consistent with the perturbation 
expansion of the pendulum equation, and is therefore a reliable 
description of laser behavior through saturation. 

Further analytic progress can be made, and the essential physics 
retained. If the Bessel function Is approximated by the first two terms 
in its expansion: J,(x) « (x/2)(l-x*/8+...). Since the expanded form 
has the same firctlonal dependence as J, up to Its first zero, this 
formulation still allows a description of the laser through saturation. 

The differential equations, (7), can be simplified by choosing to 
follow the evolution of a single point ( ^ = z - ct) within the optical 
pulse as It travels down the magnet. The amplitude and phase of this 
portion of the wave evolve in time according to 


(jtinAut - MotcMAUlt) S(AUlt) 




where S(/UA>t) = Cl-(b £ f(awt))/8il is called the "saturation function". 

8 


If the field is small, S a» 1, and (14) reduces to the weak field gain 
equation. As the field grows, S -*0, and evolution stops. An important 
point is that S(aiu) is a function of the laser frequency, and has no 
nodes: for any S(u>|.) will saturate at some value of £ .* These 
equations therefore can describe the evolution of the amplitude and phase 
through saturation. 


"Previous perturbative approaches, with no resunmation of terms, give 
divergent results [15], and cannot describe laser saturation. 
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7. LASER. OSCILLATOR EVOLUTION: A PHASE TRANSITION 

In a laser oscillator the optical wave grows slightly during each 
pass, and requires many passes to achieve saturation. Its growth, d£, 
over a nunber of round-trips, dn (which Is >1, but small compared to the 
characteristic evolution time of the wave). Is &£dn, where i£ Is the 
growth per pass. i£ will have contributions from two sources: the 
wave will grow or decay as a result of Its Interaction with electron 
pulse; It will also decay due to losses Inherent In the optical cavity. 
The fractional power lost on each round-trip Is modelled by the resonator 
Q. The growth due to the wave's Interaction with the electron beam Is 
found by Integrating (14) over the Interaction time, t = 0 to t = L/c, on 
a single pass. In the low gain limit, £ and ^ change very little over 
this timescale, and can therefore be taken outside the time Integrals on 
the right-hand side. Performing the resulting Integrals produces terms 
proportional to £ and £ with constant coefficients. The long term 
behavior of £ and ^ are described by the following equations: 



where n Is the nuttier of round-trips of the optical pulse In the 
resonator, and we have assumed that the pulse Is long enough that every 
point ^ evolves In the same way (we therefore drop the subscript ^) . The 
coefficients are 
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= 


<3. ^ Bg Aofi L / 1 - CMM - X 




Note that 2a( Is the gain per pass, and Is Identical to the gain 

-I 

coefficient derived by other techniques [10]; Q Is the fractional power 
loss per pass. 

These differential equations can be solved for the arrplltude and 
phase of the wave: 

i>M = i>,* - X >» ( 1 + e^”) 

*r 
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where £ and 4o are the Initial anplitude and phase at t = 0, and it is 

gi 

assured that the laser starts far from saturation, The 

square of the anplitude is related to the power in the wave, 2f c/a», 
plotted in Figure 14. 



60 100 160 


RESONANCE 

PARAMETER 2.6' - J 

P(n) ^ »- 

NUMBER OF PASSES, n 

Figure 14 . Laser power grows exponentially from noise to saturation. 
The laser frequency shifts during anpllflcatlon, and again near 
saturation. 

In the early stages of evolution, the power grows exponentially in tire, 
and the phase shifts linearly in tire. Near saturation, e^”‘":&l, and 
the power asynptotically approaches the constant value o(c/4n^ . The 
phase changes linearly in tire, as before, but now the coefficient of the 
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linear growth is different: 4 - ^ = (oc’ - «r^'/y3)n. 

In the laser oscillator, £ and u\. are not externally prepared, but 
evolve in a manner determined by the system parameters: ^ , B,, ■ V t 

N. The changing phase can again be interpreted as an evolving laser 
frequency, and a correspondingly evolving resonance parameter,^ . The 
definition of and the form of the optical wave, inply y*(n) = ^(0) + 
i^(n)/in I,. The conditions £ = ^ = 0 define the stationary 

points of the system (determined by £ = et In 

general, the rate at which ^ evolves is determined by ot* and/or oi; 
since they are roughly the same magnitude as the gain in the system, the 
shift in ^(0) is small (only 2X of its initial value of 2.6 at maximum 
^in). During oscillator growth, the resonance parameter is shifted away 
from resonance; after saturation it moves back towards resonance. The 
net shift is small and positive. Note that this result, for a long 
pulse, is much smaller and opposite to that for the ultra-short pulses. 

The theoretical growth rate, power at saturation, and frequency 
shift are shown in Figure 14 where we plot (17) for the set of physical 
parameters appropriate to the Stanford free electron laser. 

This formulation is important for the physical insight it provides 
into free electron laser operation. Equation (15) can be rewritten in 
the form e = -ii(£)/5£ , where i(£) = -«<£/2 T/4. The dynamic 

equation for the anplitude of the laser field is then desribed by the 
overdanped motion of the coordinate £ in the generalized potential 
J(£.. This potential has the form shown in Figure 15. It is evident 
from the graph that the behavior of £ depends critically on the sign of 
u. If o(< 0, the losses in the system exceed the gain, and the 
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steady-state anplitude of the field is zero. Now suppose the electron 
current density, were slowly Increased. 


GENERALIZED POTENTIAL. 4>(£) 



riqure 15 . If the electron current is raised above threshold, the 
generalized potential $.(£) changes shape; fluctuations drive the 

If 

field from zero to the new steady-state mlnina . 

As long as «< 0, this has no effect on the only stable point of the 
system: £ = 0. At some critical value of the current, the value for 
which £ = 0 is now an unstable point, and fluctuations will drive the 
system to a new steady-state configuration, £ = 

The potential $(£) has the same form as the thermodynamic 
potentials which describe ferroelectrlclty, ferromagnetism (in the 
Glnzburg-Landau fomulatlon), superconductivity, and laser action in 


atomic lasers [16]. Each of these phenomena can be described by a 
mean-field theory, with the result that the system (described by a 
potential of the form I above) changes from a disordered state to an 
ordered state when an external parameter attains some critical value. 

The low-gain analysis of the free electron laser presented above is also 
a self-consistent, mean-field theory; each electron is influenced by the 
radiation fields produced by the other electrons. 6 can be identified 
as the "order parameter" of the system, analogous, for example, to the 
magnetization in a ferromagnet. If the optical field strength is small, 
there are only a few photons, and the laser phase is disordered; if £ is 
large (the system has "lased"), the optical wave becomes ordered and 
coherent. The free electron laser is a system which undergoes a 
second-order phase transition. 
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8. DISCUSSION 

The single particle analysis of the free electron laser has proven 
to be a valuable description of laser performance. If the single 
particle currents are coupled to Maxwell's equations (section 2) the 
resulting set of self-consistent, non-linear equations describe the 
evolution of the electron beam and the amplitude and phase of the laser 
field. The two keys to the formulation of section 2 were (a) the slowly 
varying amplitude and phase approximation, an approximation commonly 
applied to laser systems, and (b) the distinction between microscopic and 
macroscopic scales, which distinguishes the microscopic bunching from the 
macroscopic pulse progagatlon. 

The coupled equations lend themselves to numerical analysis, and 
such analysis Is Instructive for both experimenters and theorists. The 
analysis of gain depression, for example, directs the experimenter to run 
his laser far off-resonance for poorer quality electron beams (the 
electron distribution function should be "moved" to populate zero-gain 
regions Instead of the negative-gain region Just below resonance). The 
fact that the fractional gain depression is largely independent of the 
gain makes these results quite general. 

The capabilities of this new theoretical approach become apparent 
when Its predictions for the ultra-short pulse free electron laser are 
compared to the experimental data. The optical pulse evolution, 
determined simply and accurately, agrees well with observations. This 
moves free electron laser theory into a new regime, making It a tool 
which can be used to explain detailed experimental observations. 


Although the coupled equations are easily solved nunerically. It is 
Instructive to Investigate them analytically. A selective summation 
(Involving terms to all orders In £ ) can be performed to obtain 
non-divergent analytic results which capture the physics of the processes 
occurlng In the closed-orbit regions of the pendulun phase-space. When 
these results are incorporated in a set of laser rate equations, the 
laser oscillator can be followed analytically through saturation. This 
description correlates well with numerical analyses, but can only 
describe evolution of long pulses. Its real value comes from the Insight 
It yields Into the physics of the free electron laser: the form of the 
equations reveals that this laser, like an atomic laser. Is a self- 
ordering, many-body system which undergoes a second-order phase 
transition. 

We are grateful for the support (of W. B. C.) by NASA Grant NSG-7490. 
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INTRODUCTION 

In a free electron laser, a beam of relativistic electrons passes 
through a static periodic magnetic field to amplify a superimposed 
coherent optical wave (Figure 1). Here, the lasing process has been 
reduced to its most fundamental form and is manifestly classical in 
nature. This point is at the root of many of the free electron lasers 
potential advantages over conventional atomic lasers; many properties 
of atomic lasers such as efficiency, are limited by quantum mechanics. 
This new laser is free from the bonds constraining atomic lasers to 
a particular wavelength and therefore is continuously tunable. The 
optical cavity contains only light, radiating electrons and the 
magnetic field so that intense optical fields may propagate without 
the degrading non-linear effects (self-focussing, etc.) of denser media. 
The advanced technology of high-energy electron accelerators and storage 
rings promises efficient recirculation of the beam energy. 

The earliest coherent radiation sources, radar and microwave 
electron tubes, used classical non-relativistic electron beams to 
amplify long wavelength radiation (10 cm to 0.1 cm). These devices 
satisfied a wide range of applications with hundreds of varied designs, 
but it was not possible to generate shorter wavelengths until the early 
sixties when atomic and molecular lasers were developed. A necessary 
technical advance at the time was the replacement of "closed" microwave 
cavities with "open" optical resonators. J.M.J. Madey's conception^ 
of the free electron laser in 1971 showed how relativistic electrons 
and "open" resonators could extend the advantages of electron tubes 
to the optical regime. 
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MIRROR PERIODIC MAGNET MIRROR 

Z. 


OPTICAL RESONATOR 

Fig. 1. Successive electron pulses travel through the periodic 

magnet with z-velocity BqC; the optical pulse is amplified 
as it slowly passes over oscillating electrons. 


Madey and his collaborators at Stanford University demonstrated 
free electron laser amplification^ in 1976 and laser oscillation in 
1977. In the oscillator experiments, a nearly monoenergetic 43 MeV 
electron beam from a superconducting linear accelerator was passed 
through a 5.2 m long helical magnet with a field strength of B = 2.4 
kGauss and wavelength X(j=3.2 cm. Short 4 picosecond electron pulses 
of 1 amp peak current produced 2x10^ W/cm^ peak optical power at 
X = 3.4 y wavelength with circular polarization. 

The fundamental physics of free electron lasers is now well under- 
stood; several theoretical viewpoints adequately describe its behavior. 
Semi-classical quanttim theory, or quantum electrodynamics , ^ 
explains the laser action as stimulated Compton back-rscattering of 
the virtual photons in the periodic magnet, or equivalently, as 
stimulated magnetic Bremsstrahlung. In this view, the finite length 
magnet and the resulting electron kinematics allow stimulated emission 
to exceed absorption. Viewed classically,^ the electron beam is a 
cold relativistic plasma;®”^® dispersion relations from the Boltzmann ^ 
equation can properly characterize the evolution of the electron 
distribution in the optical wave. The most fruitful and widely used 
theory calculates the dynamics of individual electrons^ ® as they ^ 
are affected by the fields in the laser cavity; the total transverse 
current then drives Maxwell's non-linear wave equation. Reference 
15 and this volume review most of the current theoretical and experi- 
mental work on the free electron lasers. 
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In the next section we develop the equations governing wave and 
electron dynamics. The electron phase-space, and the optical wave 
evolution are each examined separately. Finally, the short pulse 
problem of Stanford's laser is reviewed. 


Formalism 

In the FEL oscillator, mirrors are placed at each end of the 
interaction region to store radiation; fresh electrons are either 
supplied continuously or injected to overlap the rebounding optical 
pulse. As electrons enter the laser cavity, they are acted on by 
the static magnetic field, and the oscillating electric and magnetic 
components of the nearly free optical plane-wave; Interparticle 
Coulomb forces are small for the high energy, low density beam of . 
the Stanford experiment. The magnet guides an electron through N 
periodic oscillations as it travels the length of the magnet (L=NX ) 
with z-velocity the small transverse accelerations produce 

a small amount of spontaneous radiation carrying the polarization 
of the magnet geometry: circular polarization for a helical magnet, 
linear polarization for alternating poles. The emission is 
confined to within an angle (y®c^ is the electron energy) about 

the forward motion, and within a narrow (==%N) spectral line-width 
about the fundamental for y» 1 and 

K=eBXo/2Trmc^ where e=|el and m are the electron charge magnitude and 
mass, B is magnetic field strength, c is the speed of light. If 
K<1, as is usually the case, there will be a small amount of emission 
into a few well-separated higher harmonics. The Stanford experiment 
gives typical values for these parameters, and has demonstrated the 
tunable characteristic of the laser frequency by varying the acceler- 
ator energy. In future machines the tunable wavelength range is 
estimated to be about a decade; this is primarily determined by the 
dynamic range of the electron source. 

The radiation from multiple passes of the electron beam is 
stored in the resonant cavity. Maxwell's wave equation governs the 
evolution of a light wave in the presence of an electron current: 



where A is the radiation vector potential, and is the transverse 
current density (cgs units). When the laser is "turned on", the 
optical wave grows from spontaneous emission to a large amplitude 
wave with a well-defined phase. After the coherent wave is 
established, its amplitude and phase can still evolve in time. 

The following waveform was chosen to represent the laser optical 
wave during these stages of evolution: 


192 


W. B. COLSON 


A(x,t) = (sin(kz-(i)t+0(z,t)) , cos(kz-wt+({)(z,t)) ,0) (2) 

where E(z,t) is the wave amplitude; the carrier frequency is 
u)=kc, and the phase is (})(z,t). When the amplitude and phase of 
this wave are held fixed, ( 2 ) describes a plane wave traveling 
in the z-direction. 

The waveform (2) contains no dependence on x and y; a proper 
description would give it some finite transverse dimension. In 
order to address the essential physics of the problem, we choose 
to avoid this complication by describing dynamics well within the 
optical wave (an appropriate "filling factor" is included in 
the definition of the electron density to handle the overlap 
between the optical mode and the electron beam^). 


The dynamics of electrons in the combined static and radiation 
fields are governed by the Lorentz force equations. A helical 
magnetic field of the form 


B = B(cos k„z, sin k„z,0) 
mag ^ 


(3) 


produces the optical polarization in (2) and XQ=2Tr/kQ is the magnet 
wavelength. The radiation electric and magnetic fields are obtained 
from the vector potential using the slowly varying amplitude and 
phase approximation explained below. When both of these fields 
are inserted into the transverse components of the relativistic 
Lorentz force equations, their contributions nearly cancel in 
comparison to the magnet ( 2 ): when If inject- 

ing perfect^, the large scale, or macroscopic, helical motion is 
then ?=BqZ+B^ where | e iBj^gg/ymc^ko. This motion alone appears 
uninteresting, but it allows efficient energy exchange with the 
purely transverse radiation field ( 2 ) if near "resonance": 


Substituting 
we have 




into the fourth component of the Lorentz force 


^ ^ cos(C-N)) (4) 

dt ymc 

and 

c(e^k„-k(l- 6 ^)) (5) 

where Y^=(l+'<:^)/ (I- 62 ) » and ^=(k+ko)z- 0 )t is the electrons phase 
within an optical wavelength. If an electron has a velocity 
such that v=0, then exactly one wavelength of light is passing 
over the electron as it travels through one magnet wavelength. 
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v^=v(t=0) is determined from initial conditions and is called the 
resonance parameter. E and are to be interpreted as the local 
radiation field and phase in the superimposed macroscopic (covering 
several optical wavelengths) part of the optical beam; the phase- 
space coordinates describe the evolution of electrons on a 

microscopic scale ($^) . The coordinates (C,Y) may also be used 
since vs:47rN(Y-YR)/YR near resonance where Yr =k(l+<^)/2ko (Y»l) . 
The number of periods N is usually large, a few hundred, so that 
small changes in y giye large changes in v. This point means 
that, in general, fractional changes in y are small during a single 
pass through the laser, and to a good approximation (4) and (5) 
become 


\cos(C+4>) = (^) cos(^+(j)) 

\(y^nc)V Vl ) 


( 6 ) 


where Yo^c^ is the initial electron energy, and k~(l+tc^)kQ/2YQ 
has been used. 4(2 is the height of the closed orbit separatrix 
in the dimensionless pendulum phase-space. 


Electron dynamics (6) have now been put into a form where we 
see that the fundamental phase-space is that of the simple 
pendulum. While exact for low gain, where E and 4> are nearly 
constant, the pendulum phase-space is only slightly modified when 
more complicated effects are self -consistently included. It 
therefore has been and remains a valuable tool for experiments and 
theorists. 


The optical wave evolves on a slower time scale than do 
individual- electrons. The changes in E and <J> then act back to 
slightly alter the phase-space paths guiding electrons. The ampli- 
tude and phase of the wave evolve slowly over an optical wavelength 
(E«ujj.E, etc.); a faster evolution would diminish the coherence 
and monochromicity of the radiation. The left-hand side of (1) 
can therefore be rewritten by inserting (2) , and neglecting terms 
containing two derivatives, either spatial, temporal, or both. The 
remaining terms are "fast" rotating vectors with "slow" coefficients. 
Equations which are truly slowly-varying can be constructed by 
projecting the wave equation onto two unit vectors, £i=(cos'j^,-sinij^,0) 
and e2=(sin't',cos!('.0) to get 



( 7 ) 
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The second-order partial differential equation (1) has now been 
reduced to two first-order differential equations (7) ; one 
describing the evolution of the amplitude of the wave, the other 
describing the evolution of its phase. When there is no source 
current (^=0), E and (}) satisfy the free-space wave equation. 


For relativistic electrons, the transverse radiation force is 
very small, so the electron's transverse velocity (and therefore 
the transverse current) is determined almost entirely by the 
static magnetic field. We project the single-particle currents, 
eg_^_c, onto the two unit vectors and 


The total beam current is the sum of all single-particle 
currents. The electrons can be labelled by their initial positions 
and velocities (or, equivalently, resonance parameters); this 
definition is unique, and rigorously defines the electron beam 
current (Jean's theorem). In experimental situations, the electron 
pulse is large compared to an optical wavelength, so on a 
microscopic scale the electrons are initially spread uniformly 
over each wavelength of light. Although particle redistribution 
(bunching) does occur within an optical wavelength, it does not 
affect the average density in any macroscopic section of the beam 
several wavelengths long. Similarly, although the energy spread 
of the injected electron beam would generally not be large enough 
to result in distortion of the pulse as it travels down the magnet, 
it may be large enough to result in a significant spread in 
resonance parameters. On a macroscopic scale neither the bunching 
mechanism nor an initial velocity spread alter the macroscopic 
electron pulse shape, and it travels undistorted through the 
interaction region. Microscopically, however, an electron's 
resonance parameter, Vq and initial position within a wavelength 
of light Zq (i-e. , its coordinates in the pendulum phase-space) 
are crucial in determining the result of its interaction with the 
wave. The beam current density in a volume dV (which is large 
compared to an optical wavelength, but small compared to the pulse 
size) is found by averaging over Vq and then weighting this 
result by the macroscopic particle density p(z) within that volume 
element. Indicating the appropriate microscopic average by ( > the 
equation becomes 


M + i M 

3z c 9t 


-Zireic p(z-BoCt) 


( 8 ) 


E 


\^3z ^ c dt I 


= Zireic p(z-BoCt) < ^sin(C+<j))^ 


(9) 


where p(z-SoCt) is the density of the traveling electron pulse. 
Within the slowly varying amplitude and phase approximation, 
macroscopic sections of the electron beam (those covering several 
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Fig. 2. The pendulum phase-space (?(t) ,v(t)) is periodic in the 
optical wavelength which defines the bunching length. 
Electrons evolve along their paths in either the open or 
closed orbit regions. The optical field strength E 
determines the height of the closed orbit region 


optical wavelengths) can be accurately represented in the periodic 
pendulum phase-space by a single section of phase-space X long. 
Equations (8) and (9) are coupled through the pendulum equation (6) , 
or the more general equations (4) and (5). In more complicated 
magnet structures, the electron equations (4) and (5) may be 
altered, but the wavelength equations (8) and (9) retain a similar 
form. 


In their general form, the non-linear equations (8) and (9) 
are valid for low-gain and high-gain systems, in weak or strong 
optical fields. They describe the evolution for an arbitrary 
electron pulse shape, and the resulting amplitude and phase (and 
therefore the structure and spectrum) of the optical pulse. The 
remainder of this work explores the content of these equations. 


ELECTRON PHASE SPACE EVOLUTION 

The electron physics can be understood by appealing to the 
electron phase-space diagrams. Consider the microscopic current 
within a small volume of the beam. If the pendulum equation 
coefficient J)=(2BQE)^eL/ymc^ were truly constant, the electron 
phase-space would be exactly that of a single pendulum, as shown 
in Figure 2. Two sample electrons are included in the figure; 
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each electron's initial conditions determine the evolution of its 
"velocity" v(t)=^(t)L/c and "position" ^(t), and therefore constrain 
it to follow a particular path in phase-space. The height of the 
"closed-orbit region", is determined by the optical field 
strength, and is important in determining the character of electron 
evolution and hence the laser gain process. A large 52 "traps" a 
large area of the phase-space in closed orbit paths. 

The fully coupled equations indicate that an electron's 
evolution is not governed by the exact pendulum equation, but by 
a "self-consistent" pendulum equation; at any instant in time, 
however, an electron's motion can be determined from the pendulum 
phase-space defined by the values of 52 and 4> at that instant. The 
phase-space picture therefore remains a valuable tool in under- 
standing beam evolution. Figures 3-5^^ show the self-consistent 
evolution of a monoenergetic beam with the approximate parameters 
of Stanford's laser (except that the optical pulse is assumed to 
be long and the optical cavity mode structure has not been 
included) . The electrons phase-space paths are almost indistin- 
guishable from pendulum paths; the self-consistent separatrix is 
included for reference. Since the electrons are spread uniformly 
over an optical wavelength, and the pendulum phase-space is periodic 
in the optical wavelength; it is only necessary, then, to consider 
a sample of electrons distributed uniformly over one optical 
wavelength. 

In Figure 3, all electrons are injected with Vq= 2.6 for 
maximum gain in weak fields. “ With the optical power only 10® W/cm^, 
all electrons fall in the open orbit region. The beam acquires a 
small energy spread, and some bunching about 5=11 can be detected. 

The gain equation and electron distributions have previously been 
derived in this regime by expanding the pendulum equation in powers 
of E. “ 

In Figure 4, the initial optical field is stronger (10® W/cm^); 
the closed-orbit region has expanded, and now contains some of the 
electrons. The energy spread is larger, and bunching is more 
evident. Note that in both Figures 3 and 4 the is overpopulated 
at the end of the laser to amplify E in (8). 

In Figure 5, the field is large enough (10^ W/cm^) that 
saturation begins to occur: electrons gain and lose energy in a 
nearly symmetric way, and the gain (originally '^15%) has dropped 
to '^5%. When the laser oscillator reaches the point where gain per 
pass equals the loss per pass, it runs in a steady state. Note here 
that the phase is overpopulated before the end of the laser! 

The electrons become spread again at the end of the laser and do 
not efficiently drive the wave. In the Stanford experiment, only 
a small fraction (*VQ/4irN~0.1%) of the electron beam energy 
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Fig. 3. 



In weak optical fields (power=10^ W/cm^), electrons evolve 
in the open-orbit region and acquire a small spread in 
energy. 


is extracted at saturation. 

The character of the gain process is analogous to the energy 
exchanged between two weakly coupled pendula (the optical wave and 
electron beam). For very short times, little energy can be transfr- 
red, and for very long times, the exchange averages to zero. But for 
the appropriate finite time, defined by in our case, energy flows 
in one direction only, giving a net transfer to the optical wave. 

Note that the energy density in a relativistic electron beam can be 
quite large; any reasonable fraction that can be transferred to an 
optical wave produces a sizable laser field. 

Electron dynamics may also be derived from a self-consistent 
pendulum potential; V(^)=-(J)c/L) ^sin(^+ij)) and ^=-V'(^) give (6). 

The potential changes slowly and self-consistently with and (j) 
coupled to the wave equations. From this viewpoint, when electrons 
enter at the resonant velocity cXq/ (X^+X) , they are initially 
stationary on the V(^)-surface (Vq= 0) ; an equal number of particles 
"roll" ahead and back exchanging equal amounts of energy with the 
optical wave. There is no gain in this case. If electrons enter 
at a slightly higher velocity, then all electrons are initially 
"rolling" along the ^-axis of the corregated V-surface. For optimum 
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t«|L/c 
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Fig. 4. In stronger fields (power=10^ W/cm^) Q is larger; bunching 
becomes evident at the end of the laser. 


gain conditions the "rolling" is slow; none will "roll" past more than 
one crest during the interaction time, and the electron beam will 
then lose energy to the optical wave. This is the gain mechanism. 
During amplification the initially monoenergetic, uniform beam becomes 
bunched at the optical wavelength and spread in energy; the fractional 
energy spread is weak fields and ®*1/4N at saturation. 

Maximum gain for weak fields occurs when the "rolling" velocity is 
Vq= 2.6. Absorption is predicted and observed for V^SO. For typical 
parameters, each ampere of beam current within the optical mode 
cross section gives a few percent gain; one to one-hundred amps of 
peak current can be provided by accelerators or storage rings. The 
useful energy range is roughly ten to several hundred MeV; this 
spans a range of wavelengths from submillimeter to x-rays. Higher 
energies (with the best feasible magnets) result in very low gain. 

After many passes of the electron beam, the intracavity optical 
amplitude becomes large, V(C) becomes large, and saturation occurs. 
When n^2.6, there is no value of which can prevent the nearly 
symmetric falling of particles into the potential troughs, the 
electrons become "trapped," and gain decreases. In future experiments 
the deep troughs may be put to an advantage, increasing the energy 
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Fig. 5. Saturation occurs when the fields become so strong (power= 
10^ W/cm^) that nearly all electrons are "trapped" in the 
closed-orbit region. 


extracted from the electron beam and extending the laser performance. 
At large field strengths, electrons are trapped in the beginning 
stages of the magnet; the magnet (called a "tapered wiggler") is 
designed with a slowly decreasing wavelength so the guiding phase- 
space paths move down. Computer simulations show that about half 
the electrons remain trapped in the deep decelerating "buckets" with 
*10% (possibly 50%) energy extraction. This is the same mechanism 
(in reverse) used in linear accelerators; in fact, a periodic magnet 
with a slowly increasing wavelength and a powerful laser pulse may 
be used as a particle accelerator. The possibility of modified 
magnet geometries is an important flexibility in free electron 
laser design; in an atomic laser, this would correspond to altering 
the atomic structure, seen by an excited electron, during the 
emission process. 


Optical Wave Evolution 

After concentrating on electron dynamics, we now consider the 
result wave evolution. In a small section within long pulses, we can 
take P, E, and <|) to be spatially uniform in z. Furthermore, assume 
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small electron energy extraction (y~Yq) low gain so that the 
pendulum equation is valid. The phase averages are difficult to 
perform, since the solutions to the full pendulum equation ^ are 
elliptic integrals. The averages start at zero since the phases 
are uniformly populated, but the electrons response to the wave 
leads to non-zero values. In weak optical fields, the pendulum 
equation and averages may be expanded to first-order in E and the 
integrals performed; this gives a maximum gain ~ 0.27 

e^B^pXoCL/Yonic^) ^ when Vq=2.6. 

In reference 15 (Colson and Ride, Chapter 13) an approximate 
solution was found for these phase averages with higher order 
E-dependence included. On each pass through the magnet, E and 4> are 
nearly constant: they evolve on a slower time-scale than the 
electrons. A more appropriate time-scale for light is the evolution 
over many passes. The light will bounce between the mirrors many 
times, and if electrons are continuously supplied (or injected in 
pulses to overlap the optical pulse), it will grow during each pass 
until saturation. Its growth, dE, over a number of round-trips, dn 
(which is ^1, but small compared to the characteristic evolution 
time), is 6Edn, where 6E is the growth per pass. 6E will have contri- 
butions from two sources: the electron beam interaction, and the 

inherent losses of the optical cavity. The net growth over a single 
pass is found by integrating (8) and (9) from t=0 to t=L/c. E and (}) 
change very little over this time-scale and the resulting integrals 
produce terms proportional to E and E^ with constant coefficients. 

The long term behavior of E and (j) are described by 


M = ctE - 6E^ 
dn 

^ = a' - B'E^ 


( 10 ) 


where n is the number of round-trips of the light in the resonator 
(pulses must be long enough so that every part of the pulse evolves 
in the same way) and the lowest order coefficients are 


,2e“B^XoL'P 1 

a = ; (1-cos Vo - sin v^) - 

(Yoinc^Vo)^ ^ 


Ze^B^XgL^p 


( 11 ) 


a 


(Yomc^Vo)^ 


(sin Vq - %Vo (1+cos Vq)) 
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Note that 2a is the gain per pass and is identical with the gain coef- 
ficient derived using energy conservation;^^ Q~^ is the fractional 
power loss per pass, a and a' are exact in the weak-field, low-gain 
limit and are therefore fundamental results for the free electron 
laser. The coefficients S and 8 ' are lengthy expressions not 
presented here; they are written out in reference 15. Furthermore, 
they are less fundamental since they are dependent on the specific 
higher order approximation scheme. Both a and B are antisymmetric 
functions of centered about resonance (\Jq=0) , but they are not 
exactly the same shape. Both a' and B' are symmetric functions of 
Vq and also differ in detailed shape, g and g’ are proportional to 
[ ( 2 e®B‘*XQL’p)/ (,Yo“*c^'^o^ times a function of v^. 


The differential equations (10) can be solved for the amplitude 
and phase of the wave after any pass n. 




/ BE® . 


6 ' 


2 J 


( 12 ) 


<t>(n) = 4 >Q+a'n- In ll+ e 


where Eq and <pQ are the initial amplitude and phase and it is assumed 
that the laser starts far from saturation, £^<< 0 / 8 . The phase 
initially accumulates as a*n; then after saturation (when e^^*^>>l) 
<{i(n)-*-(a'-a 8 '/B)n. In the early stages of evolution, the power grows 
exponentially then asymptotically approaches the constant value 
ac/4ir8. 


In the laser E and X are not externally prepared, but evolve as 
determined by the system parameters: p, B, Xq, Yo» N and Q. We 
chose p=1.9xl0’ cm~^, B=2.4 kGauss, Xq= 3.2 cm, Yp=85, N=160, and 
Q“^=0.35 to describe the Stanford laser. ^ The changing phase <})(n). . 
is to be interpreted as an evolving laser frequency a)=2'TTc/X which 
slowly changes the resonance parameter v. From the definition of 
V and the form of the optical wave ( 2 ) , we identify v(n)=Vp+ 

8v(n)/3n| . The shift in v is small (only 2% of its initial value 

V— Vq 

of 2.6 for maximum gain). We previously neglected this shift in the 
low gain limit; here we see that this was justified. During growth 
the shift is away from resonance (and the maximum gain point at 2 . 6 ); 
after saturation v moves nearly back to the maximum gain point. 


The formulation above enables us to describe the onset of free 
electron laser operation as a second -order ^hase transition. 

Equation (10) may be rewritten in the form E=-3$(E)/9E, where 4>(E)= 
-aE^/2 + Be‘‘/ 4. The dynamic equation for the amplitude of the laser 
field is then described by the overdamped motion of the coordinate E 
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GENERALIZED POTENTIAL, <t>(£) 



Fig. 6. If the electron current is raised above threshold, the 
generalized potential 0(E) changes shape; fluctuations 
drive the field from zero to the new steady-state minima 
±(a/&)*5. 


in the generalized potential ^*(E). It is evident in Figure 6 that 
the behavior of E depends critically on the sign of a* If a<0, 
losses in the system exceed the gain, and the field amplitude 
fluctuates near zero. At the critical current density pBqC (for 
which a=0) the laser reaches threshold; for greater currents the 
potential takes on a different foirm and fluctuations cause evolution 
to a new steady-state configuration at E^=a/6. It is important we 
found that v(n)“VQ for all n so that only the amplitude evolution 
needs to be followed in developing $(E); therefore, B and B' need 
only be accurate near v=Vp=2.6 (as they are), the maximum gain point 
in weak fields. 
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The potential 4>(E) has the same form as the theraodynamic 
potentials which describe f erroelectricity, ferromagnetism (in 
the Ginzburg-Landau formulation), superconductivity, and laser 
action in atomic lasers-.*^ Each of these phenomena can be 
described by a mean-field theory, with the result that the system 
changes from a disordered state to an ordered state when an 
external parameter attains some critical value. This low-gain 
analysis of the free electron laser is also a self-consistent mean- 
field theory. The "order parameter" is Kanalogous, for example, 
to the magnetization in a ferromagnet) . If E is small, the 
photon density (E^/Airfikj-c) is small, and the laser phase (p has no 
long range order. If the system has "lased", E^ goes to its large 
value of a/6; the laser phase becomes ordered over many optical 
wavelengths (the coherence length) producing a classical electro- 
magnetic wave. The role of spontaneous emission has been included 
in a quantum mechanical desctiption of this same evolution.^ 


Short Pulse Evolution 


Now that the electron and wave evolution has been explored for 
long uniform beams, we consider the short pulse dynamics. The 
system of equations (6), (8) and (9) can be solved to take into 
account the spatial structure of both the optical and electron pulses. 
The behavior of the free electron laser is, in fact, modified by 
short-pulse effects.^® The shape of the optical pulse, its 
Fourier transform (which shows a laser line shift), and the optical 
pulse "slippage" over the slightly slower electrons, are all 
sensitive to the pulse length. This is not particularly surprising, 
since each of these depends on the overlap between the optical 
pulse and the electron beam — which for short pulses is continually 
changing. In Stanford's system, for example, as the short ('\'l mm) 
pulses travel together down the 5.2 m magnet (Figure 1), the 
optical pulse gradually passes part of the way (.5 mm) over the 
electron pulse. Each section of the optical pulse sees a varying 
electron density; similarly, each section of the electron pulse sees 
a varying optical field. The evolution is therefore quite complex. 

In the Stanford laser, radiation is stored in an over-moded 
resonant cavity, JL =12 m long. The mode geometry causes a small 
change in the field's amplitude along the laser, and a more signi- 
ficant change in the phase of the wave. The self-consistent 
separatrix shifts with the phase (A({)/pass=Tr/4) , but the qualitative 
behavior of the electrons remains the same. The undriven wave's 
amplitude and phase vary as they propagate along the laser magnet 
axis. E varies in proportion to (l+(2z-L) ^)~*^ and the optical 

phase changes by -tan~^((2z-L)/X ) . These undriven changes in the 
wave are included at each step in the systems evolution. This mode 
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also changes the coupling in (8) and (9) and is included by 
introducing a "filling factor" F(z)=F / (l+(2z-L)^/jL^) which 
multiplies p everywhere. F is the ra?io of the electron beam area 
to the optical mode area and equals Fq=. 082 at z=L/2. 

In the working laser oscillator, the optical pulse remains in 
the resonator, bouncing between mirrors at either end. On each 
round-trip 3.5% of the pulse's power is lost at the mirrors. To 
maintain the pulse, a fresh electron beam with fixed gaussian shape 
is injected every cycle, and timed to overlap the rebounding optical 
pulse. The evolution of a low amplitude, coherent wave, can be 
followed through many hundreds to a thousand cycles in the resonator. 

It would appear that to "synchronize" each electron pulse with 
the rebounding optical pulse (to have it overlap the optical pulse 
in the same way on each pass), the electrons should be injected 
every l^/c. seconds. But while lUjc is the bounce time of a photon, 
it is not the bounce time of the centroid of the optical pulse. 

Since there is more gain at the end of a free electron laser than at 
the beginning, the trailing edge of an ultra-short optical pulse 
experiences more amplification than its leading edge. The net 
effect is that the centroid of the optical pulse passes over the 
electrons at a speed less than c(1-8q), and would therefore 
intercept the next electron pulse later than the expected 2*C./c. If 
the experimenter does not compensate for this effect, the optical 
pulse centroid will continually move back, and after many passes will 
no longer adequately overlap the electron pulse; when this occurs, 
the absorption per pass exceeds the gain, and the equilibrium 
oscillator power is zero. 

In the Stanford experiment, the resonator length was varied 
until maximum steady-state power was achieved. The experimenters 
found that the power was sensitive to changes on the order of microns, 
but did not know the absolute length of the cavity within microns. 

We can now infer that the resonator must have been slightly shortened 
by Ai, to decrease the 2i/c bounce-time, and compensate for the 
slower speed of the optical pulse. Figure 7 shows the steady-state 
power as a function of Al. Our result is in fair agreement with the 
curve found experimentally, but is wider for the precise parameters 
reported.^® One of the less well-known experimental quantities 
is the electron pulse length (a factor of two uncertainty) , which 
could clearly have a serious effect on the slippage curve width. 

The average current is actually well-known, so that uncertainties 
in the electron pulse length translate into uncertainties in p and 
therefore, gain. We have seen numerically that larger gain widens 
the curve in Figure 7 (50% gain/pass and 10% loss/pass make the curve 
~30 microns wide) so that less gain from a slightly longer electron 
pulse could conceivably give closer agreement to experiment. At this 
point, however, there are too many uncertainties to meaningfully 


FEL WAVE AND PARTICLE DYNAMICS 


205 


of 



RESONATOR SLIPPAGE COMPENSATION 
. MICRONS 

Fig. 7. The length of the resonator must be adjusted to compensate 
for reshaping of the optical pulse. The steady-state power 
is a sensitive function of the length, Ai.. The inset shows 
Stanford's experimental curve, which is similar to the 
theoretical curve, but not as wide. 


pursue better agreement; future experiments will improve this 
situation. 

Once the cavity has been properly adjusted, the free electron 
laser can evolve to, and operate in, a steady state. In Figure 8 
are shown two optical pulses evolving in the Stanford laser; after 
several hundred passes the pulse evolution slows considerably to a 
steady state. The multiple peaked structure is typical of short 
pulses with small slippage compensation A3t. (<2 microns); in this 
case the optical pulse "rides" near the middle of the electron pulse. 
If A5t.is larger (22 microns), the optical pulse is longer with no 
structure and "rides" near the front of the electron pulse. The 
Stanford group has not yet had the opportunity to measure the 
structure of the optical pulse; when the measurement is performed. 
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Fig. 8. In (a), the laser runs with small AX (=*s micron) to steady- 
state, and in (b) the laser runs with larger aX (= 2 micron) . 


it will be a good test of the predictive powers of this analytic 
technique. 

The multiple peak structure in Figure 8 does, however, explain 
an observed feature of the power spectrum. The peaks ('vQ.8 mm apart; 
would correspond to approximately a 60 GHz modulation in the laser 
line; the Stanford experiments do report a clear 60 GHz modulation 
which is indirect evidence for this multiple peak structure. 
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OPTICAL WAVENUMBER (>dO*’k ) 


Fig. 9. The power spectrxim dP/dk (laser lines) is obtained by taking 
the spatial Fourier transform of the pulse. The steady-state 
line-center is calculated to move from k^(VQ= 2 . 6 ) to 
(largely independent of Ai.), the resonance parameter for 
maximum strong-field gain. We suggest that the experimental 
line-center is placed too close to resonance (V=0) due to 
detector misalignment (by 0*0. 0007 radians) during the 
spontaneous emission measurement. 


Furthermore, as is increased, the modulation is observed to 
disappear and the power spectrum narrows; each feature is predicted 
by the theory here. 

The spatial Fourier transform of a steady-state optical pulse 
yields the laser power spectrum dP(k)/dk as shown in Figure 9. A 
low amplitude pulse should start at Vq= 2.6, the resonance parameter 
for maximxim weak-field gain; this determines the carrier wave- 
number k. After many passes the pulse amplitude becomes large and 
the power spectrum shifts to Vf=4, the resonance parameter for 
maximum strong-field gain.*® The structural cause for the shift 
is a linear phase change along most of the pulse profile so that 
(p* 6 k 2 where 6k/k*-0.0015; the resonance parameter as observed in a 
detector outside the laser cavity is then shifted by 6v=-2iTN5k/k=l . 5 . 
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The theoretical width and shape of the power spectrum are in 
excellent agreement with experiment,^® but the experimental laser 
line appears to be shifted towards resonance as determined by 
comparison with the spontaneous emission line-center. A possible 
cause for this discrepancy is a slight misalignment of the detector 
from the magnet axis during the spontaneous emission measurement.^* 
This alignment is so delicate that 0®'O.OOO7 radians (well within the 
relativistic emission cone of angular width y~*= 10“^ radians) wou].d 
shift the spontaneous emission line-center up by 6v«2.5 (since 
6v=2iTNY^6^/(l'h<^)) and make the laser line appear to be shifted 
towards resonance by the amount shown in Figure 9. Note that there 
is no other determination of resonance in the Stanford experiment 
and such a misalignment can only cause the laser to appear shifted 
towards resonance as found. 

No matter how the laser pulse grows, for electrons 6^(=1) 
remains nearly constant and the electron pulse retains its shape. 

On each pass all electrons are injected with the same energy, but as 
they respond to the local optical field a small microscopic energy 
change alters their resonance parameter. In reference 15 the 
resultant energy distribution is shown; experimental agreement is 
consistent with the resolution of the spectrometers.*® For small 
AJL , the fraction energy spread is S2/irN. We found that large AX. 
produces anamolously small electron distributions by about a factor 
of two. The electron moves out of the back of the optical pulse 
prematurely on each pass since the pulse is "riding" on the front 
of the electron pulse. This early decoupling fails to spread 
electron energies the expected amount. 

The author wishes to acknowledge support by NASA Grant NSG-7490 
and many helpful discussions with S.K. Ride, J.M.J. Madey, and 
J. Eckstein and the numerical assistance of K. Lind and R. Zarnowski. 
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Free Electron Lasers 

ly. B. Colson 

Quantum Institute and Department of Physics 
University of California 
Santa Barbara, California 93106 

In a free electron laser, a beam of relativistic electrons passes through a 
static periodic magnetic field to amplify a superimposed coherent optical wave. 
Such a laser is free from the bonds constraining atomic lasers to a particular 
wavelength and therefore is continuously tunable. The optical cavity contains 
only light, radiating electrons, and the magnetic field so that Intense optical 
fields may propagate without the degrading non-linear effects (self-focusing, 
etc.) of denser media. The advanced technology of high-energy electron 
accelerators and storage rings promises efficient recirculation of the beam 
energy. Here, the lasing process has been reduced to its most fundamental 
form and is manifestly classical in nature. This point is at the root of many of 
the free electron lasers potential advantages over conventional atomic lasers; 
many properties of atomic lasers, such as efficiency, are limited by quantum 
mechanics. 

The earliest coherent radiation sources, radar and microwave electron 
tubes, used classical non-relativistic electron beams to amplify long wavelength 
radiation (10 cm to 0.1 cm). These devices satisfied a wide range of applications 
with hundreds of varied designs, but is was not possible to generate shorter 
wavelengths until the early sixties when atomic and molecular lasers were 


developed. A necessary technical advance at that time was the replacement of 
"closed” microwave cavities with "open" optical resonators. J. M. i. Madey's con- 
ception of the free electron laser in 1071 showed how relativistic electrons and 
"open" resonators could extend the advantages of electron tubes to the optical 
regime. 

Madey and his eollaborators at Stanford University demonstrated free elec- 
tron laser amplification in 1076 and laser oscillation in 1077. In the oscillator 
experiments (Pig. 1), a nearly monoenergetic 43 MeV electron beam from a 
superconducting linear accelerator was passed through a 5.2 m long helical 
magnet with a field strength of Bq = 2.4 kG and wavelength Xo = 3.2 cm. Short 4 
picosecond electron pulses of ~1A peak current produced 2000 kW peak optical 
power at \ = 3.4/i wavelength with circular polarization. 



Figure 1. In the oscillator configuration, the electrons are guided into the 
transverse periodic magnetic field with velocity ; the stored optical 
pulse slowly passes over them and stimulated emission occurs. The elec- 
trons are removed after each pass, and the enhanced optical pulse is stored 
between the mirrors of the resonant cavity. A partially-transmitting mirror 
allows useful coherent radiation to escape. 

The fundamental physics of free electron lasers is now well understood: 
several theoretical viewpoints adequately describe its behavior. Semi-classical 
quantum theory, or quantum electrodynamics, explains the laser action as 
stimulated Compton back-scattering of the virtual photons in the periodic mag- 
net, or equivalently, as stimulated magnetic Bremsstrahlung. In this view, the 
finite length magnet and the resulting electron kinematics allow stimulated 
emission to exceed absorption. Viewed classically, the electron beam is a cold 
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relalivistic plasma; dispersion relations from the Boltzmann equation can prop- 
erly characterize the evolution of the electron distribution in the optical wave. 
Ilie most fruitful and widely used theory calculates the dynamics of individual 
electrons as they are affected by the fields in the laser cavity; the total 
transverse eurrent then drives Maxwell's non-linear wave equation. 

To simplify the discussion, only the essential physics of the Stanford oscilla- 
tor experiment are explained. Mirrors are placed at each end of the interaction 
region to store radiation; fresh electrons are either supplied continuously or 
injected to overlap the rebounding optical pulse. As electrons enter the laser 
cavity, they are acted on by the static magnetic field, and the oscillating elec- 
tric and magnetic components of the nearly free optical plane-wave; interparti- 
cle Coulomb forces are small for the high energy, low density beam of the Stan- 
ford experiment. The magnet guides an electron through N periodic oscillations 
as it travels the length of the magnet L = N\o *rtth z-velocity fi,c (fi, “ 1); the 
small transverse accelerations produce a small amount of spontaneous radiation 
carrying the polarization of the magnet geometry; circular polarization for a 
helical magnet, linear polarization for alternating poles. The emission is 
confined to within an angle « 1/87 (yme® is the electron energy) about the for- 
ward motion, and within a narrow (<ei/2/V) spectral line-width about the funda- 
mental X = Xo (1 “ P.) “ \)(1 + A*)/ 27® for y » 1 and K = eSoyo /2nmc® where 
e and m. are the electron charge and mass, c is the speed of light. If /f ^ 1. as is 
usually the case, there will be a small amount of emission into a few well- 
separated higher harmonics. The Stanford experiment gives typical values for 
these parameters, and has demonstrated the tunable characteristic of the laser 
frequency by varying the accelerator energy. In future machines the tunable 
wavelength range is estimated to be about a decade; this is primarily deter- 
mined, by the dyneunic range of the electron source. 


-4 - 


1 


The radiation from multiple passes of the electron mass is stored in the 
resonant cavity. The magnet alone does no work on electrons (neglecting spon- 
taneous emission), but does give a small transverse velocity, 0|. 1'he radiation 
fields atone have no significant effect on either the electron trajectory or 
energy, since the forces due to the optical electric and magnetic fields nearly 
cancel. In combination, the magnetic field guides electrons through a 
transverse path so that the radiation electric field £ can do work on an electron 
according to 7 = (s/mc)^, ■£. The fundamental emission frequency Is such 
that one wavelength of light passes over an electron as it passes through one 
magnet wavelength; therefore, the transverse velocity retains its orientation 
relative to £ over many magnet periods and the energy exchange persists in the 
same direction. The direction of energy flow ( 7 being positive or negative) is 
determined by the electron's phase f = 2n[(X"'+X^')z(f)-X"'cf ] within sections 
of the electron beam, each an optical wavelength long. Evolution of electrons in 
the f-coordlnate space (the "resonant frame") is slow and simple; for low gain, f 
is approximately governed by the pendulum equation if = n®cos(f 4- <p) where 
n® = Zb^BoE/ (yme)® and (P is the opticed phase. 

Since any practical electron beam is many optical wavelengths long, the 
potential /(f) = -fl® sln(f + f) Is uniformly populated with electrons along the 
f-axls. If electrons enter at the resonant velocity c Xq / (Xo + X), they are Ini- 
tially stationary on the /(f)-surface (f(0) = 0); an equal number of particles 
"roll" ahead and back exchanging equal amounts of energy with the optical wave. 
There Is no gain in this case. If electrons enter at a slightly higher velocity, then 
all electrons are Initially "rolling" along the f-axls of the corrugated /-surface. 
For optimum gain conditions the "rolling" is slow; none will "roll" past more than 
one crest during the interaction time, and the electron beam will, then lose 
energy to the optical wave (Fig. 3). This is the gain mechanism. During 



t 


ampliflcalion the initially monoenergetic, uniform beam becomes bunched at 
the optical wavelength and spread in energy: the fractional energy spread is 
6y/ y^m/ uNc for weak flelds and at saturation. Maximum gain for 

weak fields Is Gnwi = 0.27e*fl|pXo(f-/7mc®)^ when the "rolling" velocity is 
((0) = Z.6c/ L, and the beam density isp. Absorption is predicted and observed 
for ((0)1/ c £ 0. For typical parameters, each ampere of beam current within 
the optical mode cross section gives a tew percent gain: one to one hundred 
amperes of peak current can be provided by accelerators or storage rings. 'Hie 
useful energy range is roughly ten to several hundred MeV: this spans a range of 
wavelengths from submillimeter to x-rays. Higher energies (with the best feasi- 
ble magnets) result in very low gain. 



Figure Z. In the resonant beam frame, sample electrons (spanning one opt- 
ical wavelength) evolve in the potential F({'). Maximum gain is achieved by 
initially "rolling" particles along the ('-axis. The peaks in F((') cause spatial 
bunching and decelerate the particles so that they give up their energy to 
the optical beam: an energy spread results. (The potential F((') shown here 
actually grows In amplitude and shifts in phase selt-consistently, and almost 
Imperceptibly, according to Maxwell's wave equation: this shows the simple 
pendulum to be an accurate concept.) 
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The character of the gain process is analogous to the energy exchanged 
between two weakly coupled pendula (the optical wave and electron beam). For 
very short times, little energy can be transferred, and for very long times, the 
exchange averages to zero. But for the appropriate finite time, defined by 
({0)L/c in our case, energy flows in one direction only, giving a net transfer to 
the optical wave. Note that the energy density in a relativistic electron beam 
can be quite large: &ny reasonable fraction that can be transferred to an optical 
wave produces a sizable laser field. 

After many, passes of the electron beeun the intercavity optical amplitude 
becomes large, V{() is large, and saturation occurs. When CIL / c & 2.6, there is 
no value of ((0) which can prevent the nearly symmetric falling of particles into 
the potential troughs, the electrons become "trapped," and gain decreases. As 
the gain decreases to equal the cavity loses, the laser runs in steady-state. In 
the Stanford experiment, only a small fraction (“l/2Af “ 1/2%) of the beam 
energy is extracted prior to saturation. 

In future experiments, the deep troughs may be put to an advantage, 
increasing the energy extracted from the electron beam and extending the laser 
performance. At large field strengths, electrons are trapped in the beginning 
stages of the magnet: the magnet (called a "tapered wiggler") is designed with a 
slowly decreasing wavelength so F({') moves to the left in the resonant frame. 
Computer simulations show that about half the electrons remain trapped in the 
deep decelerating "buckets" with R<10% (to possibly 50%) energy extraction. This 
is the same mechanism used in linear accelerators: in fact, a periodic magnet 
with a slowly increasing wavelength and a powerful laser pulse may be used as a 
particle accelerator. The possibility of modified magnet geometries is an impor- 
tant flexibility in free electron laser design: in an atomic laser, this would 
correspond to altering the atomic structure, seen by an excited electron, during 
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Ihe emission process. 

For high density, low energy electron beams (where 10^ times 

Stanford's parameters), interparticle Coulomb forces can influence a particle's 
motion in competition with /«■). The gain process is then collective; many elec- 
trons oscillate together due to spatial beam instabilities and amplification is 
non-linear In the current. Still, relativistic electrons are necessary to reach 
short wavelengths and electron bunching Is the key to gain; the emitted 
wavelength is generally related to the system parameters through dispersion 
relations containing the electron density. Groups at Columbia and TRW have 
demonstrated free electron maser action In the collective regime with moderate 
energy beams (7 £ 2.4). 

At present, free electron laser development Is in its infancy; only the Stan- 
ford laser has operated In the short wavelength regime. Several experiments 
are now underway in the U.S. and Europe and many new designs are being con- 
sidered. The necessity of high current, high energy electron beams appears to 
dictate that, for the near future at least, free electron lasers will be large 
machines; but, these facilities will be unique in that they are continuously tun- 
able with high average power and high efficiency. Some basic configurations 
currently under Investigation are diagramed in Fig. 3. A specific single-pass 
arrangement (3(a)) uses an induction linac (50 MeV and 2 kAmps peak current) 
as the electron source for a "tapered wlggler" magnet; collective effects are 
important for this beam. With high energy extraction, an impressive optical 
pulse (50 GW) is developed; the degraded electron pulse would then be dis- 
carded. 
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efticiency is possible: Ihe greatest losses coming from bending magnets and 
power supplies. It is the classical and relativistic nature of the electron bearn 
which, in principle, allows efficient flow of energy into the electrons and then the 
optical wave. Efficient free electron lasers with an average optical output from 
10 kW (at X > lO/i) to MW (at X Ri 1/i) are proposed. 

A review of all the proposed free electron laser schemes with their advan- 
tages and disadvantages is lengthy. The above ideas just give the "flavor" of the 
research. Scientific. Industrial, and military applications look promising. Solid- 
state. atomic, and chemical spectroscopy can reach wavelengths not previously 
accessible. The military needs powerful far-reaching beams for communications, 
radar, and weapons; in particular, space applications require high efficiency. 
Industrial photochemical processing looks promising in that free electron laser 
light appears relatively Inexpensive. Judging from the more mature technolo- 
gies. electron masers and atomic lasers, several free electron laser 
configurations will tje required to satisfy differing needs: there won't be just one 
free electron laser. 
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The nonlinear wave equation and self-consistent pendulum equation are used to generalize 
free-electron-laser operation to higher harmonics; this can significantly extend their tunable 
range to shorter wavelengths. 


INTRODUCTION 

In a free-electron laser, a beam of relativistic elec- 
trons travels through a static periodic magnetic field 
and oscillates to amplify coherent optical radiation 
with the same polarization as the magnet.' While the 
laser radiation causes spatial “bunching" on the opti- 
cal wavelength scale, ^ the large-scale electron trajec- 
tories are primarily determined by the magnet. 

Several theoretical approaches have been used to 
describe the free-electron laser, and Ref. 3 compiles 
many of these techniques. The picture of single- 
particle electron currents driving the nonlinear optical 
wave equation^ provides a clear, intuitive description 
of both electron and wave dynamics; we use this view 
to analyze the feasibility of operating free-electron 
lasers at selected frequencies which are odd multiples 
of the fundamental 3co, 5<u 

Theory and experiment have been primarily applied 
to free-electron lasers using helical magnets, but 
many proposed experiments will use linearly polar- 
ized magnets, which are magnets with alternating 
poles. A small periodic longitudinal motion of elec- 
trons in the linear magnet causes spontaneous emis- 
sion and gain in the higher harmonics; this has been 
proposed as a method of extending their tunable 
range.^ Backscattering into higher harmonics has also 
been described (Ref. 3, Chap. 32, Vol. 7), but this 
process does not involve gain. Recently,* harmonic 
gain has been calculated for the low-gain case, but an 
incorrect result is presented; also, we are told of a 
quantum-mechanical contribution to the topic.’ We 
derive a complete nonlinear, self-consistent wave 
equation for the laser field and show how the cou- 
pling between the electrons and light is altered in a 
nontrivial way. A useful notation allows simple scal- 
ing arguments to compare operation in any selected 
harmonic. 


NONLINEAR WAVE EQUATION 

General solutions to the electron motion in a 
purely transverse, periodic magnetic field B 
= S(0, sin/coz, 0) with wavelength \o = 27r/A'o are dif- 


ficult; but the physical situation of interest occurs 
when ~ 1 » An electron’s path through 

the magnet is nearly sinusoidal with oscillation ampli- 
tude K/yoko, where K =eB\j2tTmc^. = |«'| is the 
electron charge, ni is the electron mass, and yottic^ is 
the initial electron energy; smaller longitudinal oscil- 
lations of amplitude K^/iylko cause spontaneous 
emission and gain into a few higher harmonics.* 
Calculation of the detailed properties of spontane- 
ous radiation is straightforward using standard classi- 
cal techniques.* In a long magnet (/V = Z./\o = 10’), 
emission is sharply peaked at well-separated harmon- 
ics 

fw = 2iTcf/{ \ -/3o) Ao ~ 2-y^/Aoc/( 1 


in the forward direction, where Boc is the electron's : 
velocity; the spectral width is — 1/2M Far away from 
the linearly polarized magnet the element of optical 
energy received in the /th harmonic per unit solid 
angle, n, in the forward direction per unit frequen- 
cy interval, d{fu>). is 

dWf eNypf 

dCl d{fw) 1 + 

/ = 1.3,5,7 




( 1 ) 


where 

^ = AT 2/4(1 -fy/c’) . 

The radiation is stored in a resonant cavity which 
we take to be selective to only one of the harmonics. 
In order to describe stimulated emission, we must 
calculate the feedback of the light wave on the elec- 
tron current using Maxwell’s nonlinear wave equa- 
tion. The detailed derivation of the wave equation is 
presented elsewhere.’ The optical wave amplitude 
E(t) and phase d>(r) slowly evolve into a coherent 
laser beam. 

Relativistic electrons in both B and the radiation 
fields are governed by the Lorentz force equations. 
The electron motion contains factors which oscillate 
periodically each magnet wavelength, but we actually 
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want to describe the slow evolution about these 
periodic oscillations. This is accomplished by averag- 
ing the motion over each magnet wavelength.* It is 
then convenient to define a slowly evolving dimen- 
sionless velocity v(.i) = L[(k +ko)fiiit)-k] using 
the wave number of the fundamental k =tu/c, and 
the averaged electron z velocity c/3^. The initial ve- 
locity vo = v(0) is called the “resonance parameter”; 
when v=0, exactly one wavelength of light passes 
over an electron as it passes through one period of 
the magnet and the coupling between light and elec- 
trons is maximized. The dimensionless phase is 

C(r) ^ + /co)z(r) where lit) = dt'\ 

note that C = dt,ldr = v, where t = ic/L. { describes 
electron dynamics on the optical wavelength scale. 

The total beam current is the sum of all single- 
particle currents which we label by initial positions ?o 
(spread uniformly) and velocities vq\ we average over 
sample electrons ( ), then weight this result by the 
macroscopic particle density po. Furthermore, we 
note that in long, periodic magnets, the fractional 
changes in y are always small ( < (2A/)“'l. 

The coupled wave and electron equations are, 
respectively, 

d=-r{e~'^^), /i = j|a I cos(/{ +0) , (2) 

where jo j =4-^•iV^>/X/(f)i,£/■y§/nc^ and 
r =iTT^Ne/3C/(OL^po/ylmc^, and a = \a\e‘*. The 
second equation is recognized as the self-consistent 
pendulum equation. The Bessel functions XfiO ex- 
press the reduced coupling between electrons and 
light resulting from the time electrons spend in 
periodic longitudinal motion (instead of transferring 
energy to the optical wave). A helical magnet has 
X/(f ) — throughout (2) and y |a | — > |a | in the 
pendulum equation. Since the pendulum equation 
is periodic in /£, we only need to explore one 2ir 
section of phase space; with the transformation 
v) — (/?,/v) the pendulum phase space can be 
transformed into the same phase space of the funda- 
mental (/ = 1 ) . The separatrix v} = 2\a\ 

X [1 -i-sin(C, +<^)1 is a slowly evolving function of 
{a I and d> which guides electrons into bunches about 
the ? ~ rr phase; this drives the wave equation and is 
the gain mechanism. 

It is instructive to solve (2) for weak fields and low 
gain. We expand the pendulum equation in weak 
fields (|al « 1) and insert 5 into the wave equa- 
tion. The resulting gain g (the fractional increase in 
wave energy |fll^) and phase shift A0 describe the 
evolution of the optical wave: 


r 


J ^ cosx - 1 

2 dx 


X-/I-0 


r 


4 dx 


sinx — X 


.2 


x-/»n 


(3) 


These are fundamental results, and the effects of 
stronger fields and higher gain are best described as 
deviations from these expressions. The maximum 
weak-field gain occurs at /vq = 2.6056 and the max- 
imum gain is g =0.067 52r\ the gain curve is sym- 
metric in /vq and A0 is antisymmetric. For large r, a 
large optical phase shift causes the gain curve to dis- 
tort and become more symmetric about vo = 0. In 
strong fields (|fl| » 1), electrons become trapped, 
the gain curve becomes broader in vq, and decreases 
in height; this is the saturation mechanism. 


HARMONICS 

We now examine Eqs. (2) with particular attention 
paid to the possibility of operating in higher harmon- 
ics (/ = 3,5, 7, . . . ). Several points are explored 
separately: 

(1) The optical wavelength in higher harmonics is 
given by \o(l + 7 ^^)/ 2 ya/: the tunable range can 
now be adjusted by / as well as K and y. 

(2) The weak-field, low-gain expression (3) gives 
us a good indication of many of the scaling results. 
Maximum gain occurs closer to resonance in higher 
harmonics than in the fundamental; vy” = 2.6056//. 
This creates a stiff requirement for the electron beam 
energy and angular spreads since their initial range in 
Vo’s must avoid the negative-gain region of the gain 
curve. 

(3) Since the natural energy spread of the electron 
beam must fit into the narrower gain curve, we must 
have 8vo < ir/f. In terms of a real fractional energy 
spread this becomes dy/y < 1/4;V/ where /V is the 
number of magnet periods. 

(4) For an initial angular spread, there is the simi- 
lar restriction in / since ^change in electron angle 
also changes vq through jSj. The requirement is 

< (H-Y/C^)/2A'yV- 

These restrictions on the energy spread 8-y/y and 
the angular spread A0 are the most serious problems. 

(5) The gain in a free-electron laser is decreased in 
higher harmonics due to the factor fX/ in r. See Fig. 
1. Gain decreases rapidly in /, but the decrease can 
be diminished using higher values of K. Practical 
values'® can reach K = 10, but K =2-4 seems to be 
adequate to reach higher harmonics. 

(6) After a pass through the laser, the final elec- 
tron energy spread is given by 5y/y = \ a\l%trNf in 
weak fields, and 8y/y = 1/4/V/in strong fields. 

These results may be important for recirculating elec- 
tron beams in a storage ring* or Van de Graaff." 

(7) The laser saturates when |o| >2tt\ this gives 
the final optical-field strength. The optical power at 
saturation actually increases in the higher harmonics 
in proportion to (/X/)~^ 

(8) At shorter wavelengths, the optical-mode area 
in the resonator tends to decrease. The mode area at 
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f , harmonic number 


FIG. I. Gain r is proportional to the new coupling factor 
fXf in linearly polarized magnets, in higher harmonics 
f = 3,5.1. ... the coupling decreases rapidly unless K is 
large. 


the optical beam waist is =zoKlf, where 2zo is 
the confocal mirror spacing. As the harmonic 
number increases, the resonator should be adjusted so 
that the overlap with the electron beam cross section 
is maximized. With /= 10, for example, one could 
decrease the beam waist wq by 2.15 and increase zo 
by 2.15. If the increase in / is shared between 
and zo\ the optical cavity for higher harmonics can 
be made reasonable. 


CONCLUSION 

The use of free-electron lasers in higher harmonics 
is promising; a fixed facility then has a much broader 


tunable range by another factor of / — 10 or 20. The 
major limitation seems to be in the electron beam 
quality (as usual); the necessary energy and angular 
spreads decrease with /. A shorter magnet length L 
may relieve this restriction somewhat. The gain also 
decreases in higher harmonics, but if K =2-4 this 
penalty does not seem too severe. Van de Graaff 
free-electron lasers" tend to have high gain (larger r 
because of lower -yo) and excellent beam quality, but 
produce long wavelengths ~ 200 /xm; higher har- 
monics may help to reach shorter wavelengths (~ 10 
urn) without changing yo- Storage rings also have 
excellent beam quality, but not such large gain 
(smaller r because of higher yo)- Even so, with suf- 
ficiently high A", higher harmonics could, in principle, 
extend these free-electron lasers to new shorter 
wavelengths in the uv and towards x rays. For in- 
stance. when y is increased to achieve an 11 -fold de- 
crease in optical wavelength, the normal-gain process 
(r ~ yo^ and X yo^) drops by a factor of 36 (de- 
creasing Ko is worse). But. if the /= 11th harmonic 
is used with A" =5, then only a factor of 2.5 in gain is 
lost; comparisons of higher harmonics are even more 
dramatic, but the excess beam quality necessary is 
less likely. 
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the Nonlinear Wave Equation for Higher Harmonics 

in Free-Electron Lasers 

WILUAM B. COLSON 


Abstract— The nonlinear wave equation and self-consistent pendulum 
equation are generalized to describe free-election laser operation in 
higher harmonics; this can significantly extend their tunable range to 
shorter wavelengths. The dynamics of the laser field’s amplitude and 
phase are explored for a wide range of parameters using families of 
normalized gain curves applicable to both the fundamental and har- 
monics. The electron phase-space displays the fundamental physics 
driving the wave, and we use this picture to distinguish between the 
effects of high gain and Coulomb forces. 

Introduction 

I N a free-electron laser, relativistic electrons travel through a 
static periodic magnetic field and oscillate to amplify co- 
herent optical radiation with the same polarization as the 
magnet [l]-[3] . The electron trajectories are primarily deter- 
mined by the magnet, but the laser radiation causes “bunching” 
on the optical wavelength scale and leads to gain [4]-(6]. Sev- 
eral theoretical approaches have been used to describe the 
free-electron laser; [7] gives a good description of many of 
these techniques. While the first analyses used quantum me- 
chanics [l],and quantum electrodynamics [8]-[10], classical 
methods have been shown to be clear and accurate [4] -[7], 
[11]-[21]. The coupled Maxwell-Boltzmann equations have 
been developed into quasi-Bloch equations to enhance the 
laser physics perspective [14], while plasma dispersion rela- 
tions- [15] -[17] and computer simulations [18], [19] empha- 
size the role of interparticle Coulomb forces and collective 
effects. The picture of single -particle currents driving Maxwell’s 
nonlinear wave equation is a mixture of these views and pro- 
vides a clear, intuitive description of both electron and wave 
dynamics [7], [20], [21]. 

In the past, theory and experiment have been primarily 
applied to free-electron lasers using helical magnets, but most 
proposed experiments will use linearly polarized magnets: a 
magnet with alternating poles. In this paper, the wave equa- 
tion technique is applied to linearly polarized magnets and 
the possible use of higher harmonics. Although the basic 
operation of the free-electron laser in either polarization mag- 
net remains essentially the same, a periodic longitudinal 
motion of electrons in the linear magnet causes spontaneous 
emission and gain in higher harmonics of the optical field ; this 
has been proposed as a method to extend their tunable range 
[9] . In a recent work [22] the electron trajectories in linearly 
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polarized magnets and the gain in higher harmonics were cal- 
culated; we extend the method developed there to derive a 
complete nonlinear, self-consistent wave equation for the laser 
field and electrons. We show how the coupling between the 
electrons and light is altered in a nontrivial way. We then 
consider some examples of high gain and low gain in both 
weak and strong optical fields. A useful notation is proposed 
which reduces the system parameters and meaningfully relates 
the remaining variables to the self-consistent pendulum phase- 
space evolution. A simple extension of the theory includes 
Coulomb forces [23] within the single-particle viewpoint, and 
we show that these forces are not usually significant except for 
very high gains. A distinction is made between the effects of 
high gain (with an accompanying optical phase shift) and the 
effects of Coulomb forces. 


Simple Magnet Trajectories and Radiation 


The character of radiation from a free-electron laser is ulti- 
mately determined by electron trajectories in the periodic 
magnet stmcture. If radiation losses and radiation feedback 
are neglected, electron motion in an external magnetic field 
is governed by the Lorentz force: 


dt 


( 1 ) 


where e= \e\, m, and are, respectively, the electron charge, 
mass, and velocity, 7*^ = 1 - /? • (3, and c is the speed of light. 
The electron energy ymc^ in a magnetic field is a constant of 
motion so that 7 = 70, the initial gamma. Introduce a purely 
transverse, periodic magnetic field 

Br„=iBe’'^\zXa) ( 2 ) 


with maximum strength B, wavelength Xq = 2rr/ko, and polar- 
ization vector 'a. The transverse polarization vector (a - z = Qi) 
can describe various polarizations: 


r(o.-i.o) 


a=< 


( 1 , 0 , 0 ) 
(- 1 , 1 , 0 ) 


^( 1 , 1 , 0 ) 


X linearly polarized magnet 
y linearly polarized magnet 
left circularly polarized magnet 
right circularly polarized magnet. 


This representation of B,f, is only accurate near the z-axis and 
it is assumed that electrons only sample fields near that axis; 
farther off-axis, the transverse field lines bend to satisfy Max- 
well’s equations. 

General solutions are difficult, even for specific choices of 
a, but the physical situation of interest here is 1 » fix , 
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(}y. Since the deflection from uniform motion is proportional 
to the magnetic field strength, a perturbation in powers of the 
field is suggested: 

■ 0 ) 

where oiq = k^c, K = eEXoliitmc' , and is the initial elec- 
tron z-velocity. For a circularly polarized magnet a • ? = 0 and 
the path is helie^l.ih S lihear magnet ^ • a = 1 , giving a sinusoi- 
dal path with sliflil ldii|iilidinal conections. 

Radiation frorh relativistic particles is confined to a forward 
cone of angular width ~ 75 ‘. If transverse motion has a large 
amplitude (Kljo), the radiation cone will periodically deflect 
out of a detector placed on-axis at infinity (the “searchlight 
effect”). This will cause radiation from many harmonics to 
appear (up to ~ 7 o times the fundamental) and produce a 
broad band of frequencies. The requirement for the cone to 
stay in the detector is K ^ 1 ; then the radiation will have sharp 
emission lines but still could have small contributions at well- 
separated harmonics. 

In the magnetic fields considfered here [24] , accelerations are 
small {KIjq 1 ). Calculation of the detailed properties of 
radiation is straightforward using standard classical techniques 
[9] , [25] . Electrons accelerate, and hence radiate, only within 
the length of the magnet L = NXq, so that the radiating time is 
Lie. For a long magnet (large N), resonant terms become 
sharply peaked about a spectrum of radiation frequencies to 
satisfying 


CO =/tOo/(l - Po cos 6) 


(4) 


where d is the observation angle away from z,/is the harmonic 
number: /= 1 is the fundamental and /= 2 is the next har- 
monic, etc. A detector typically looks at each harmonic sepa- 
rately because they are separated by times the linewidth. 

Far away from a linearly polarized magnet, ?= (0, - 1, 0), 
the element of energy received dW, the per unit solid angle 
dn, the per unit frequency interval dcj, is 


dWf 

dSldcj 


/ \ sin^ (1 - Po cos 0 )- 

\ 4 it^c/ r CO y 


where 


— (1 - |3ocos0)- f 

(jJq 


r 


sin 6Ao 


(1 - /3o cos Oy 
+ j sin 29 cos (j>AoAi 

(1 - sin^ 9 cos^ 9)A\ 


48 )'- 


sim 9 A 0 A 2 ) 


^ , f fK sin 9 cos (p 

Aa= Z 






(5) 


fK^ cos 9 


\7o(l - /3o cos 0)7 ■” \87 o( 1 -/locos0)7 


(5 


n + 2n'+0r,/ + Pn + 2n‘ 


'-a,/)- 


(p is measured away from x in the x-y plane and J„ is an nth 
ordinary Bessel function of the first kind. Since the line shape 
factor is narrow, the value for w in (4) has been used through- 
out (5) except in the line shape itself. The complete spectrum 
is a sum over ail harmonics /. 

The expression in (5) is plotted in Fig. 1(a) for the first three 
harmonics of cj and 9 ; 0 -dependence is small for large N. Each 
harmonic has an increasing number of lobes (/ = number of 
lobes) within the forward cone 9 <y^ and is centered about 
0=0. There is some radiation into higher harmonics because 
K = 0.72 (the Stanford magnet [2]) is close to unity. If K is 
made smaller, the harmonics retain the same shape but de- 
crease relative to the fundamental. N has been taken large 
enough (N = 200) so that emission about each harmonic can 
only occur in thin “sheets” or “curtains;” following these cur- 
tains gives a large frequency shift in each harmonic when 0 
covers the narrow range O- 70 *. At a fixed angle within this 
range, a sweep through oj would reach all harmonics. For fixed 
cj, the harmonics would be spaced at angles 0 ^=» V/" Ujo 
symmetric about 0 = 0. All this has been observed in the Orsay 
free-electron laser experiments [26] . 

The radiation spectrum for a circularly polarized magnet 
7 = (- 1 , 1 , 0 ) is given below: 


dWf , 

f 

sin^ 

1 

( 7^(1 - 00 cos 0 )- f 


d^ldcj 


1 

— (1 - 00 cos 0 ) - / 
CJq 

2 




(1 - Po cos 9y 
\2 


sin^ 9\A\^ 


+ (1 - sin^ 0 sin^ 0)1 Gl-^ — 

+ (1 - sin^ 0 cos^ 0)|5|^ 

- j (A*G + G*A) sin 0 cos 0 sin 0 

- (A *S + S*A) sin 0 cos 0 cos 0 

— ) (G*5 + S*G) sin^ 0 sin 0 cos 0 
Jo/ 


( 6 ) 


where 


A - Y I fK sin 9 sin (p \ ! fK sin 9 cos <p \ 

n,n’ '^"\7o(l - l3oCOS0)j " \7o(l “ 00 COS 0)/ 

n,n' ' * ' 

n,n' 

The arguments of Bessel functions J„ ajid !„• in the expan- 
sions 5 and G are the same as occur in A. For a long magnet, 
the electron motion attains a large amount of azimuthal sym- 
metry, making the 0-dependence unimportant as.^-^°°. An 
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(b) 

Fig. 1. The spontaneous emission is a sharp function of the observation 
angle 6 and radiation frequency cj. In (a), a linearly polarized magnet 
radiates in the forward direction (fl = 0) at odd harmonics /; while in 
(b), a helical magnet only radiates into a i* 0 for / > 1. Both cases 
are for K - 0.72, 7o “ 100. 

addition theorem (Neumann’s) for Bessel functions shows 
analytically that the (^-dependence may be removed from the 
arguments of the Bessel functions, and <> explicitly disappears 
as A^-4 -oo. before, a complete spectrum would be a sum 
over all harmonics. 

A plot of (6) is shown in Fig. 1(b). The fundamental line 
and first harmonic (/= 1, 2) are nearly the same shape as for 
the linear magnet, but each higher harmonic has only two sym- 
metric lobes within the To* radiation cone. On-axis, each har- 
monic occurs at o) « 2'y\fu^. In weak fields (6) gives twice 
the total forward power as from a linearly polarized magnet. 
This is because an electron in a circular magnet is experiencing 
maximum acceleration at all times in its trajectory. 

In principle, there is the possibility of laser gain wherever 
there is nonzero spontaneous emission. In the exact forward 
direction, however, only the linear magnet radiates at/= 3, 5, 
7, • • • . It is for this case id = 0) that we develop the nonlinear 
wave equation and examine stimulated emission. In the future, 
stimulated emission for 0 =/= 0 (in higher harmonics or the 
fundamental) is an interesting problem theoretically and 
experimentally. 

Slow Optical Wave Evolution 
Maxwell’s wave equation governs the evolution of the light 
wave in the presence of an electron current. In the Coulomb 
(or transverse) gauge 

^ ^ A(x, 0 = - ^ Jiix, 0 (7) 

where A(x, t) is the radiation vector potential and Ji(x, t) is 
the transverse current density (CGS units). In order to de- 


scribe stimulated emission, we must calculate the feedback 
of the light wave on the current; we must calculate the response 
of Ji(x, t) to the presence of A(x, r). When the laser is started, 
the optical wave grows from spontaneous emission to a large 
amplitude wave with a well-defined phase; after the coherent 
wave is established, its amplitude and phase can still evolve 
further. The following waveform is chosen to represent the 
laser optical wave during these stages of evolution: 

A(x, t) = isinifkz - /cor + 4>{z, r)), 0, 0) (8) 


where E(z,t) is the wave amplitude, / is the harmonic num- 
ber so that fcj is the carrier frequency [note that co was the 
frequency in (4)-(6); from now on it is /co], cj=kc is the 
fundamental, and the phase is fj>iz, t). We imagine the laser is 
operating at selected frequency /co and wavelength X//= 2nlfk. 
When the amplitude and phase of this waveform are held fixed, 
we have a plane wave traveling in the 2 -direction, 'fhe polariza- 
tion is chosen to match the spontaneous emission from a 
linearly polarized magnet a = (1 , 0, 0). 

The waveform above contains no dependence on x and y ; a 
more complete description would give the wave some finite 
transverse dimension; we avoid this complication and describe 
only the essential physics of the problem in the longitudinal 
direction. 

We now employ the slowly varying amplitude and phase 
approximation. The waveform above is inserted into the left- 
hand side of the wave equation; we assume that all terms con- 
taining two derivatives are small compared to terms containing 
fewer derivatives. The assumption of a slowly varying ampli- 
tude and phase anticipates long-range coherence and nearly 
monochromatic laser light ; if the laser is well above threshold, 
this is a good assumption. The resulting wave equation now 
has only one component in the ic -direction : 


I cos a - E 


2n 

sma = -— 


where a = fkz - f(vt + <j>. The left-hand side is not yet slowly 
varying because of the “sin a” and “cos o:’’ factors. Multiply 
(9) by cos a, then by sin a, to obtain two equations each with 
slow and fast factors: 


( dE 1 SE" \ [d<j> 1 b<p\ 

lir * 7 arj ^ ^ 7 9?) “ 


• J\ V. cos a 


(dE 1 dE\ 
\az c dt) 


/90 1 M\ 

sin 20 L-£(-^ + -^j(l-cos 2o) 


_ 47T ^ 

= - — Jlx sin a. 


At any point in time, the fast factors on the left oscillate like 
cos{2fkz) over optical wavelengths. We therefore average over 
many optical wavelengths so that the fast factors are removed; 
we want (10) to describe the slow evolution of (£, (^>) over 
many wavelengths. This gives 


M + 1 M 

8z c bt 


il I 

•/l V ^ 

c 


( 11 ) 
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where S =Ee'^ is the complex radiation field and ( ) implies 
an average over many optical wavelengths. The current 
does not average to zero because both Ji^ at’d e'“ oscillate 
fast; when nearly resonant, we will see that the slow product 
drives the optical wave. 

The wave equation now describes the dynamics of electrons 
and light over many optical wavelengths. Note that the last 
averaging step is not necessary for the helical magnet case 
[ 20 ]; the simpler algebra of the helical case is used in the 
“rotating wave” approximation of laser physics. However, 
the helical case is so simple (when 6=0) that there are no 
harmonics. 


Single-Particle Dynamics 


The dynamics of relativistic electrons in the combined 
static and radiation fields are governed by the Lorentz force 
equations: 


d{j6) 

dt 




me 


dy 

dt 



( 12 ) 

where Ef,p andfi^p are the optical wave’s electric and magnetic 
fields obtained from A(x, t) in ( 8 ) using the slowly varying 
ampUtude and phase approximation. Now the electron en- 
ergy yme^ will change in the presence of light-stimulated 
emission. Of these four equations only three are needed to com- 
pletely solve the problem_^ We dispense with the z<omponent 
equation since y~^ = 1 - P - p can relate the longitudinal and 
transverse motions. The static magnet is represented by 

=5(0,sin/coz,0). (13) 

When 7 1 the electric and magnetic optical fields nearly 

cancel in the transverse equation of motion; we neglect the 
transverse optical force compared to the transverse force of 
the static magnet: £(1 - Pz)«-PzBop- TTtis allows exact inte- 
gration of the transverse equation and = -(/sT/ 7 )(cos AtoZ, 
0 , 0 ); perfect injection into long periodic orbits has been 
assumed and removes the constants of integration. The single- 
particle transverse current is now -ecPi5^^\x - 7/(t)) where 
7,(r) is the trajectory of the ith electron. The total current is 
just the sum over all single-particle currents. 

Insert Pi into the energy transfer equation to get 
dy eKE 

-j- = cos knZ cos a (14) 

dt ymc ” ' ' 

and, using 7 ’^ = 1 ~ Pi~ Pi, we have 

= [1 ' 7’"^(1 + cos 2koz)]''\ (15) 

Changes in 7 result in changes of p^ through (15); since 7 >$> 1, 
it is quite accurate to use the expanded form of the square 
root. 

All electron equations of motion contain factors which oscil- 
late once per magnet wavelength; we actually want to describe 
the slow evolution about these periodic oscillations. Start by 
averaging (15) over one magnet wavelength to get Pz = 1 - 
■j 7 "^(l + now an average change in 7 is related to an 

average change in P^. It is convenient to define a dimension- 
less velocity in terms of the magnet wavenumber *0 and the 
wavenumber of the fundamental it : 


i^(t) = Ll(k + ko)Pz(t)-k]. (16) 

The initial dimensionless velocity of electrons Uq — f( 0) is 
crucial in determining the phase-space evolution. When f = 0, 
note that exactly one wavelength of light passes over the elec- 
trons as they pass through one period of the magnet; this gives 
the maximum coupling between light and electrons. If we 
integrate this dimensionless velocity in time, we get a dimen- 
sionless electron phase : 

i:(t) = (k + ko)z(t)- ut (17) 

where z(t) = fj cPz(t') dt' and we have multiplied by cjL', 
note that f = d^jdr = v where t = tciL . It is useful to think 
of f and V as only measured at the end of every magnet wave- 
length; the fast periodic motion will factor out, leaving only 
the small change after each period. It is important to appreci- 
ate that f describes electron dynamics on the optical wave- 
length scale and that these spatial variations are typically much 
smaller than the magnet wavelength (by 7 ^ ~ 10 '^). 

We now recall the fast periodic factor and add it onto the 
slow motion: 

z(r) z (0 - sin Icoot ^ HO - sin 2 coo^ (18) 

where | = A’V4(1 + ^Af^). Within the argument of the fast 
factor sin 2 o>o^> we have neglected small changes in f; this 
does not significantly alter the periodic motion through the 
magnet wavelengths since X«Xo. Also, the coefficient of 
the fast factor varies slightly with 7 "^, but for long magnets 
the maximum fractional change in y is small (S(2N)~0, so y 
can be replaced by 70 . In fact, since the electron energy never 
evolves far from resonance, we can also replace 7 in (18) with 
the resonant energy (k(l + •jA’*)/ 2 ko)'^^ to evaluate the con- 
stant coefficient |/k. Typically, K 1 (and ^ 1/6) so the 

fast, periodic longitudinal motion occurs on the optical wave- 
length scale and causes higher harmonics. 

The energy transfer equation can now be written more ex- 
plicitly in terms of fast and slow variables: 

^ [cos(/f + 0 - (/■- l)o)o^ - A sin(2cJoO) 

+ cos(/f + 0 - (/+ l)o;of- sin(2ojo0)]- (19) 


The factors f ± 1 show how extra oscillations occur at each 
magnet wavelength in the higher harmonics; since ? is not 
necessarily small, the fast terms cannot be expanded outside 
of the cosines to any finite order. Use the generating function 
to expand the sinusoidal terms in Bessel functions and average 
(19) over one magnet period to obtain 


dy _ eKH^EL 
dr 2ymc^ 


cos(/f + 0 ) 


( 20 ) 


where 

X;.a)=A:(- 1)(^-»/^ [7(/_0/,(/D- 

for/= 1,3,5 ••• . 

The cylindrical Bessel functions in K^(^ express a weighted 
coupling between electrons and light; the weighting is mea- 
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sured by f and ^ (or K) and is due to the time electrons spend 
in periodic longitudinal motion instead of transferring energy 
to the optical wave. A helical magnet has K/(|) ^ 2K in (20). 
The result (20) has been derived by Madey [22] [except for 
some misprints in X/-(|)] and gain in the higher harmonics is 
found using energy conservation (which is only appropriate for 
low gain). We proceed now to the more general nonlinear 
wave equation. 

The Nonlinear Wave Equation 

The total beam current driving the wave equation is the sum 
of all single-particle currents. To evaluate the single-particle 
currents we use the same procedure as in (20). We follow the 
current in a small volume element: 1) much larger than an 
optical wavelength, 2) much smaller than the optical pulse 
length, and 3) very much smaller than the magnet wavelength. 
AU electrons in the volume element experience the same fast 
motion together. When averaging a magnet period, 
we experience the same integrals as in (20); the electron cur- 
rent then becomes 

= f I ^ - 7,(0). (21) 

In order to evaluate S, we choose to label all electrons by 
their initial positions fo and velocities fol this definition is 
unique and rigorously defines the electron beam current (Jean’s 
theorem). The electrons are initially spread uniformly over 
each optical wavelength. Although particles become redistrib- 
uted over each optical wavelength, this does not affect the 
average density in any macroscopic section of the beam sev- 
eral wavelengths long. The energy spread and emittance of the 
electron source are carefully chosen to give a minimal spread in 
resonance parameters i^o- Therefore, on a macroscopic scale 
neither the bunching mechanism nor an initial velocity spread 
alter the macroscopic electron pulse shape and it travels 
undistorted through the interaction region. Microscopically, 
however, the electron’s initial position within the wavelength 
of light and its resonance parameter (fo.^'o) ^re crucial in 
determining the result of its interaction with the wave. The 
beam current density in a volume element dV (which is large 
compared to an optical wavelength, but small compared to the 
pulse size and magnet wavelength) is found by averaging over 
sample electrons and then weighting this result by the macro- 
scopic particle density p(z) within dV. Indicating the appro- 
priate microscopic average over (fo.^o) t>y ^ \ current 
driven wave equation becomes 

where p(z - jioct) is the density of the traveling electron pulse 
shape, and the average < }(z.p^cr) flows along with a volume 
element of the electron pulse at speed (3o^- The optical wave 
only slowly passes over the relativistic electrons at speed 
c(l - /?o) ^ c/ 27 ^; this situation is quite distinct from atomic 
lasers. 

The complete system of (20) and (22) with (16) and (17) is 
now slowly varying. If we use = 1 - and 


(16) to eliminate y on the left side of (20), we see that the 
electron dynamics are governed by the self-consistent pendu- 
lum [5] 


J 2:reLNKfi^)E 
dr^ \ y‘‘mc^ 


cos(/f + (p). 


(23) 


It has been enlightening to consider the pendulum phase-space 
paths as guiding electrons, even as the paths themselves are 
being slowly changed by E and 0 self-consistently [6] , [27] . 

The coupled equations (22) and (23) [or (20)] are suitable 
for solving pulse propagation problems in the free-electron 
laser; we will not proceed with the pulse problem further, but 
note that the form of the wave equation is the same as for the 
helical magnet where several aspects of the problem have been 
solved [6]. 

We assume that p(z) = Po is uniform and study a simpler wave 
equation; 9/92 does not now occur in (22), or it can be re- 
moved by the method of characteristics. It is convenient to 
combine some constants in these equations so that we may 
study their properties systematically and comprehensively. 
For long, periodic magnets, it is useful to note that the 
changes in y are always small [$(2rV)'*]. We replace y 
throughout the wave and pendulum equations with either its 
initial value y^ or the resonant energy (fc(l + YX’^)/2fco)’^^ 
where v = 0; these choices are nearly equivalent and lead to no 
significant error. Define a new field strength as 


!a| = 


_(2nNefK/mLE\ 




ylmc^ 


'} 


and r = 


_ (4nWfK}{^)L^Po 


yl^c^ 


. (24) 


Now the wave and pendulum equations can be written more 
compactly: 


a = , /f = |a| cos(/f -t- 0) (25) 

where (') = d( )jdT and a = \a\ We have assumed that the 
electron beam is initially monoenergetic and uniformly spread 
so that < > contains only one parameter Vq, as written ex- 
plicitly above. Not only have the number of parameters been 
reduced, but the values of these parameters give us an immedi- 
ate “picture” of dynamics in the pendulum phase space. 

To get a feel for the parameters |a| and r in terms of physical 
variables, consider N= 10^, the fundamental /= 1, Ky= 1 (for 
a magnet providing B ^3X 10^ G and Xq ^ cm), L = 300 
cm, 7o = 10^, Po = 10'° cm'^ (a current density of 50 A/cm^ 
usually over a 1 mm diameter beam), zndE = 200 stat • V/cm 
(for a laser power of 10® W/cm^); then 1 and \a\^ 10. 
Such a laser would produce 3 pm radiation. 

The meaning of \a\ « 1 is that we have weak optical fields 
in the self-consistent pendulum equation; the closed orbit 
region has height and is small. All electrons are in open 

orbits if r'o>2|fl|'^', and some electrons are in closed orbits 
when I'o < 2|a|*^^. Significant energy transfer requires that I'o 
be not too far from resonance [I'ol :S 10, so, when |a| » 1, 
the electrons become trapped in dosed orbits and gain de- 
creases. Tliis is the saturation mechanism. 

The parameter r determines the rate at which things happen, 
and is a measure of gain in this system. In fact, the maximum 
weak field, low gain [5] is justg„,ax =0.13504/-. The result 
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Fig. 2. The electron phase space shows beam evolution and bunching at 
optical wavelengths; the self-consistent sepaiatiix serves as a guide to 
the optical wave evolution. 

can be obtained by a simple expansion of (25) in powers of 
the field \a\ « 1 . The fractional gain in power is defined as 
g = (_alaQy - 1 where Aq is the initial field strength. If 1, 
we expect about 10 percent gain per pass through the laser 
(typical), and if r is larger the gain will be larger. 

The coupled system of (25) contains a = \a\e‘^ and /f as 
three dynamical variables; their evolution during the time 
interval 0 < t < 1 is governed by four independent parameters: 
Idol and 0 at T = 0, r, and Vq- The initial optical phase 0 is 
arbitrary, however, and we always start it at zero; this still 
leaves three parameters a^, r, and Vo- It has been stated [21] 
that an equivalent set of equations for the fundamental fre- 
quency contains only two parameters; this appears to be incor- 
rect unless do is taken to be arbitrarily small, as if started from 
noise. The phase space (f, u) gives an excellent understanding 
of electron beam dynamics for a given set of parameters do, f, 
and Fq. We only consider /= 1 now. Since the pendulum equa- 
tion is periodic in f , we need only to look at one 2tt section of 
phase space; this is only one optical wavelength of the electron 
beam. All other sections evolve in the same way. The beam 
can be represented by a few sample electrons uniformly spread 
along the f-axis and positioned at v = Vq on the velocity (or 
energy) axis. See Fig. 2 at t = 0. 

The “separatrix” equation is a locus of the phase-space 
points (fj, i/j) which separate the closed orbits from open 
orbits in the phase space: 

«'l(W = 2|d|(l+sin(f, + 0)). (26) 

Not only does the separatrix indicate the guiding phase-space 
paths, but the dynamics of the separation itself tells us about 
the optical wave through |d| and 0. A shift in the separatrix 
indicates a shifting phase 0(t); growth of the separatrix height 
(4|d|*/^ from peak to peak) indicates a change in the optical 
wave amplitude. Thus, in a single “picture”— the pendulum 
phase space with a self-consistent separatrix— we can exhibit 
the dynamics of all variables in the free-electron laser: (f,-,v,-) 
for each electron and (|d|, 0) for the optical wave. 

An example is shown in Fig. 2. Ten sample electrons start 
out at energy f = Vq and are uniformly spread from -njl to 
37 t/ 2, covering one 27 t closed orbit section. With the inde- 
pendent parameters Aq = 5, r = 10, and Vq ~ 2.6, the ten elec- 


trons closely follow the paths indicated by the separatrix, 
even though it is only a guide. In this example, bunching 
about the it phase is clear; this is necessary for gain [see (25)] . 
An energy transfer is also clear, since electrons have moved 
down in phase space and lose energy to the optical wave. The 
resulting wave growth and accompanying phase shift are visi- 
ble in the separatrix. A characteristic energy spread is seen 
to develop in the electron beam. 

While Fig. 2 follows the evolution of slow coordinates, 
it is interesting to consider the fast, periodic motion of (18) 
in the same phase space. The fast term in (18) gives 5f = 
-fsin2o;o^ ^nd 8v = -4 itN^ coslcjot- FoxN=10^ and 

= 1(1 = 1/6), the vertical excursions of each particle to 
5 f*»± 200 are far off-scale; there are W=10^ such oscilla- 
tions during t = 0 -*• 1 . Fortunately, this “blur” of fast motion 
closely foUows (f, v) which describes bunching and drives 
the wave equation. 


Harmonics 

Before examining the wave equation extensively, we discuss 
free-electron laser operation in a selected higher harmonic [28], 
Note that / can only have odd values, since spontaneous emis- 
sion is generated only in the odd harmonics when 6=0 : 


dW _ piVTo/ V K>(S) 
dUdifcS) e„o ~ \1 + c 


/= 1,3,5 •••. (27) 


Recall that the gain r in higher harmonics is also directly pro- 
portional to K/(f). 

We have carefully written (25) to clarify the pendulum and 
wave evolution in higher harmonics. The dynamical variable 
/f evolves just like f alone in the fundamental. The occur- 
rence of /f instead of f expresses that we are dealing with a 
new wavelength in the higher harmonics; the pendulum equa- 
tion is still periodic in f , but the range of phases to consider is 
only 2ir//. If we merely change the phase-space coordinate 
axes to (/f , fv), the phase-space dynamics in higher harmonics 
are the same as the fundamental. 

However, the definitions of |a| and r show how K f modifies 
the real field and gain. In Fig. 3 we plot K/as a function of K, 
for a range of the harmonics /. It is useful to view as a 
coupling constant; it occurs in both the pendulum and wave 
equation. For fixed /, K/-(|) is determined by the magnet 
design through A = e5Xo/27rmc^; | = A^/4(l + -jA^). For 
A « 1 , the coupling constant decreases to zero for all har- 
monics /. At large A, K^oc ^ with a slope determined by the 
Bessel functions; the coupling constant is positive for /= 1, 5, 
9, etc., and negative for 3, 7, 11, etc. But the wave and pendu- 
lum equations are invariant to the transformation 
and (f>-^(p-^n (or £->■-£'), so alternate harmonics merely 
produce a wave that is 180° out of phase with the other 
harmonics. 

The practical possibility of extending free-electron laser 
operation to higher harmonics is important. A given elec- 
tron source (storage ring. Van de Graaf, linac, etc.) may be 
“tunable” over a X3 range in y: this gives a XIO range in laser 
wavelengths since X~~\ol2y~ . The use of higher harmonics 
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Fig. 3. The coupling constant K^(?) depends on the magnet design and 
the harmonic number /. Generally, the magnitude of increases 
with K and decreases with /; for/ even K^= 0, and the odd harmonics 
alternate in sign. 

can extend the tunable range by another factor of 10 or 20! 
The limitation comes from the decrease in/K^ gain for large 
/. If /f = 1 and the experimentalist’s gain is X 10^ above thresh- 
old, he could run in the /= 9th harmonic. With higher K 
values, say K = 2~* \ Q, operation in the higher harmonics is 
more feasible. With K = 6, the penalty for using the f= 9th 
harmonic is only X2. This may be most important for low 7 
free-electron lasers [29], which tend to have large r~10^ 
(plenty of gain), but to produce long wavelengths X ~ 200 ixm. 

While the gain in higher harmonics is given by gflgfm - 
f^}, the final saturation still occurs at |a| ^ 2 rr; the optical 
power at saturation is given by 

Another interesting point that may be explored experi- 
mentally is the operation of the free-electron laser at several 
harmonics simultaneously, say/= 1 and 5 together. There is 
no difficulty in imagining that the electron beam could be- 
come bunched on multiple scales of the frequency, say X and 
X/5. 

High and Low Gain, Weak and Strong Fields 

We now turn to exploring the more general dynamics of the 
wave equation. Since the only explicit occurrence of/in (25) 
is /f , and /can be removed by a coordinate transformation, we 
need not discuss higher harmonics specifically. These results 
also apply to the helical magnet; (25) can formally be con- 
verted to the helical case with the prescription and 

2): |a| -*• 2(a( in the pendulum equation. It is useful to give 
the definitions Oq, r, and Pq in terms of the physical variables 
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Fig. 4. The normalized change in the optical field amplitude gjr = 
- l)/r and phase 60/r as a function of the resonance parameter 
Vo font! the gain curve. Asr increases, g/r becomes more symmetric, 
and 6(p/r becomes divergent for high absorption. The initial fields are 
weak: aq = 10"^. 

_ e^BE(0)L^ e^B^XoPoL^ 

(yomcy ’ ^ {yomc^f 

Po = /[(Ar + A:o)U^(0)-*] (28) 

so that it is clear that each can be manipulated separately. We 
view flo 3 s measuring the input laser field and r as the electron 
density or gain. For a fixed initial electron beam velocity 
Pz(0)c, we think of the resonance parameter Pq as a measure 
of various optical modes, or k’s, that could be excited by the 
laser; the range of relevant resonance parameters is IpqI ~ 10 > 
since there is little energy exchange for [pqI ^ 10 . 

The changes in the optical wave during the evolution time 
T = 0-* 1 are measured byg = a^(l)/a^(0) - 1 and 5^ = d>(l) - 
0(0) = 0(1). These changes are a function of the resonance 
parameter Pq> with Og and r as parameters. g(i^o) 's now known 
as the “gain curve;” we propose generalizing this name to in- 
clude 50 (pq). Furthermore, since r is roughly a measure of 
gain, it makes sense to plot a new “gain curve” measured in 
units of r : g{yg)jr and 50 (po)/^- This definition also has the 
advantage of easily showing the effects of large and small gain 
on a single scale. 

In Fig. 4 we see g(yo)lr and 8cj)(uo)/r for small and large rates 
r with weak initial fields Aq “ 10 ”^; we have simply integrated 
the nonlinear coupled equation (25). For small rates r = 1 and 
weak fields we have the well-known antisymmetric gain curve 
originally found in the first free-electron laser paper [Ij. With 
higher gains r= 10 and 20 , gain is somewhat underestimated 
by r alone and g becomes somewhat more symmetric about 
resonance. This distortion of the normally antisymmetric gain 
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Fig. 5. In the case of large r, the optical wave can shift its phase to 

optimize the location of the electron bunch causing gain for pq ^ 0 . 

curve has been presented previously [30] , but with the impli- 
cation that the cause was collective Coulomb forces; we find 
here that the effect is merely due to high gain and the accom- 
panying phase shift. 

This can be understood by looking at 50. On resonance 
(fq = 0) we see the maximum phase shift and little gain. When 
gain r is large, that phase shift may be large since 50 “ rj\a\; in 
fact, the optical wave changes its phase so that the electron 
bunching is in the optimal position within the optical wave- 
length. In Fig. 5, for r = 20 and weak fields = 0.1, we look 
at 1^0 = ■ 1 . which would typically give negative gain. The self- 
consistent separatrix shows that 0(t) increases to move the 
optical wave “under” the electron bunch that originally formed 
at ~rr/2; with 50~7t/2, the phase-space arrangement has still 
overpopulated the n phase and drives the wave. Note that the 
optical phase shift 0(t) should be interpreted as a change in 
frequency of the optical wave; specifically, co(t) = cu + C0/Z,. 

An interesting feature of 50 in Fig. 4 is its behavior around 
Po ~ “It; recall that |a| is experiencing negative gain or absorp- 
tion here. Furthermore, the phase shift crudely goes as 
50~r/|fl|. So when |a|->-0, we should find a discontinuity 
and peculiar behavior -in 50; 0(t) is of little consequence, 
however, when |a| « 0. 

Fig. 6 represents gain curves for weak and strong fields 
flo = 0.1, 10, 15 in the low gain case r=l. As the fields be- 
come stronger, all modes in the free-electron laser eventually 
saturate. An important feature of this process is that the point 
of maximum gain moves away from resonance; it starts at 2.6 
in weak fields and moves to ~5 or 6. The accompanying phase 
shift also diminishes in stronger fields and becomes wider in vq. 

The broadening of both g and 50 is due to the large closed 
orbit region in strong fields (proportional to 4|a|‘/^), as shown 
by the large separatrix in Fig. 7. Something like dv ~ of 
the electron beam energy can be extracted in these deep optical 
“buckets” and this occurs over a wide range of resonance pa- 
rameters. Saturation occurs because the optical power needed 
to achieve the deep buckets increases as |ap; eventually deep 
buckets must decrease gain. 

For high gain and strong fields we see a more symmetric 
gain curve, and a decrease in all modes due to high fields. 
This is shown in Fig. 8 forr = 10 now and Oq = 0.1, 10, and 15. 
These curves can give a better feeling for how the laser works 



Fig. 6. The gain and phase shift decrease in strong optical fields; maxi- 
mum gain occurs at larger fQ. 





Fig. 7. At saturation, the self-consistent separatrix is too large (4|a|*/^ 
peak-to-peak) and the electron bunch disperses at the end of the laser. 

in a variety of situations; most of the important physics of 
the wave and pendulum equations has now been displayed. 

Coulomb Forces 

We have seen that the parameter r is proportional to the 
electron density and would be a measure of the importance 
of Coulomb forces. Within the single-particle philosophy, we 
should try to calculate the force on a given electron due to the 
presence of all the other electrons in the beam. A more tradi- 
tional approach assumes a form for the plasma waves and 
solves the nonlinear Boltzmann equation [7j. We do not 
assume a form for p(z) other than its periodicity [23] . 

Consider the situation where some bunching in the electron 
beam has already occurred; we calculate the Coulomb forces 
due to an arbitrary, but periodic, density variation in the elec- 
tron beam. The electron beam is taken to be of infinite ex- 
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Fig. 8. The high gain and strong field effects in Figs. 4 and 6 merely 
combine to distort the weak field, low gain curve. 

tent in alMirections, as in the previous calculations. Poisson’s 
equation V • E = -4nep in one dimension becomes 

= - 47rep (z) = - 4rrep (z + X). (29) 


termine the unknown constant. The electric field in the longi- 
tudinal direction is now completely determined. To make 
contact with our previous notation, define f = kz: 

£‘z(f) = -4rrepoXa(f) (32) 

where 


f' p«') «' 



r^' P(r") di" 

io fio 2n 

27T 2 

i , 

Jq Po 277 ■ 


The scale factor 4irepoX measures the strength of Coulomb 
forces. a(f) is of order unity and is easily evaluated numer- 
ically given the particle positions. 

As an example, suppose all the charge is accumulated in one 
sharp disk p(f) = 2rrpo5(f - fo); is a perfectly bunched 
beam. The resulting field is 


£‘z(f) = -4irepoX 


(lo.JL, A 

\271 2ir 2/ 


for 


f>fo 

f<ro 


(33) 


This is merely the field from an infinite series of equally 
spaced disks. 

We need to incorporate the new electrostatic Coulomb force 
in the electron equation of motion. The longitudinal Coulomb 
field does not occur in the transverse equations, so their 
solution 01 remains the same. The energy transfer equation, 
however, contains E^ and adds a term to the self-consistent 
pendulum equation. The coupled wave and pendulum equa- 
tions are now 


The one-dimensional Green’s function for this operator is 
G(z - z') = 2n[6(z - z') - d(z' - z)]. In one dimension, a 
“point” source p ~ 5(z - Zq) is an infinite disk which exerts 
a force on a test charge independent of distance: E^ “z/lz|; 
our p(z) is a periodic density of such disks. 

The long range periodicity of p(z) gives long-range period- 
icity to £'z(z), and E^ can only respond to variations p(z)- 
Po in the electron density. Then 


£’z(z) = -27re 




(30) 


The two infinite integrals contain no z-dependence and their 
infinite contributions must nearly cancel to leave a constant. 

Since p(z) is periodic, we should be able to solve the prob- 
lem for just one section of the electron beam from 0 < z < X. 
The total charge for one section is conserved and is PoX; if 
not, the long-range periodicity would be spoiled. We can 
now write 


£z(z) = constant - 47re I (p(z') - Po) dz' (31) 
•^0 

£ 2 ( 2 ) also must be periodic and averaging E^ over a single 
wavelength must give zero; otherwise electrons would feel a 
net force to the left or right. Averaging (31) allows us to de- 


/f = \a\ cos(/f + 0) - <^(/f) (34) 

a = 

^0 

where N is the number of magnet periods, and ^ = £^/4(l + 
^K^)- The coefficient can be written as the relativistic plasma 
frequency in dimensionless form: rj^N% = 2-nQ,p(^\ + 
where f2p = and cup = 4ne‘^Polmc^ is the nonrela- 

tivistic plasma frequency. Note that both the optical wave a(r) 
and plasma frequency Sip drive the wave equation through the 
pendulum equation; therefore, 0(r) and the optical frequency 
are affected by Sip. 

When the beam is uniform, a(f) is zero; nonzero Coulomb 
forces develop when the optical wave causes bunching. To esti- 
mate the maximum strength of Coulomb forces, set a(f) ^ 1 ; 
to estimate their effect, ask whether an electron can be moved 
an appreciable fraction of an optical wavelength during a single 
pass through the laser. This requires that /• S 167 tA^|~ 10^. 
We see that Coulomb forces are negligible except for extremely 
high gains; most proposed free-electron lasers use r < 10. Our 
point here is not that Coulomb forces are always unimportant 
(although they are important in only a few cases), but that 
severe high-gain effects occur long before r reaches 
Typically, only a tiny fraction of a plasma oscillation occurs 
during t = 0 -»■ 1 with typical values of r. 
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Fig. 9. Interelection Coulomb forces only slightly distort the gain 
curve for the parameters explored in this paper. 






Fig. 10. With Coulomb forces included, we can compare the electron 
phase-space evolutioii to Fig. 2; there is little change. We Have im- 
posed periodic boundary conditions so that electrons stay in -ir/2 < 
r < 37 t/2. 


We reexamine the gain curve with the inclusion of Coulomb 
forces in Fig. 9. We chose do = 10 to get good bunching and 
r = 20 for a large derisity; N= 100 and |= 1/6, {K = 1), so 
that rjAN^ = 3. We see that Coulomb forces play a minor role 
even when r is as large as 20; at the same time, high-gain effects 
are quite important. In Fig. 10 we compare the phase-space 
evolution of electrons (with Coulomb forces included) to a 
previous hi^-gain example 0 ^ = 5 and r=10. The electron 
positions have a discemable effect on each other, but bunch- 
ing occurs in much the same way. (Periodic boundary condi- 
tions restrict f to the interval -7r/2-37r/2 so that p(f) can be 
determined.) 
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Abstract. We study the electron phase-space evolution and gain in free electron lasers whose 
short-wavelength radiation has Gaussian spherical wavefronts. Several free electron laser 
designs are considered : the undulator, the tapered wavelength undulator, and the optical 
klystron. We find that the gain spectrum is no longer proportional to the slope of the 
forward spontaneous emission spectrum, and we determine the design of the Gaussian 
mode which maximizes the energy extraction from the electron beam. 

PACS: 42.50, 42.55, 52.60 


Free electron lasers (FEL) use a beam of relativistic 
electrons passing through a static periodic magnetic 
field to amplify a co-propagating electromagnetic wave 
at optical frequencies [1]. A schematic of a free 
electron laser oscillator with the transverse dimensions 
exaggerated is shown in Fig. 1. In both the free electron 
laser amplifier [2] or oscillator [3], the electrons 
interact with Gaussian optical beams which are formed 
inside a spherical mirror optical resonator [4]. Our 
topic is to study the electron dynamics in the combined 
static magnetic field and the propagating Gaussian 
optical wave. The fundamental interaction can be 
described by the pendulum equation [5] which is 
parametrically modified during the laser 
interaction. 

Much of the knowledge which has been developed 
about free electron lasers has assumed a plane-wave 
representation of the optical waves. A particular theo- 
rem which has found widespread use relates the slope 
of the spontaneous emission radiation spectrum to the 

* Supported by the Air Force Office of Scientific Research 81-0061, 
the Office of Naval Research N00014-81-K-0809, NASA NAG-2-48, 
and NATO Collaborative Grant No. 1876 

** Supported partly by the Centre d’Etudes Nucleaires de Saclay, 
DPC/SPP/SP and DRET, Contract 81-131 


shape of the laser gain spectrum [6]. However, 
this theorem is only valid for plane waves in the 
forward direction, and does not hold when the 
Gaussian beam of finite width is designed to maximize 
the electron energy extraction or nominal gain. The 
theorem originated from the quantum analysis of gain 



Fig. 1. A schematic of the free electron laser oscillator shows the 
Gaussian optical mode transverse size >v(z) expanding away from the 
waist Wq centered in the static periodic magnet of length L. The 
optical phase ij>(z) changes along L also. Two electron paths are 
shown: one on-axis at r=0 and one off-axis at r>0 
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[1,7,8], where a slight difference in the kinematics of 
stimulated emission and absorption allows a Taylor 
expansion (and therefore derivative) of their respective 
probabilities. But the kinematic arguments are based 
on single-mode relationships and a realistic Gaussian 
beam contains a range of plane-wave states with a 
spread of angles which complicate the simple kine- 
matic relations. In the plane wave limit there is vanish- 
ingly small gain. 

Another theorem [6] relates the “second moment of 
the mean electron energy loss evaluated to first order 
in the optical field strength to the “mean 

energy loss evaluated to second order in the optical 
field strength 

= <(5y , 

dy 

where ymc^ is the electron energy. For all the magnet 
designs examined here, this theorem remains true. 
Recent papers and preprints [9, 10] have shown this 
theorem to have a broad range of validity. 

The main topic of this paper is the electron evolution 
in Gaussian resonator modes. We restrict ourselves to 
low gain so that the wavefront of the Gaussian optical 
beam is not significantly distorted by the single-pass 
laser amplification. While the complete problem of 
coupled optical mode and electron evolution can be 
complicated, optical resonators can be made suf- 
ficiently selective of the laser runs in a single mode. We 
are attempting to illuminate one aspect of the problem 
without the complicating effects of the other. Our 
analysis pertains more precisely to single-pass am- 
plifier measurements which are often used as pre- 
liminary tests in the development of free electron laser 
oscillators. 

Three important kinds of FEL are explored. The 
fundamental magnet design is a long periodic un- 
dulator. A tapered wavelength undulator uses a long 
alternating magnet design with a slight increase in the 
wavelength along its lenth [11-13]. The tapered un- 
, dulator is designed to extend the operating limit of the 
laser to higher powers, but introduces some loss of 
gain at low power. The last example is an optical 
klystron where the periodic magnet is split into two 
sections separated by a dispersive section [14, 15]. The 
optical, klystron is designed to give high gain at low 
power, but with some loss of gain at high power. 


1. Theory 

The form of an electromagnetic wave E{r,z) in a 
fundamental Gaussian mode [4] is 

1 . k 


E{r, z) = expli [fcz - 
vv(z) [ 


w^w-(z) 


— It 


2R{zl 


( 1 ) 


where w^{z) = {l + z^/Zp, R{z) = z + Zl/z, 
/;(z) = tan“ = is the Rayleigh length, 

Wg is the mode waist at z=0, k^lzll is the carrier 
wavenumber, r and z are cylindrical coordinates, and 
£g is the electric field amplitude. Although we will only 
consider the lowest-order Gaussian modes, results can 
easily be extended to higher-order modes in the 
Gaussian-Laguerre form using the following 
prescription ; 




^(2>. 


,j^y 

]/]. + 5o_,MI + p)'- \wow(z)/ 



/cos(/0)\ 

\sin(/0)j 


(2) 


ri(z)-*{2p + l+l)r}(z), 


where Lj, are associated Laguerre polynomials, 9 is the 
cylindrical coordinate angle, and / and p are integers 
labeling the mode [16]. 

In order to make better use of (1) it is convenient to 
shift the origin z = 0 to the beginning of the laser 
magnet (Fig. 1). Define L as the magnet length and 
introduce x — zIL, q = LfZQ = 2L/nw^. The new de- 
finitions mean that in (1) we now have 

w^(T) = H-q^(T-rj2, 

//(T)=tan"i[9(T-rJ], (3) 

R(t) = £(t - t J [1 + q' ^(t - t J - ^] , 

where t„, is the position of the Gaussian mode waist 
along the magnet length. We will take the mode to be 
centered (t„,= 1/2) throughout the rest of this paper 
since this point is near a broad maximum in gain. 
Writing the exponential in (1) in the form 
exp[i(kz-t-(^)] define 

1/2, ,4) 

where 0 = r/vvg. 

The simple undulator FEL has a helical magnetic field 
represented by Bicosk^z, sinfcgZ,0) where B is the 
magnetic field strength and k^^lnlk^ is the magnet 
wavelength. If the electrons are perfectly injected near 
the magnet axis their helical motion is given by 
Pj^ = —{K/y) (cos k(,z, sinkgZ.O) where pj^c is the trans- 
verse velocity, K = eBkQl2nmc^, and e = \e\ is the 
electron charge. We have assumed that the free electron 
laser has established a well-defined classical wave 
represented by (1). Furthermore, the wave has taken 
the form for a Gaussian beam through successive 
reflections from spherical resonator mirrors. We 
assume only the fundamental mode is present for 
simplicity. Generalizations from this work are straight- 
forward. 
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In the presence of both the static magnetic field and the 
Gaussian optical wave, the electron energy changes 
according to y = - epj. • E(r, z, t)/mc where E(r, z, t) 
= £(r,z)eexp(-icut), e=-(l,i,0) is the polarization 
vector, and co = kc is the carrier frequency. The 
transverse motion of the electrons allows efficient 
energy exchange with the purely transverse radiation 
field h). [We note that the transverse form (1) is 
approximate and provide justification for this approxi- 
mation in Appendix A]. When the optical and magnet 
forces are nearly resonant, the resulting rate of energy 
exchange evolves slowly. The electron phase in the 
combined optical-magnet potential well is given by 
((t)=(k + ko)z(t)-o)t. When the number of magnet 
periods N is large, the resulting changes in y are small 
and the electron equation of motion takes the form of 
the pendulum equation. 

C = v = a(T)cos[C + <^)(t)], (5) 

where from now on C) = d{)ldx,z = ctfL = z/L is the 
dimensionless interaction time, v = C = L[{k + ko)P^ — k] 
is the dimensionsless electron velocity, a{x) = aQ 
exp [ — g^/w^(r)]/w(T), and aQ = 4nNeKLEo/y^mc^ is 
the dimensionless optical wave amplitude. (In a 
linearly polarized magnet the coupling in is mo- 
dified [17]; where Jq i are 

Bessel functions of the first kind and 
^ = K^/4[l + K^/2].) The dimensionless time x varies 
from 0 to 1 during one pass through the laser magnet 
of length L = NAq. The electron coordinates (C,v) fol- 
low pendulum phase space paths with parametrically 
changing amplitude a(x) and phase </i(t). The separatix 
is given by curve = 2a[l + sin (Cj + </>)] (Fig. 2). Each 
periodic section of phase space corresponds to the 
distance AAg/fAg + A)« A, the optical wavelength. The 
dimensionless electron velocity v measures the re- 
sonance between the optical wave and magnet forces. 
If v = 0, exactly one optical wavelength of light passes 
over an electron as it passes through one magnet 
wavelength and the forces are resonant. The initial 
value V(j = v(t = 0) is important in determining whether 
a monoenergetic electron beam “loses energy to” or 
“takes energy from” the optical wave, and therefore 
determines the gain, v,, is called the “resonance param- 
eter.” When Zq-^oo, then w->l, q-*0 and <p-*0 and (5) 
is exactly the pendulum equation. The parameter 
q = L/Zq compares the length of the magnet L with the 
Rayleigh range Zg. Significant changes in the Gaussian 
beam waist w and phase (f> are measured by the size of 
q. Our problem is the more complicated electron 
evolution that occurs when a(-r) and (j){x) are para- 
metrically altered because of the Gaussian optical 
beam with q>0. 

To illustrate some of the effects of the Gaussian beam, 
consider q 1 so that we almost have plane waves. 


PHASE SPACE IN GAUSSIAN MODE = 

l'' T = 0 i'' T = l/3 


sF 



Fig. Z The evolution (t = 0-»1) of ten sample electrons starts at 
v„ = 5 in the (C,v) phase-space. The self-consistent separatrix 
acts as a guide to the distortion of phase-space paths caused by the 
optical mode structure. Increased fields cause an increase in the 
separatrix height and the shifting phase (^(t) moves the 

separatrix along the (-axis. Spreading in v and bunching in the 
(-coordinate are visible at t = 1 

With q<l, w = 1-fO((J^) and — q(l— ( t— 1/2). 
Now consider weak optical fields Ug < 1, so that we can 
make a perturbation expansion in powers of Og. To 
lowest order v'°^ = Vg and = + To first order 

in flg 

= ag e" cos {Co + 2 ^( 1 - ^^) + [vo-qU-g^)] ^} • 

new field new phase new resonance ^ ^ 

parameter 

The role of the non-planar Gaussian beam now be- 
comes quite clear. The field strength or amplitude of 
the modified pendulum equation contains the expo- 
nential factor e'*'^ (where q = r/Wg) which simply dimin- 
ishes the field driving an off-axis electron. The electron 
also has a new initial phase but since the beam is 
uniformly spread over each optical wavelength the 
shift in each phase is inconsequential. The average 
energy loss is found by expanding to and averaging 
uniformly over the initial phases 0 < Cg < 2n. 

The interesting modification is the shifted resonance 
parameter Vg-+[vg — q(l — which cart cause a 
measurable change in the operation of the laser. The 
average loss is maximum when 

Vg®*= 2 . 6 -f q(l - 0 ^) is shifted to a higher resonance 
parameter by the Gaussian beam with q>0. If we 
assume this energy loss is the nominal gain in the wave 
energy, gain is proportional to — <v‘^’>/7tWg [5]. The 
factor TTWg appears because the optical wave’s energy is 
proportional to its transverse mode volume. In weak 
fields, the nominal gain spectrum ^(vg) has the form 
[l-cosvJ-v 5 (sinv$)/ 2 ]/v 5 ^ where vj = Vg -g(l - 0 ^). 
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The point of zero gain, vj = 0, is now shifted away 
from the exact resonance by an amount q(\ —Q^). This 
means, for instance, that a Gaussian mode storing ra- 
diation of frequency co will not have its gain spectrum 
centered about the traditional value of resonance Vo=0. 
The reason is the shifting phase <j){x)= —q(l —g^) 
(t — 1/2) of the Gaussian optical beam illustrated in 
Fig. 1. The effect occurs because the Gaussian beam 
mode is actually a superposition of plane waves. 

In order to further illustrate the effects of Gaussian 
beams on electron dynamics, we can follow the evolu- 
tion of sample electrons in phase space. The phase- 
space coordinates for each electron are iCpVj) in the 
phase space {(, v). In Fig. 2 we show the evolution of 
ten sample electrons initially spread uniformly over 
one optical wavelength at the mode axis (p = 0) with 
q=4. We will show later that a mode with qx4 
maximizes the possible energy extraction from the 
electron beam. The electrons begin their evolution at 
r = 0 at the energy Vq = 5. The fields are weak 
(aq < V5/4) so that the separatix given by does not 
intercept any particle’s path. As t-> 1 (the end of the 
laser) an energy spread is acquired, and we can see a 
small amount of bunching of the electrons. The sepa- 
ratrix is shown as a guide to the evolving phase-space 
paths. The distance between critical points is fixed at 
2n as usual, but the height of the separatrix is 2{aJwY'^ 
and visibly changes throughout the interaction. As the 
mode waist w(t) decreases, the height of the separatrix 
increases. This effect is comparatively minor since the 
height of the separatrix is only proportional to >v” A 

much more important effect is the phase change 4>(z). 
This causes the separatrix to shift to the right. 
Electrons must then start at a higher phase-space path 
(larger Vg) to compensate. The case shown for q = 4 
requires Vg = 5 instead of the usual Vg = 2.6 to give 
nearly maximum energy loss. 

For large q we cannot expand w(t), but we can still 
expand the pendulum equation in weak fields Ug, 
integrate, and phase average to get the electron energy 
extraction or efficiency. The first-order phase-space 
coordinates are 

C * >(r) = i dx' J dx"a{x") cos [(„ -f Vgt" -h <^(t")] (7) 

0 0 

and v‘^’(t) = (‘^’(t). The second-order is phase- 
averaged to give the net efficiency at the end of the 
laser magnet t = 1. 

= — 2 1 J I dx"a{x)a{x") 

000 

•sin[vg(r-T")-l-</>(T)q-<j!>(r")]. (8) 

This expression is compact but difficult to integrate 
analytically. The result is easy to integrate numerically. 


however, and will be done to all orders in the field «g in 
the next section. We first generalize the procedure to 
the more complicated magnet designs of the “tapered 
undulator” and “optical klystron”. 

The tapered undulator has a slow decrease in the 
magnet wavelength Ag along the magnet length 
[11,13]. The electrons then experience a changing 
magnet wavenumber so that /cg(t)=}=0. In a strong field 
flg, electrons can become trapped in the closed- 
orbit region of phase-space and experience a much 
larger energy loss than in the normal undulator. 
This free electron laser design works well at high 
power, but at the sacrifice of low power gain. The 
modified pendulum equation for the tapered undulator 
is 

^ = v=<5-ha(T)cos[C-l-^(T)], (9) 

where d = k’g(T)L. We have again assumed that 
yss const; the fractional energy extraction can be small 
and still much bigger than the normal undulator. We 
also consider a special case of tapering where 5 is 
constant. With this simplification, we retain the impor- 
tant features of a tapered undulator. The second-order 
efficiency is calculated just as for the undulator. The 
result is 

= — 2 j 1 1 dx"a(x)a(x") 

000 

• sin [vg(T - t") -1- \6(x^ - t"^) -I- (p(x) -h <t>(x ")'] . 

( 10 ) 

Setting d=0 we obtain the untapered result (8). The 
prescription for generalizing (8) to include tapering is 
(vot)— (voT-t-idr^). 

In order to understand the equations of motion for the 
optical klystron free electron laser it is necessary to 
briefly discuss the dynamics of the dispersive element. 
The dispersive section separates the first and second 
half of the undulator magnet. The purpose of the 
dispersive section is to magnetically deflect electrons 
away from the beam axis so that they fall behind the 
propagating optical wave in an energy dependent 
manner. In this way, a small spread in energies created 
in the first undulator section can cause electron phase 
shifts to bunch electrons in the second undulator 
section. This allows high gain in weak fields, but results 
in low gain in moderately strong fields ; the character- 
istics are just opposite to those of the tapered 
undulator. 

We first choose a convenient representation for the 
magnetic field in the dispersive section. Define Jf(z) 

=(e/tnc') 'l B(z')dz' so J^’{z) = eB(z)lmc-. With perfect 
0 

injection, = /y in the dispersive section, y is con- 
stant in the dispersive section since the motion through 
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B(z) is far from resonant with the optical wave. Since 
ymc' is constant, the transverse deflection causes jS.c to 
decrease giving rise to a net shift dC in the electron- 
optical phase at the end of the dispersive section with 
length d : 


large D makes a small Qq more able to bunch 
electrons. 

We now calculate the average energy extraction from 
an electron beam in a klystron with a superimposed 
optical mode. The equations of motion are 


AC = d 




-2^ 


(U) 


for large y. The first term in (1 1) is the phase shift which 
would occur in the absence of the deflecting magnetic 
field (/cq occurs because of the definition of Q and is 
less than the second term for a well designed dispersive 
section. For large y we have vxL\_kQ — k{l + K^)/2y^~\ 
and V can replace y which gives 


dC = v| 


[l + Sf^z)-] dz 


0 L 


( 12 ) 


The second term is large (~10^;r typically) but is 
independent of the electron energy, or v. A slight 
adjustment in the design of B{z) can make the second 
term equal to a multiple of 2k without seriously 
affecting the first term. Since the electron phase space 
is periodic in C with period 2;t, the second term can be 
dropped in this special case leaving the simple form 


AC = Dv, where 


„_/, [l + jT^(z)] ^ 
! (1 + ^^) L' 



It is easy to show [15] that D = where is the 

number of optical wavelengths from a plane wave 
which would pass over a resonant (v=0 calculated in 
the undulator) electron in the dispersive section. As an 
example we can take a specific design for the dispersive 
section. Let 


B(z)=<^ 


^0 > 
~ ^0 > 


0<z<d/4, 

d/4<z<3d/4, 


Bq, 3dl4<z<d. 


(14) 


d d z 

Note that jB(z)dz = 0, and J j B{z')dz'dz = 0, so that 
0 0 0 

there is no net transverse displacement, nor an angular 
displacement of the electron beam [15] in the disper- 
sive section. The dispersive section is described by 


D = 


d 


1 + 


mc^j 48 ’ 


(15) 


A typical design (£=100 cm, d = 20cm, Bq = 6 ki- 
logauss, and X = 1) gives Dx 10, so that a spread in 
~7t/Dss0.31 caused by the weak optical fields 
~7tV(,/D~0.8 of the first klystron section can actually 
result in bunches in the second klystron section. A 


V = fl(T)[l - 0 (t - Ti)0(r, - t)] cos [C + ^(-r)] , 

(16) 

C = v[1+B'.5(t-t,)] 

with £)' = /) — (tj — t,) and where 0(.v)= for ,x^0 

and 5(x) is the Dirac 5-function. The second equation 
governs the evolution of the electron phase C which 
changes sharply at the end of the dispersive section at 
Z 2 when the electron enters the second stage of the 
klystron. The optical wave does not drive electrons 
from the time it leaves the first stage t, to the time it 
enters the second stage Zj- 

To lowest order with no optical field present, the 
electron motion is given by 

V<«) = Vo, 

(17) 

= Co + + 17'vo 0(t - Tj) . 

The second order efficiency is again obtained by a 
perturbation expansion : 

< v<2)> = _ ^ I j dt' J dx" 'B(t)'B(t")[1 + DW - T^)] 
^00 0 

•sin[Z(T)-Z(T")], (18) 

where 

'B(x)= r-— [l-0(t-Ti)0(T,-T)], 

w(t) 

Z(t) = VqT -I- D' Vq 0(t - t 2 ) -I- (^(t) . 

Symmetric choices are (i) x, = 1/3 and t, = 2/3, or (ii) Tj 
— X 2 = 1/2 representing a very small d with D=f=0. In 
order to recover the results for the undulator from (18), 
let the dispersive displacement D-»0 and let r, ,> 1. 
Note that (8), (10), and (18) assume an electron beam of 
infinitesimal width positioned at radius g^r/wQ — O. A 
numerical integration over g is necessary for wider 
beams. 


2. Energy Extraction in Gaussian Optical Beams 

We now examine how energy extraction, or the no- 
minal gain, is modified by operating FEL’s in realistic 
Gaussian beams. The deviation of the Gaussian mode 
from a plane-wave is measured by the parameter 
q = L/Zq = LX/tzvJq. If ^ 1 the Gaussian mode is nearly 
a plane-wave. In this case the nominal gain spec- 
trum g(vo)oc — <v*^’>/7rwQOC — has the same 

shape as those previously published for the undulator 
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Fig. 3. The nominal undutator gain or energy extraction 
g(Vo)oc — is plotted in relative units versus the resonance 

parameter Vp in weak fields for q =0.2, 1, 2, and 5. As q increases the 
peak gain increases and shifts to larger Vg. The forward spontaneous 
power spectrum at each Vg is shown for reference. Note that ^Vg) is 
not proportional to the slope of the forward spontaneous power 



Fig. 4. The nominal optical klystron gain or energy extraction ff(vg) 
is shown in relative units for g = 5, D = 2, t, =0.42, and t,= 0.58 and 
is shifted away from resonance Vg = 0 by the Gaussian beam. The 
forward spontaneous power is shown for reference 

[5, 18], tapered undulator [11-13], and optical kly- 
stron [15]. We show here the modifications that occur 
in each gain spectrum g(vj due to nonzero q. We find 
that the maximum gain increases with q up to q s; 3 — 5. 
Thus, the Gaussian modes which are designed for 
maximum energy extraction actually lead to significant 
changes in the gain spectrum. 

When q 1, (8), (10), and (18) can be expanded in q and 
complicated analytical results are obtained. However, 


as q-*0, q(V(,)->0; so the plane-wave design is poorly 
optimized and uninteresting. More realistic work for 
larger values of q requires numerical analysis. The 
equations of motion (5), (9), and (16) are therefore 
solved numerically in this section to present the gain 
spectra in weak fields Qq for electron beams of in- 
finitesimal width. 

Figure 3 shows q(vg) in the simple undulator. Four 
gain curves are shown for different values of q=0.2, 1, 
2, and 5. When q=0.2, the system behaves as if the 
laser were amplifying plane waves. q(vg) is nearly 
antisymmetric, and q(vp) peaks at Vqx2.6. However, 
when q is increased, q(vg) is shifted to higher Vg and 
peak gain increases. At even larger q-*5a. distortion of 
the curve shape becomes evident ; the absorption peak 
is slightly larger than the gain peak. At higher q>5 
(not shown), the shifting continues, but peak gain 
decreases. 

For reference, the shape of the forward spontaneous 
emission spectrum is shown in Fig. 3. Spontaneous 
emission power is shown as a function of Vg at a given 
wavenumber k. The spontaneous power for the un- 
dulator peaks at Vg =0 and is independent of q. As can 
be seen q(vg) is not proportional to the slope of the 
forward spontaneous power spectrum when q+0 and 
therefore is not in agreement with the wide spread use 
theorem in [6]. 

We next move to the example of an optical klystron. 
Because of the complexity of q(vg) only the example 
q = 5 is shown in Fig. 4 for the parameters D = 2, 
Ti= 0.42, and T 2 = 0.58. Again the gain spectrum is 
clearly shifted from the derivative of the forward 
spontaneous emission spectrum. Note that the amount 
of shift in the resonance parameter is about the same as 
for the undulator at the same q = 5 (Fig. 3). 

Our final example. Fig. 5, shows the tapered undulator 
gain spectrum for q=0.2, 1, 2, and 5. When q=0.2, the 
gain curve is located to the left of resonance Vg =0 and 
the overall gain is smaller than for the undulator. As q 
increases, the available peak gain increases signi- 
ficantly and the gain spectrum shifts towards re- 
sonance. There is also a distortion in the shape of q(vg) 
evident at q = 5. Curves with q>5 distort further and 
decrease in peak gain. 

In the FEL designs presented, we can search through 
Vg for the maximum available gain as a function of q. 
We seek to optimize g(vg) in the (vg, q) plane. Figure 6 
plots the gain in relative units as a function of q" ‘ with 
Vg chosen for maximum q(vg). For q”‘ large we have 
plane waves. It is well known that the tapered un- 
dulator has less gain than the undulator, and the 
optical klystron has more gain than either of them. 
With increasing q the Gaussian modes become more 
pronounced, and we see that the tapered undulator 
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Fig. 5. The nominal gain or energy extraction g{v^) of a tapered 
undulator with 5 = 5n is shown in relative units for q = Q.2, 1, 2, 
and 5. Peak gain is significantly increased and shifted to higher v„ 
when q increases. The forward spontaneous power is shown for 
reference 

gain first drops off sharply after qv2.5. The undulator 
then drops off more slowly after qx3, and the optical 
klystron sustains its broad maximum to q'^5. 
Surprisingly, the peak gains in these quite different 
magnet designs are all near q»5 = LIZfy This figure 
can be useful to experimenters when chosing the 
optical resonator mode for their particular magnet 
design. 

Figure 7 shows how gain can be affected by electrons 
entering the laser off-axis. Four gain curves are pre- 
sented for Q = r/wQ=0, 0.4, 0.7, and 1 with q = 5. As g 
increases, the energy extraction decreases because elec- 
trons are moving outside the mode to weaker optical 
fields. In addition, the peak of the gain curve is shifted 
back towards resonance Vq= 0. Electrons off-axis en- 
counter smaller phase shifts than when on-axis. This 
trend was predicted in (6). The gain curve for a real 
beam with a transverse dimension will be the average 
over gain curves like those in Fig. 7. However, since 
electrons on-axis have the maximum gain, the resulting 
gain curve will have a shape close to the ^=0 case. 

3. Experimental Implications 

The results of this paper lead to many new features 
which can be experimentally observed. Gaussian opti- 
cal modes will cause a shift in the gain spectrum g(vg) 
away from the derivative of the forward spontaneous 
emission spectrum. This is not the usual conclusion 
derived from a widely used theorem [6], and occurs 
because the Gaussian mode contains off-axis spectral 
components which alter the resonance condition. 





Fig. 6. The peak gain or energy extraction (in v^) is plotted in 
relative units versus q~'. For small q (plane waves) the gain in each 
magnet design falls off like q. The highest gain design, the optical 
klystron, sustains high gain to quite large q and peaks at 9 3:5. The 
undulator gain peaks for 9«3, while the tapered undulator gain 
drops off after qaZS 



Fig. 7. The nominal undulator gain or energy extraction g(vg) shows 
the affects of injecting electrons off-axis at g = r/wg = 0, 0.4, 0.7, and 1 
for 9 = 5. Gain decreases and is shifted back towards resonance 
Vg =0 as predicted by (6) 

Experiments in Orsay will explore the undulator and 
klystron magnet designs, while groups at TRW, 
Math Sciences Northwest, and Los Alamos National 
Laboratory are planning to explore the tapered 
undulator design. 

It might be noted that the shift in the weak-field gain 
away from the forward spontaneous power does not 
constitute a problem for FEL oscillator start-up. The 
characteristic range of angles in a Gaussian modes is 
50 « \/ qX/2nL which results in a characteristic shift in 
the resonance parameter by 5v s; — 4nNy^56^ a: - g in 
agreement with (6). Therefore, the shift in the gain 
curves of Fig. 3 through 5 is such that the off-axis 
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Fig. 8. The peak gain (in v,,) is plotted versus q ‘ for a = 0.5, I, 2, 5, 
and 10. As m = (vija)\/ qj2 increases, characterizing narrower elec- 
tron beams of width a, gain increases until a a: 5. For a > 5, the beam 
is a filament. The best available gain occurs at smaller q when a(<r) 
decreases ; larger electron beams work better in wider modes 

plane-wave components of a rapidly diverging 
Gaussian beam (large q) experience gains comparable 
to the plane-wave components of a slowly diverging 
beam (small q). 

The reasoning presented here gives a procedure for 
designing PEL cavities. As we have shown, for an on- 
axis electron ^=0, there is a value of q that gives 
maximum gain (Fig. 7). This value of q can be selected 
by proper choice of the mirror’s radius of curvature 
and spacing. An estimate of the best q has been made 
by calculating the minimum cavity mode cross-section 
averaged over the whole undulator length [19, 20]. It 
was found that the best overlap with the electron beam 
occurred for q equal to 2 1/3 ; close to our numerical 
optimum of qw3 for an undulator. However, the 
actual optimum q depends on the magnet design and 
on the transverse size of the electron beam. Suppose 
the electron beam is perfectly aligned along the cavity 
mode and has a Gaussian shape with transverse 
standard deviation a. Define the dimensionless param- 
eter cc= ]/ XLllna^ - {wja) ]/ qjl. Figure 8 plots the 


Table 1. New filling factor /(</. x(a)) with 



z= 10 

■^=5 

a = 3 

a = 2 

a=l 

9'’ = 100 

1.00 

1.00 

1.00 

1.00 

1.00 

<j' ' = 10 

1.00 

1.00 

1.00 

1.00 

1. 00 

q-‘= 5 

1.00 

1.00 

1.00 

1.00 

1.00 

q-'= 3 

0.99 

0.99 

0.99 

0.99 

0.99 

?-'= 2 

0.97 

0.98 

0.98 

0.98 

0.98 

?■'= 1 - 

0.87 

0.88 

0.90 

0.91 

0.94 

q-'= 0.8 

0.83 

0.84 

0.86 

0.89 

0.93 

q-'= 0.6 

0.74 

0.76 

0.80 

0.84 

0.89 

q''= 0.4 

0.55 

0.59 

0.65 

0.72 

0.79 

q-'= 0.3 

0.41 

0.46 

0.54 

0.62 

0.70 


gain in relative units as a function of with Vq 
chosen for maximum gain {g{q,oi)} andfora=0.5, 1,2, 
5, and 10 ([ } is now averaging over the transverse 
electron positions). As a decreases (that is as the beam 
size increases) the maximum gain occurs for a smaller q 
and the maximum becomes broad. 

In the gain calculation the overlap of the electron and 
light beams can be taken into account by defining a 
filling factor F(a) = ll{\vl+Aa^) such that the maxi- 
mum final gain {g{q = 0, a(cr))} oc F(a)g(q = 0, <r = 0). This 
filling factor F(<r) agrees with our calculation when 
q<|l, but for q>l there is a correction /(q,a): 

{ g{q, flt(ff)) } cc F{a)f{q, ct(ff))g{q = 0, tr = 0) . (19) 

Values of fig, a) for an undulator are given in Table 1 
below. 

The shift of the gain curve calculated for the Orsay 
experiment with the superconducting undulator [19] 
was too small to be seen ; however this is not expected 
to be the case in the new series of experiments, where 
the following parameters are applicable: cr~0.3mm, 
A~0.5pm, L~ 1.3m, Ao~8cm, ymc^~240 MeV. 
Therefore with a~l Fig. 8 shows maximum gain 
occurs for q~^^0.6. For a 5.5m distance between 
mirrors (l/4th the storage ring perimeter) we get an 
optimum cavity mode for a mirror radius of curvature 
i?^~3m. This value is a larger than i?,. = 2.8m giving 
q~2]/3 and has the advantage of leaving the cavity 
more stable [4] (the stability limit being = 2.75 m). 
At this optimal cavity mode /((y" ' =0.6, 1)=0.89. 

The gain curve is shifted to the higher electron energies 
by 5ymc~~ymc~/.^q/4nL = l.i MeV. Equivalently the 
wavelength for maximum gain is increased by 
6A/A%Aog/27rZ,«0.016. This shift is easy to measure 
since it is going to correspond to a one period shift of 
the fine structure in the gain curve of the optical 
klystron with D~4. 

Finally it is to be noticed that we only predicted the 
gain curve changes for colinear electron and photon 
beams. Misaligned beams add further modifications 
which can further reduce gain. 


z = 0.5 

j = 0.3 

z = 0.1 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.95 

0.96 

0.96 

0.94 

0.94 

0.94 

0.90 

0.90 

0.90 

0.80 

0.81 

0.80 

0.71 

0.71 

0.70 
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Appendix 


Neglecting the Longitudinal Electric Field in Gaussian Beams 

In the derivation of Gaussian resonator modes it is assumed that the 
amplitude and phase of the optical wave are slowly variyng along the 
length of the cavity axis and that the electromagnetic wave is purely 
transverse. At the same time the optical wave is not traveling 
precisely along the cavity axis, but expands outward from the waist 
to the mirrors. The modes actually violate Maxwell’s equations since 
a small longitudinal component of the field is neglected. The 
question arises as to the work done on electrons by the actual 
longitudinal electric field of Gaussian modes. 

In order to estimate the longitudinal electric field we use V • E = 0. In 
this estimate let £,. = 0 and assume q — LtZ^, is small. Then the 
transverse field component 

( 20 ) 


and the longitudinal field is 


£|i- 


dEpe'*-' 

fcWp 


Wo 


( 21 ) 


We find the work done on an electron in the whole undulator is non- 
resonant and is given by 


dV||mc^ = e£o2p 


\ ttZp' /■ 


( 22 ) 


This energy change has been previously neglected. It is relevant to 
compare dvn to the work done by the transverse fields in the 
Gaussian modes. In this case the interaction is resonant and the ratio 
is 


dVii yre--*'-^ 

dvj. kKIVZo ■ 


(23) 


Typically y/nKN~l, but r/Zg-^l for electrons in the Gaussian 
cavity. Therefore, the longitudinal optical field is always negligible 
compared to the transverse field in FEL. 
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OPTICAL PULSE EVOLUTION IN THE STANFORD 
FREE ELECTRON LASER AND IN A TAPERED WIGGLER 
W.B. Colson 

University of California 

INTRODUCTION 

The Stanford free electron laser oscillator*"^ is 
driven by a series of electron pulses from a high quality 
super-conducting llnac. The electrons pass through a trans- 
verse and nearly periodic magnetic field, a "wlggler", to 
oscillate and amplify a superimposed optical pulse. See 
Fig. 1. The rebounding optical pulse must be closely synch- 
ronized with the succession of electron pulses from the 
accelerator, and can take on a surprising range of structures 
depending on the precise degree of synchronism. Small 
adjustments In desynchronism can make the optical pulse 
either much shorter or longer than the electron pulse, and 


/ 


can cause significant subpulse structure. In the first part 
of this chapter, the oscillator start-up from low level 
Incoherent fields Is discussed. In the next section, the 
effects of desynchronism on coherent pulse propagation are 
presented and compared with the recent Stanford experiments. 

In the last part, the same pulse propagation effects are 
studied for a magnet design with a tapered wavelength In 
which electrons are trapped In the ponderomotlve potential. 

There Is a good deal of theory on free electron 
lasers and the tapered wavelength wlggler. Recent collections 
of research papers cover the most Important topics.'*’^ 

Specific work on short pulse propagation started with the 
original experiments,’’^ and was followed shortly after with 
the quasi-Bloch theoretical description of "lethargy."® 

Later, the multimode Hamiltonian picture of pulse dynamics 
was developed.* Concurrently, the single-particle electron 
model® was coupled to Maxwell's non-linear wave equation.® 

This last-named approach has proven to be a clear and 
accurate method In both weak and strong optical fields. 

The wave-particle equations are reduced to contain only four . 
Independent parameters to allow scaling to other free 
electron laser systems. Improved theoretical and experimental 
techniques have brought excellent agreement between them. 

All predicted qualitative trends” have been confirmed by 
experiment, and quantitative agreement Is as good as can be 
meaningfully ascertained from the available measurements. 

These trends characterize how the laser power spectrum, pulse 
shape, and electron velocity distribution all depend on the 
electron-optical pulse desynchronism. Limit cycle behavior 
and complicated pulse structure are presented. 

The tapered wlggler pulse problem explored here shows 
similar trends. The growth from weak fields is shown not to 
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Fig. 1. A succession of electron pulses Is Injected Into the 
resonator to overlap a rebounding optical pulse. The 
synchronism of the pulses Is adjusted by moving the 
end-mirror an amount AJt .' While "wiggling" through 
the transverse periodic magnet In the presence of the 
superimposed light, the electrons bunch within each 
optical wavelength to drive the radiation field. 

be a problem as previously reported, but the steady-state 
operation may not lead to the expected electron trapping when 
desynchronism Is not optimized. Optical subpulse structure 
Is observed for both the tapered and untapered wlgglers when 
fields are large. This may be an example of the Kroll- 
Rosenbluth'^ sideband Instability proposed earlier. If so, 
we find that this Instability Is not limited to tapered 
wlgglers, but can occur under much more general conditions 
than anticipated. 

OSCILLATOR "START-UP" DISCUSSION. The Stanford llnac pro- 
duces a sequence of ~2 x lo'' electron pulses spaced X = 25 m 
apart. Initially, no light is present In the resonator, but 
magnetic bremsstrahlung Is emitted from electrons "wiggling" 
through the periodic magnet of wavelength = 2Tr/k^ = 3.3 cm, 
length L = NX^j 5.3 m, and field strength B = 2.3 kgauss. 
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The resonator mirror spacing must be sufficiently close to 
X, /2 to ensure that the spontaneous emission of magnetic 
bremsstrahlung repeatedly builds on the same synchronized 
optical pulse. The build-up from the start of the electron 
pulse to just before laser saturation requires n.j. ~ 1800 
passes. ’ 

The quantum mechanical forward transition rate for 
bremsstrahlung per unit solid angle dfl Into the dimensionless 
frequency interval d\)|^ = 2irNda)/io is 

dW 1 » , r sin(v^^/2) 1 

I 9=0 ° 2nd + K*) 

where X = 2nc/io = 2n/k « 3.3 gm is the radiation wavelength, 

a = e^/fle Is the fine structure constant, K = eBX /2iTmc* = 

o 

0.71, Yn>c* = 43 MeV Is the electron energy, and = 

Llk^ - k(l + K^)/2y*I Is the dimensionless frequency referenc- 
ed to the magnet design and electron energy. For a long 
magnet, light is emitted Into a narrow (~1/2N) frequency range 
about w = Zy^kjj c/(l + K*). The number of photons emitted 
into dfidVj^ by one electron In a single pass is L/c times the 
differential transition rate (1). The radiation cone for 
relativistic beams has a small angular width 9 < y”* so 
fdQ ~ tt 9*. We estimate the solid angle collected by the 
solid angle of the Stanford end-mirror (-4 cm diameter) at 
an average distance of 6 m: 9=2 cm/600 cm = 3.3 x 10”*. 

Both the classical and quantum mechanical gain 
calculations'*’’'' show that photons with S 0 lead to 
stimulated absorption and photons with S 0 lead to stimu- 
lated emission. Integrating over the positive gain modes 
gives W^, the number of transitions per pass for one 
characteristic electron: 

*/ 



= TrNalY6K/(l + K^)l^ , (2) 

where = 0.07 for the Stanford experiments.’ Note that for 
any value of the magnet field K, It Is not at all likely that 
an electron emits even a single photon In the forward direct- 
ion as It passes through one magnet period. Therefore, for- 
ward magnetic bremsstrahlung cannot be a classical process In 
free electron lasers even though a classical calculation gives 
the correct average rate. After several passes the radiation 
will spread out from the electron beam to begin to form the 
resonator mode. The density of the emitted photons Is pFW.j,n 
where n Is the number of passes, F « .075 Is the "filling 
factor" “ (electron becim area)/ (average density optical mode 
area), and p = 2 x lO’" cm”’ Is the Stanford electron density. 

A particularly relevant volume element for photon 
counting la one of length NX and cross section X’. The 
classical gain process requires that N coherent wavelengths 
of light pass over an electron during a single pass through 
the magnet so that all electrons sample the volume element 
nX’, If optical phase fluctuations occur within the slippage 
distance NX, a "gain" electron can become an "absorption" 
electron. Net gain results when the ensemble average of 
electrons drive the optical wave amplitude. After each pass 
the photon number r| In the volume element NX’ Increases by 
An = PFNX’Wj = 0.6 photons/pass. Each volume element also 
suffers a measured’ -2.8% loss per pass due to the transmis- 
sive end-mirror. Together with some gain g(?D that might 
be present In the laser, .the growth of the average photon 
number n over many passes Is described by 

^ = An + (g(n) - Q"')n (3) 


where Q = 35 describes the 2.8% loss and. n Is the pass number. 

The early growth of radiation when rf << An/ (g - Q”’) 

Is given by n(n) * nAn and Is Independent of either gain or 
loss. Gain g = .05 - .06 Is measured* In the later stages 
of evolution In the Stanford experiment when 7i = 10®. But 
this gain cannot persist to arbitrarily weak fields because 
electrons will experience an optical phase uncertainty due to 
low photon number: 64>6n > 1- This decrease In optical coher- 
ence length N^X In effect corresponds to a shorter magnet 
length and decreases gain. As an example, consider evolution 
at n ~ 20 photons with Poisson statistics so that fin “ 0 ^ 

~ 5 and £<1> ^ 0.6 tt. These phase fluctuations would certainly 
decrease gain, but just how much Is not yet clear. The 
classical low-gain formula In weak fields® Is Independent of 
n and therefore wrong for very low 0. g(0) must decrease to 

zero as 0 -*■ 0. 

During normal gain, growth progresses to saturation 
at n ” 3 X 10® photons, and has been analyzed classically. 

If the measured g = .05 Is used in (3), the number of 
passes necessary for saturation is n^ ~ 700 which Is lower 
than the value n^ = 1800 measured In the experiments. How- 
ever, if we postulate that the average gain Is diminished to 
g = .035 due to phase fluctuations at low photon number, then 
(3) gives n.j. ~ 2000. A more careful analysis of just how 
g(n) evolves at low photon number Is needed, but since n.j. 

Is so sensitive to g just about any decrease will explain 
the observed n.j. For Instance, In the next section the 
optical pulse shape is seen to evolve and exhibit different 


This gain® Is lower than expected from the fundamental gain 
formula® because of short pulse effects, but can be calcu- 
lated numerically as will be shown In the next section. 


amounts of gain while taking on different shapes. This 
alone could explain why the specific gain measured at a 
single point in the evolution of the system is not consis- 
tent with the n^ observed. Regardless of these complications, 
our main point here is that g(n) should decrease at low n due 
to quantum phase fluctuations. Although the full explanation 
of n^ remains as a more complicated problem, quantum fluctua- 
tions will Increase n.p (by decreasing g(n)) over the classi- 
cally calculated n.p. 

STANFORD PULSE PROPAGATION. We now study optical pulse 
evolution after the electromagnetic wave has developed signi- 
ficant coherence. The goal is to calculate a final optical 
pulse shape which reproduces itself after many passes in 
steady state. The result is the "fixed point" or "limit 
cycle" solution to this complicated classical non-linear 
problem. 

The derivation of the coupled non-linear wave equation 
and the self-consistent electron "pendulum" equation has 
been presented elsewhere’”'* but is reviewed again here. The 
helical magnet is represented by B(cos k^z, sin k^z, 0) on 
axis. If electrons are perfectly Injected near the magnet 
axis (as we will assume) their helical motion is = -(K/y) 
•(cos k z, sin k z, 0). The corresponding optical wave has 
the form A(x,t) = k”'E(z, t) (sin T, cos T, 0) where X is the 
vector potential, w = kc is the carrier frequency, E(z,t) 
is the optical electric field strength, T = kz - cot + (Kz,t), 
and (|)(z,t) is the optical phase. After the coherence of this 
wave form is established, its amplitude E and phase ji can 
still evolve in shape and time. 

In the presence of these fields the electron energy 
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ymc^ changes according to dy/dt = (eKE/ymc)cos (^ + i|)) where 
the electron phase is C = (k + k^)z-o)t. When the number of 
magnet periods is large the resulting changes in y are small 
(6y/y < 1/2N). In this event the electron equation of motion 
becomes the pendulum equation:®’’’ 

’c’ , = V,, = |a(z)|cos(C , + (Ms)), (A) 

z z z 

whbre s' = z + s(t - *i) , T ■= ct/L, ( ) = d( )/dx, v S C is 

the electron's dimensionless velocity, a = |a|e^*^, |a| = 

4zNeKLE/y'’mc* is the dimensionless optical field amplitude, 
o 

and y^ the initial electron energy. The position s = z/A 
and the "slippage" s = NX/ A have been normalized to A, the 
electron pulse half-width at half-maximum. The dimensionless 
time X changes from 0 to 1 during one pass through the laser 
magnet. The height of the closed orbit separatrix in the 
dimensionless pendulum phase space (c,v) la 2|ap. 

The optical wave is driven by the total beam current 
which is the sura of all single particle currents determined 
by (A). The resulting changes in a(z) then act back self- 
consistently to alter the electron phase space paths. The 
slowly varying amplitude and phase approximation describes 
an envelope a(a) that evolves slowly over optical wavelengths. 
The terras in Maxwell's wave equation involving double deriva- 
tives (E,5>,E" ,e|, etc.) are negligible compared to terms 

involving single derivatives. The wave operator (3/3z 
+c ’d/dt) is made into a single derivative L '3/3x by sub- 
stituting z = a + ct and t = xL/c (the method of characteri- 
stics), Projecting out the slow driving current the wave 
equation becomes 

a(z) = 

? 


(5) 



where c(a') ■=■ r^j(l-*3(s ' ) ^ I is the dimensionless electron pulse 
shape with s ' “ 3 + s (t - *i) , r^ = 8N(TreKL) ^p^F/y^rac^ , and 
Is the actual peak electron density at position 3 *“ft The 
average value of re at the position s' Is taken over 
sample electrons labeled by their Initial phase space co- 
ordinates (C ) and Is denoted by < > , . As electrons 
o o 3 

evolve in the pendulum phase space, they can at most move a 
few optical wavelengths relative to the electron pulse 
centroid. This redistribution of charge affects <e~^^> 
locally, but Is not sufficient to alter the pulse shape which 
Is many wavelengths long. The electron pulse shape given by 
t( 3 > remains fixed throughout the evolution x = 0 1, but 

drifts back In the coordinate s by a distance s. We have 
taken r(s) to be parabolic with a half-width at half-maximum 
of unity (r(l) = *3^^)- Previous pulse propagation 
studies* ° * used Gaussian shapes for r(s), but real pulses 
from accelerators are probably better described by a shape 
without extended tails. Furthermore, a real three-dimensional 
pulse becomes narrower In the transverse dimension as the 
on-axls density decreases away from its peak. The narrower 
regions of the beam have Increased diffraction losses (the 
optical wavefront spreads beyond the transverse width of the 
end-mirror), making the cutoff parabolic density an even more 
reasonable representation of the system. The coupled non- 
linear equations (4) and (5) form the basis of our problem. 
They are valid for low gain and high gain systems (r S lO’) 

In both weak and strong optical fields (10”^ < |a| < lO**). 

A "fresh" electron pulse enters the resonator cavity on 
each round trip bounce of the optical pulse. The new 
electrons are uniformly spread over between -v/2 and 3 tt/ 2 
covering one closed orbit section of the separatrlx. The 
separatrlx Is given by the locus of phase space points 


(C„tV ) at 3 satisfying = 2|a(3)|(l + sln(^ + (Ha)). 

The Stanford beam is nearly monoenergetlc so that each 

electron starts with the same Initial dimensionless velocity 

Vjj = 2.6 called the resonance parameter. This gives maximum 

gain g =■ (afinal/“o “ i) “ O-l^r^ for low current (r^ < 20) 

and Initially weak uniform fields a^ (si). Alternatively, 

selecting = 2.6 can be thought of as predicting the 

carrier wave frequency u) which will first establish coherence 

by means of mode competition. After the electrons are 

started at x =0 the pendulum equation (4) forces them to 

"bunch" In response to the presence of the optical wave. 

When this bunching is around ^ s it the optical wave grows 

according to (5). To illustrate the electron phase space 

dynamics, Fig. 2 shows twenty sample electrons starting at 

V =? 2.6 In strong fields a = 30 with r =1. Here the 
o o o 

pulse structure Is Ignored (A ") . Maximum gain g(x) occurs 
near T~h and "over-bunching" actually absorbs light near 
T ~ 1. The net gain and phase shift are diminished in 
strong fields causing saturation. 

It has been shown'* that the form of equations (4) and 
(5) applies to a linearly polarized magnet and its on-axls 
harmonics as well as to the helical magnet. The proper 
transformation to the f'’*' harmonic in a linearly polarized 
magnet Is |a| *s|a| In (4)j ^ -v f^ in both (4) and (5); 

and K^(J^(fC) - both |a| and r^ where 

C = kV4(1 + isK^) and e = (f - l)/2. 

Integration of (4) and (5) with respect to x starts 
with a wave form on the n*'*’ pass and gives a new modified 
wave form for the (n + I)*'*’ pass. Only two parameters govern 
this change: the nominal gain r^ = 1.6 and the slippage 
s = 1.2 for Stanford. After passing through the laser magnet, 
the optical pulse then strikes the resonator mirrors. The 
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to 





PHASE SPACE EVOLUTION 


Fig. 2. Twenty sample electrons representing a current 
density r = 1 start at T = 0 with dimensionless 
velocity V in the self-consistent pendulum phase 
space The self-consistent separatrlx is 

drawn for reference to the evolving phase space 
paths. For strong fields a^ = 30 there Is bunching 
near C ~ a at T ~ However, because the electrons 
perform a full synchrotron orbit about C ~ a/2 there 
Is a decrease In gain g(t) at T = 1. The phase 
shift iKt) 1s also shown. 


end mirror has some small transmission which is described by 
a resonator Q such that a^(n) “ e In the absence of gain. 
A value of Q = 35 is measured at Stanford. 

In the Stanford experiment one of the resonator mirrors 
can be moved to adjust the synchronism between the electron 
and optical pulses. The length adjustment bJi Is again 
normalized to A and defines the desynchronism d ■= ijj t- With 
no gain or loss the optical pulse would advance by a distance 
2d with respect to the electron pulse on each pass. The many 
experimental parameters of the Stanford pulse problem* have 
been grouped together leaving only four Independent 


dimensionless variables: r =1.6, Q=35, s=1.2, and d 

o 

spanning the range 0 ->■ 0.1. 

The procedure for solving (4) and (5) Is to start the 
oscillator from coherent weak fields (a^ = 1) with either a 
Gaussian or uniform optical pulse shape. The goal of 
Iteration Is to find an optical pulse profile which reproduc- 
es Itself on successive passes n. This Is either the "fixed 
point" or "limit cycle" solution to our non-linear pulse 
problem. Typically a solution is reached after about 500 
passes, and we observe the pulse to about 1000 passes. 

The role of the phase profile :()(3) Is to change the optical 
pulse frequency. When ij)( 2 ) acquires a linear slope in z, 
this can be directly interpreted as a change in the optical 
wave number and hence the resonant parameter through 6v = 

-s (j)’ (z) . We define as the modified resonance 

parameter. Typically we find 6v moves the laser from = 
2.6 to U]^ ~ / which gives higher gain in strong fields. The 
final "fixed point" behavior is Independent of the starting 
field strength a^ and resonance parameter since we can 
alter tliese variables and arrive at the same solution. 

It Is instructive to consider the gain curves g(Vjj). 

We again Ignore the pulse structure here. In weak fields 
(a^ < 1) and for low gain (r^ < 1) g(v^j) = '*o “ 

sin Figure 3 plots low gains over the 

range -50<.Vjj<25 for field strengths from a^ “ .1 to 100. 
When a^ j 10, the gain curves distort, so that peak gain 
decreases (this Is saturation) and occurs at increasing v^. 
For these curves alone, we should expect that steady-state 

occurs when a is somewhere between 10 and 100 and v. is 
o k 

between 2.6 and 10. This Is what we will in fact find. 

Our first observation is that the steady-state solution 
for d = 0 is |a(a)| = 0. Figure 4 Illustrates this effect. 
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Fig. 3. Gain curves g(v ) are plotted in units of r. for 

various optical field strengths ” .1 -*■ 100. For 
moderate gain (r, 5 10), the curves are antisymmetric 
about resonance (u^ =0). In weak fields (a < 1) 
peak gain occurs at 2.6, but In strong fields 

peak gain Is found at Vq ~ 7. The laser oscillator 
evolves along the points of maximum gain. (<S = 0 
Indicates that this Is an untapered wlggler). 

It Is surprising that exact synchronism (d ° 0) of the 
electron and optical pulses results In no power from the 
free electron laser oscillator. The fundamental reason for 
the desynchronism effect Is clearly seen In Fig. 4. Even In 
the strong fields gain does not develop until t ~ This 

delay means that the leading edge of the optical pulse 
experiences little gain and In fact a net loss after absorp- 
tion. The trailing edge of the optical pulse overtakes the 
electrons after bunching has occurred so that higher gain Is 
experienced. The net result Is that the optical pulse Is 
reshaped so that Its centroid moves back on each pass through 
the laser magnet. Effectively the optical pulse Is traveling 
slower than the speed of light even though the Individual 
photons are traveling at the speed of light. Figure A 
shows the distortion and subsequent decay of a pulse 
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4. The amplitude of the optical pulse shape a (a) Is 
plotted at T =■ 1 every 150 passes through the 
resonator up to n 1500 passes. The fields start 
at |a| “ 1, and are dlven by the parabolic current 
density r(a') = “ * 1 ( 3 ')*) where 2 ' =3+ s(t-%) 

With no desynchronism d ° 0, the light moves away 
from the electrons and eventually decays with the 
resonator Q. The fixed point solution is therefore 
zero. 

evolving with d = 0. The optical pulse a(3) is plotted at 
T = 1 after each 130 passes up to 1500 passes. The electron 
pulse peak moves from 2 = s/2 to -s/2 on each pass, and has 
a half-width at half-maximum of unity. 

To achieve non-zero steady state power, we must have 
d > 0. Then electrons continue to add light to the trailing 
edge of the optical pulse, but the desynchronism mechanism 
moves the light forward to support the front edge. The 
laser characteristics are significantly modified as d 
Increases. Figure 5 shows a plot of the steady-state optical 
pulse energy .^a^(a)d3 versus d, called the "desynchronism 
curve". Near d = 0 the peak power grows rapidly with d. 





Fig. 5. The steady-state optical pulse energy, or laser out- 
put power, Is non-zero only over a small range In 
desynchronlsm d > 0. Maximum energy occurs when 
d “ 0, then steadily decreases as d Increases. The 
experimental desynchronlsm curve agrees very well 
with theory In overall width but differs somewhat 
In shape. 

When d Is too large the desynchronlsm mechanism moves the 
pulse power forward too fast for gain to support the trailing 
edge of the pulse so that the pulse energy decreases back to 
zero. The character of the steady-state optical power 
spectrum, the optical pulse shape, and the electron velocity 
distribution all change with the operating desynchronlsm d. 

Figure 6 shows the evolution to steady-state after n = 
1500 passes for small desynchronlsm d = .001. The optical 
pulse a(a) Is only one-fourth the length of the electron 
pulse and ' has multiple peaks which can have high field 
strengths |a| -50. This Is a remarkably short optical 
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pulse of 0.25 mm length with lilgh power -10® watts In the 
Stanford case. The multiple peaks In a(s) are caused by 
"ringing" synchrotron oscillations in the electron phase 
space following the large optical spike. They are spaced a 
distance slightly less than s In strong fields. We measure 
the final electron z-velocltles at x = 1 by their final 
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Fig. 6. At small desynchronlsm d “ .001, the Stanford 
parameters produce an optical pulse shape a (a) 
whose length Is four times shorter than the electron 
pulse and has a large peak field. This gives a 
broad power spectrum centered at Uj, - 6, and 

a broad electron velocity distribution f (Vg) due to 
the high field strength. The driving current con- 
tinually reshapes the optical pulse to compensate 
for desynchronlsm, and the phase profile iMa) shifts 
P(V|^). The pulse energy (or laser power) reaches 
steady state after n - 10® passes, and the final 
results are shown on the lower left. 
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dimensionless velocity = L( (k + > a”'! 

the distribution of U^’s. The width of f (v^) Is generally 

given by the height of the separatrlx Alaj”^ = 30 In this 

case, and Is characteristically wide for small d. The 

Stanford experiment also shows wide f(v ) for d, but does 

e 

not show the sharp peak structure because of Insufficient 

resolution In their spectrometer. The large peak at 

V = -15 Is observed and the overall width of f(v ) Is In 
e e 

good agreement with experiment. The Fourier transform of 

the pulse structure gives Its power spectrum P(Vj^). Each 

component Is measured by v, = v - set' (a). P(u, ) Is 

K o k 

relatively wide and centered around the ~ 6. The shift 
In \)|^ from accomplished by a sloping phase profile 4) (a) 
shown In the lower right of Figure 6. We Interpret the 
experimental results as giving ~ 2 centered at - 4, 

but there Is some uncertainty In determining resonance. The 
current driving |a(a)| at T = 1 Is shown In the bottom- 
center. This shows how the oscillating current can cause 
multiple peaks. The final pulse profile |a(a)|, 
power spectrum, and electron velocity distribution are 
shown at the lower left. 

In Figure 7 Is shown the optical pulse evolution result- 
ing from larger desynchronism d = .003. It Is significantly 
broader with multiple peaks of weaker fields |a| ~ 25 spaced 
slightly larger Chan s. The optical pulse centroid Is 
ahead of the electron pulse. The power spectrum and electron 
velocity distribution are both narrower Chan for Che small 
d case. The limit cycle behavior Is the most prominent 
feature of this example. This Is observed in the Stanford 
experiment and has not been previously reported theoretically. 
It Is remarkable that a given pulse shape can disappear and 
reproduce Itself hundreds of passes later. The pulse energy 
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Fig. 7. with d = .003 we see clear limit-cycle behavior of 
the laser pulse energy. Subpulses in a(a) start at 
Che trailing edge and pass through the pulse 
profile to continually modify its shape. 

or power oscillations are quite periodic In the upper-right 
plot. The power variations are caused by "marching subpulses" 
which start at the trailing edge and pass through to Che 
front of the optical pulse over hundreds of passes. Higher 
pulse energy occurs when there are two peaks, and diminishes 
when only one peak is present. 

At large desynchronism d= .042 the optical pulse has 
much weaker fields and Is three times longer than the 
electron pulse 6a - 6. This Is depicted In Figure 8. Its 
centroid runs farther ahead of the electron pulse with little 
or no subpulse structure. Much of the pulse's area lies 
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Fig. 8. with large desynchronism d = .042, the steady-state 
pulse energy Is small and the fields are weak. The 
optical pulse Is now three times longer than the 
electron pulse. The electron velocity distribution 
f(v ) la narrow as Is the power spectrum P(vj^). 

which Is centered about v, - 3. 

k 

outside of the "window" shown and decays away exponentially 
with Q~' since It Is decoupled from the electrons (r(a) = 0 
for 3 ^ s/2 + /7) . The rate of the decay Is given by 

|a(a*)| exp(-3/4Qd) where s* = 2 Is the last point calculated 
in Pig. 8. Since there Is no subpulse structure, there Is 
no limit cycle behavior and the power spectrum Is narrow 
' 2. Since the fields are weak the power spectrum 
remains centered near ~ 3. A power spectrum width of 
6V|^ ~ 1 Is observed experimentally. The resulting electron 
velocity distribution Is narrower ~ 5) with a single 
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peak. This is In part because of weaker fields, but also 
because electrons drop back out of the optical pulse at 
about T ~ on each pass. The single peaked f(Vg) with 
width ~ 6 is observed experimentally. 

In total, the characteristic trends presented in the 
examples of Figs. 6, 7, and 8 are In excellent agreement 
with the experimental results available at this time. Even 
the quantitative agreement is good, but cannot be perfect 
because of a few minor experimental uncertainties. The 
simple set of equations (4) and (5) are rich In the variety 
of solutions they can present and many of these are now 
verified by the recent Stanford experiments. 

PULSE PROPAGATION IN TAPERED WIGGLERS. The original pro- 
posal for a variable parameter wiggler magnet In a free 
electron laser was made by J.M.J. Madey concurrent with his 
original proposal for the free electron laser. This 
proposal makes use of a fundamental advantage of free 
electron lasers. The periodic magnetic field can be con- 
structed In a variety of ways to meet various needs. The 
magnetic field strength, the magnet wavelength, or both may 
be varied along the magnet length to achieve the desired 
result. All of these variations were explored theoretically 
early In the development of f ree-electron lasers with the 
goal of Improving free electron laser characteristics for 
storage-ring operation. However, after the development of 
the pendulum equation® accelerator physicists realized the 
similarity between the free electron laser and a linear 
accelerator.^”’^' Based on this understanding. It was 
proposed that an Increasing wavelength magnet could trap 
electrons and decelerate electrons, and thereby 
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persistently drive a large amplitude optical wave. 

The modified electron equation for a variable parameter 

magnet Is derived by starting from a new form for the 

magnetic field "Bij, = B^(z)(cos a, sin a," 0) where 

a “ (z')d 2 ' and X (z) = 2'ir/k (z). For algebraic 

*'00 O o 

convenience we take a special case where K. = eB (z)A (z)/ 

00 

2Timc^ Is constant even though and X^ can vary with 2 . The 
derivation proceeds as before to give the same energy trans- 
fer equation, but a somewhat different definition of the 
electron phase: now C “ _^^k^(z*)dz* + kz — oic and V = C, 

( ) “ d( )/dT, and T = tc/L as before. The new feature in 
V = L((k^(T) + k)B^ - k] = Uk^(T) - k(l + K^)/2 y^ 1 is an 
evolving magnet wavenumber k^(t). Electrons trapped near 
resonance (u s 0) by a large amplitude optical field must 
follow a decreasing by deceldratlng, thereby lowering 

y. Their energy loss drives the optical wave. 

If the electron energy extraction is large, corresponding 
to a large change In X^(t), then the equations of motion are 
best left In the form above using Y- If' the amount of taper 
Is more modest, the fractional energy changes can be small, 
but still much larger than for the untapered wiggler. In 
this case the electron energy can be eliminated from the 
tapered wiggler equations (Y to give 

C I “ I “ <5 + |a(a)|cos(<; , + (Ks)) (6) 

where a* = a + s(x-4). The modified pendulum equation (6) 

has a new additive term 6 2 Lk^(T). If the amount of taper 

is small, 6 Is nearly constant and 6 z 2iiNAX^/X^ where 

AX /X Is the fractional decrease in X . The wave equation 
00 o 

retains precisely the same form as (5) In the case of the 
tapered wiggler and only the pendulum equation is modified. 


The main new feature in the pendulum equation, the term 

6 , leads to significantly altered evolution. If the optical 

field Is absent or very weak (|a| 0 ), all electrons evolve 

according to v = V + t6 and c = c + TV + Their 

o ^ o 

phase space paths are given by parabolas v^ “ ^ ~ C^j)- 

When |a| evolves slowly compared to the electron evolution, 
as is typical, we can consider the self-consistent phase 
apace paths given by !jv^ - [C 6 + |a|sin(? + <|>)J = constant. 
These paths evolve slowly with |a| and (J>, but Instantaneous- 
ly are a good guide. The corresponding potential V( 5 ) = 

-(?6 + |a|sln (5 + ()))) gives (6) through ? = -3V(C)/3C. V(c) 
is "tilted" toward positive ^ and has ripples caused by 
|a|sln(( + ()>). These ripples act as electron traps when |a| 

Is large enough. 

In strong fields (|a| i /26) the phase space parabolas 

are distorted so that electrons near v s 0 and C s it can 

o o 

be trapped. This Is shown in Fig. 9 where pulse structure 
is ignored and 6 “ 5n, v^ “ 0 for twenty sample electrons 
representing a current density r^ = 1, and a^ = 25. This 
example could be a N » 50 period magnet with a 5Z decrease 
In magnet wavelength X^ from t = 0 -*• 1. The untrapped 
electrons eventually become random in phase, while the 
trapped electrons remain near 5 = it to drive the optical wave 
through i = -r<e The wave growth, or gain g(t). Is 

shown at the right with the accompanying optical phase shift 
4 >(t). Since g(x) helps determine how the optical pulse Is 
reshaped on each pass, we can generally expect tapered 
wigglers to act differently than untapered wlgglers. Note 
that the main feature of tapered wigglers Is the presence 
of a term like 6 . For more severe tapers, the actual time 
dependence of 6 and y only modifies the central Ideas 
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Fig. 9. Twenty sample electrons representing a current 
density r = 1 start on resonance In the self- 
consisten? phase space (?,v) of a tapered wlggler 
with 6 =" 5ir. About half the electrons are trapped 
near resonance by strong optical fields a^ = 30. 
The wave Is driven in a non-uniform way as shown 
by the gain g(t) and shifting phase <|i(t). 


described above. 

The coupled equations (5) and (6) can be solved 
analytically when gain is low (r^ < 1), fields are weak 
(|a| < 1), and pulse structure is ignored. The gain and phase 
are 


g/to = m sln(V^(T - t") + - T""))dT”dT'dT 

0 0 0 

( 7 ) 

° f f f cos[v^(t-t") + - T"^))dT"dT'dT. 

“fi f» n 


These solutions are more general than earlier work*^ 

are shown among the curves presented In Fig. 10 (a^ = 

1). The Integrals can be written In terms of Fresnel 

Integrals,^ ^ but the result Is no more transparent than (7). 

In Fig. 10 gain curves are plotted in units of r^ with 

6 = 5)T = 2hNA 1^/1^. Maximum gain now occurs at a negative 

resonance parameter (v = -*{J) , and is less than the 
o 

available gain In an untapered wlggler. 

The advantage of tapered wlgglers comes at large a . 

o 

In the untapered case« saturation occurs when |a| Is large 





Fig. 10. Gain curves g(v ) are plotted In units of r for 
a tapered wlggler with 6 = Sir. Peak gain l8 weak 
fields (a = .1 to 1.) now occurs at negative 
Vg : -*i6. In strong fields where trapping occurs 
(Sj, Z •^'5), peak gain occurs on resonance v = 0. 
Note that there is sufficient weak field gain 
available for oscillator start-up. 


causing bunching to center about C ~ ii/2. But when 6 > 0 

and |a| > /26 In the tapered case the trapping near resonance 
causes electrons to be centered about C ~ w. At high fields 






the tapered wlggler exhibits gain superior to that of the 
untapered wlggler so that more energy can be extracted from 
the electron beam. Figure 10 shows the evolution of gain 
from weak to strong fields. Gain decreases with Increasing 
Just as In the 6=0 case, but comparison with Fig. 3 
shows more gain Is available at strong fields (a^ > 25). 

The point of maximum gain moves to = 0 In strong fields 
since trapping occurs af resonance. We should anticipate 
that a tapered wlggler laser oscillator will start at wave- 
lengths corresponding to -*s6 and then move to 0. We 

will observe this In the numerical solutions to the pulse 
problem. 

In Fig. 11, gain curves for Che same field strengths are 
shown with 6 = lOir. This could be a N ° 50 period magnet 
with 10% taper. The result Is even more distortion of the 
weak field gain curve. There are now several peaks which 
have competitive gains. Unlike the 6 = Sir examples, it 
appears Chat weak coherent fields may build up In many modes. 
It Is not clear what will happen Co some of these modes In 
the evolution of gain Co strong fields. The modes starting 
at V, = -8 move to resonance, but the modes starting at 
V, a -22 could not really reach resonance in an obvious way. 

We therefore leave this example for further study and 
restrict ourselves Co Che more modestly tapered wlggler 
example 6 ° Sir. Note also that In both of these examples 
there Is always more weak field gain available than 
strong field gain. There Is no start-up problem In modestly 
Capered wlgglers as often reported; the gain Is just not on 
resonance. With larger 6, weak field gain can became small 
enough to cause problems, but It should be appreciated that 
these examples still represent a significant Improvement 





Fig. 11. Gain curves g(v ) for a more severely tapered 

wlggler (6 = IOit) show significantly less gain In 
weak fields, and have several competitive gain 
maxima. Such a system may give experimental 
difficulties. 

over tapered wlggler energy extraction. 

In order to facilitate comparison with an untapered 
wlggler, we choose parameters similar to Che Stanford system: 
r^ = 2, Q ° 35, and s = 1 with a modest Caper 6 = 5 it. If we 
Imposed a 1.5% taper on Che Stanford laser magnet Che 
nominal extraction efficiency would be Increased by a factor 
of 5 and give 6 = 5 ti. 

We solve the 5 = 5 tt oscillator problem In Che same manner 

as In the previous section. Electrons are Injected with 

V = -2it to give nearly maximum gain In weak fields, 
o 

Figure 12 shows twenty sample electrons (r^ = 1) evolving 
in weak fields a^ = 1. Starting at = -2ir, they follow 
quasi-parabolic phase space paths toward and past resonance. 
Some bunching develops so that gain is achieved near t "■ 1. 
However, absorption occurs first at x = 2/3. 
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Fig. 12. Phase space evolution shows how gain Is achieved In 
weak fields In a tapered wlggler with 6 = Sir. 

Twenty sample electrons start at Vj, “ -2ir represent-- 
Ing a current density of r^ = 1. Electrons follow 
nearly parabolic phase space paths, but bunch due 
to the weak field a. “ 1. g(x) shows there Is 
actually absorption at T » 2/3 followed by final 
gain. 


An optical pulse with no desynchronism d = 0 disappears 
after ~1000 passes as In' the 6=0 case. The evolution Is 
similar to that shown In Fig. 4. 

With a small amount of desynchronism d = .001, we find 
that the laser slowly grows to high power (|a| ~ 40). See 
Fig. 13. The energy distribution f (v^) shows a double 
peak Indicating some electrons are trapped In the optical 
potential. Note' the power spectrum has shifted from 

= -2tt to resonance o 0 as expected. This Is again 
accomplished by the optical phase profile iKa) developing 
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Fig. 13. Tapered wlggler pulse evolution with 6 = Sir and 
small desynchronlsro d = .001 results In a short 
optical pulse a(s) with subpulse structure. Trap- 
ping Is evident In the final electron distribution 
f(Vg) when fields are strong. The power spectrum 
P(-Vj^) Is broad and Its center smoothly evolves from 
= -2x to resonance = 0 as strong fields begin 
to trap electrons. This example corresponds to the 
Stanford laser with a IhX taper of the magnet wave- 
length during T = 0 -*■ 1, and 23Z' more current 
(r^=2). 


the slope shown In the lower right. As In the untapered case, 
a complicated pulse structure a(a) develops due to the driving 
current. The final results are shown on the lower left. The 
subpulse structure Indicates the "ringing" of the electron 
synchrotron oscillations within the trapping potential. This 
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can also be caused by untrapped electrons absorbing light 
as they pass by 5 ~ 0 In a bunch. The narrow subpulse 
structure causes a broad power spectrum with sideband 
structure. As Indicated by the pulse energy or power 
evolution (upper right), this computation may not as yet have 
reached steady state after 1000 passes. 

In the next example, we consider a larger amount of de- 
synchronism d = .005. See Fig. lA. The optical pulse 
centroid Is In front of the electron pulse. The optical 
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Fig. lA. Tapered wiggler pulse evolution with 5 = 5 tt and 
large desynchronism d = .005 results in a weaker 
and longer optical pulse with no structure. Only 
modest trapping occurs because the fields are 
weaker and because most electrons drop back out of 
the optical pulse at t ~ * 5 . The power spectrum 
P(V|^) is narrow. 


pulse is broad with np structure so the power spectrum is 
narrow. Again It Is clear that as the fields become strong 
the maximum gain drives the waves toward resonance, but the 
fields In this case never become strong enough for efficient 
trapping and never reach resonance. Steady state operation 
is reached more quickly for larger d. For even larger d, 
there is less steady-state power. and fields a(a) are so weak 
that crapping cannot take place. There is sufficient gain 
to sustain Che pulse however, and Che results are similar In 
character to the 6=0 case shown In Fig. 8. 

The desynchronism curve for Capered wlgglers has the 
same shape as Che uncapered case shown In Fig. 5. A direct 
comparison with Fig. 5 taking 6 = 0 -► 5 tt gives a desynchron- 
ism curve which has half the width In d and about half the 
peak power. For this short pulse example, Che tapered wig- 
gler performance was Inferior Co the untapered wiggler. 
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ABSTRACT 

The problem of oscillator evolution and mode competition in 
free electron lasers is studied. Relativistic quantum Aeld theory is 
used to calculate electron wave functions, the angular distribution 
of spontaneous emission, and the transition rates for stimulated 
emission and absorption in each mode. The photon rate equation 
for the weak-Auld regime Is presented. This rate equation is 
applied to oscillator evolution with a conventional undulator, a 
two-stage optical klystron, and a tapered undulator. The effects of 
noise are brieAy discussed. 

1. InlroducUoo 

A free electron laser (FEI.) ampliAes coherent radiation stored in a resonant 
optical cavity by means of a relativistic electron beam passing through an undu- 
lating transverse magnetic Acid (Pig. 1) [1-3]. From a classical point of view the 
electrons execute transverse oscillations which enhances their coupling to the 
radiation Aelds through the lorcntz force [4-0]. From a quantum mechanical 
point of view, the electron wave function is modulated by the undulating Acid: 
tills distortion in the presence of radiation allows stimulated inverse Compton 
scattering to occur [0-15]. References [16-17] are collections of works on the 
FEI. from many points of view. 

Madey's original paper [l] led to the practical realization of the Arst FEU 
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and made use of the Weizsiicker-lYilliams method to calculate the quantum 
mechanical transition rates and to describe the gain. When classical approaches 
were subsequently introduced [4], they proved both to be adequate in describing 
the important features of the FEE and to be more tractable in dealing with the 
strong optical Aeld regime [5,6,12-13,18-23]. For weak optical Aelds both quan- 
tum and classical approaches give similar results for comparable effort. 

INJECTED EXITING 

ELECTRON ELECTRON 



Figure 1. Relativistic electrons enter the FEE optical resonator. Interact 
with the magnetic Aeld of the undulator and with the stored optical radia- 
tion, and leave the resonator after a single pass. 

Some of the quantum calculations presented In the literature have worked 
in a relativistic moving frame [24,25], with results similar to those found in the 
laboratory frame. Other authors have used quantum mechanics to study photon 
statistics in an FEE [26.27], including interesting problems such as the rise of 
long range coherence in the radiation held [26,29]. Other quantum approaches 
have made use of the Bloch equations [30] by exploiting some similarities 
between conventional lasers and the FEh Finally some papers have dealt with 
single mode Compton scattering [31,32]. 

What has not been done either classically or quantum mechanically is to 
describe the early stages of the evolution and competition between modes of 
radiation stored in an FEE oscillator. While some work has examined the mode 
behavior in strong Aelds [33], the weak-Aeld problem is important for under- 
standing the onset of laser operation in an FEE. Our analysis is based on a rate 
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equation for the photon distribution function beginning from a fully quantum 
mechanical foundation in weak optical fields [11,13]. This is obtained using 
quantum electrodynamics; standard diagrammatic expansions are used to 
determine the rates for spontaneous emission and for stimulated emission and 
absorption. The rate equation is used to calculate the photon distribution func- 
tion over many passes both below threshold and above threshold in the weak- 
field regime. The simplicity of the rate equation makes it possible to study vari- 
ous magnet designs. Including the conventional undulator, the tapered undula- 
tor and the optical klystron. Since Planck's constant does not occur in the final 
rate equation, our results are classical and could have been derived from classi- 
cal arguments. The motivation for using a quantum formalism is to eventually 
extend the calculations to include noise. The connections with the classical pic- 
ture are pointed out in the paper whenever possible. 

In section 8 we solve the Dirac equation to second order in the static field 
for electrons In an undulator. In section 3 we study the quantum mechanical 
spontaneous emission rates. In section 4 stimulated emission and absorption is 
Investigated, and the resultant rate equation is stated explicitly In section 5. In 
section 6 the rate equation is used for the various magnet designs to obtain the 
multimode gain. The effects of noise are briefly discussed and found to be negli- 
gible. 

2. Heclron wave functions 

The character of radiation from a free electron laser is determined by elec- 
tron wave functions In the undulator structure. In this section these wave func- 
tions are calculated using the Dirac integral equation: 

'Vf’(i) = -z') 7’/l^(x')V’(^') . (2.1) 

where C«"°(x-x') = , and = ?^U{p.a) 


We use notation as in Sakurai [34] so that = {S,U), 7^ = (^.74). and yq = y^q^ 
with repeated indices summed. Tlie speed of light and Planck's. constant over 2»r 
are set equal to unity, the electron mass is m, the electron charge magnitude is 
b = |b I. and = (i?^'*,0) is the vector potential of the imdulator magnetic field. 
The unscattered electron wave function Is taken to be a plane wave: 

P/. = (p.iPi) = {p.iym) is the unscattered electron four-momentum, 7 Is the 
electron Lorentz factor, and U{p,a) is the four-component Dirac spinor. The 
normalization volume V is chosen to have longitudinal dimension L equal to the 
undulator length. We use m-*m-ic to properly define the Green's function 
C®^«(x-i'). 

To incorporate the static magnetic field Into the Dirac equation we have the 
vector potential 

£^tf(e4./,/3)_tf(B_/,/8)](flB“'>* +a*B'"’“’) . (2.2) 

where the peak magnetic field strength is B and the magnet wavelength Is 

Zn/k^. The complex polarization vector of the magnet A is transverse 
(a-e =0) and is not necessarily a unit vector. For example, a helical magnet 
has a = -(i,l,0) and a linearly polarized magnet has A = (1,0,0). The undulator 
magnet extends for a length L = Af\, where the number of periods N » \. It is 
assumed that electrons sample the field only neeu* the e-axis so that (2.2) is 
accurate [35]. Farther off the undulator axis the transverse field lines bend to 
satisfy Maxwell's equations. A typical undulator design has Xo = 3 0 cm. 
B = 2500 kilogauss, and L = 150 cm so that N = 50. 

A single iteration of the Dirac equation estimates the full wave function i>{x) 
on the right-hand side of (2.1) with the noninteracting wave function ^<®*{x). The 
result is [12] 


^C)(x) = 


-iKm 

2(27t)< 


■/ d*x-fd*q 


(i7 7+m) I 


tJbnS' . * 

7'oe “ +ya e 
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where K = eBXo/Znm.. The integrals over x’.y'. and /' give d-functions. The 
electron is allowed to interact with the magnet for an infinite time, but because 
the magnet length L is finite the integral over 2 ' does not give a d-function. The 
first order result is 



where g is the 2 -momentum transferred to the electron. ITie most probable 
momentum transfer is with a fractional spread of “ Since N » I there 
is a narrow range of momentum transfers from the magnet to the electrons. 
Iterating once more produces the second-order result [12]: 



sln[( 9 -to)f./ 2 ] sin[(g‘-fco)/./2] 
[(g-fco)i/2] [(q--ka)L/Z] 


fitly fl ty* y. a ^ 

Hyp + qya+q'73)+m i(7P+q7a)*^ 


Q * 9 ')* y d* e ^ 

i{7p-q73-q'7a)*m Hyp-qya)*^ 


gi(9 e~^*y a* ^ 

1(7 p +973-9 '73)+m i(7p-973)+»n 


+ e-t<«-y).y.g» g*»*2:g 

i(7p -973+9 •7a)+t)i i(7P+9 73)+m 


The pattern of higher order terms is clear. These lengthy expressions may be 
written symbolically in terms of Feynman diagrams as shown in Fig. 2. The 
directional interactions correspond to positive or negative momentum transfer 
from the magnet. It will be evident later that one direction of momentum 
transfer is kinematically associated with emission of radiation and the other 
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with absorption. The strength of each such interaction is proportional to 
Km/p = K/ 7 . In practice K is never much larger than unity and 7 Is always 
large, so that K /7 « 1 and perturbation theory is valid, in principle the elec- 
tron wave functions can be written to any order in K /7 with spin effects 


included. 


j . I + 


Figure Z. In the diagrammatic expansion tor the electron wave function 
V'(z), solid lines ending in circles represent the noninteracting electron 
wave function Other solid lines represent electron Green's func- 
tions Wiggly lines with directional arrows denote interactions with 

the undulator field in which momentum is transferred either to or from the 
undulator. 

It Is also possible to write the Dirac equation in differential form including 
all orders in K/y. We ignore the boundary conditions due to the finite length L 
of the magnet and concentrate on the character of the higher order effects In 
K/y. We write the four-component first-order differential equation as two two- 
component second-order differential equations for the upper and lower com- 
ponents of the wave function V(®)- The two-component wave functions differ 
only by the magnitude of the spin energy. The spin-dependent and spin- 
independent terms proportional to K/y differ by a factor fco/ym which is 
10 ~’^ for typical parameters, so that the spin-dependent terms may be 
neglected [12,36]. The two second-order differential equations are then identi- 
cal and are just the one-dimensional Klein-Gordon equation with a sinusoidal 
potential, i.e. the Malhieu equation. For a linearly polarized magnet this equa- 
tion is 


(2.6) 
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To zeroth order In fields {K/y = 0) the solutions are plane waves representing 
electrons propagating unperturbed along the magnet axis. 

Since deviations from linear motion along the z-axis of the magnet are 
small, an eikonal or iVKB approximation is suggested as a limiting case of 
Mathieu's equation. Expanding to second-order in the small parameter K/y 
gives [ 12 ] 


t,(z) = C||l + ^cps(2fcoz)+ ■ |exp|±il 


1(2 

fcfl* ~ ^^9ln(2A:oz)+ 


(2.7) 


where I is an integer labeling the energy level. The electron wave function (2.7) 
is modulated in amplitude and frequency due to its interaction with the linearly 
polarized mcignet. Classically, the electrons undergo periodic acceleration 
which modifies their z -momentum so that their energy remains constant. In a 
helical magnet the acceleration is constant In magnitude along z so that there 
Is no modulation of the electron wave function. 

The energy eigenvalues are 


El = (ffco)* + m* -i- 





(2.6) 


The electron has acquired an effective mass m’ = m(l+A®/2+ • ■ ■)*•. We may 
understand this as follows. When an electron emits or absorbs radiation it 
recoils. The electrons in the undulator magnet "resist" this action more than do 
free electrons since they are constrained to follow a transverse oscillatory path. 
In a helical magnet the mass correction is twice as large because the average 
transverse acceleration is twice as large. Henceforth we will assume that K is 
sufficiently small that we may neglect this correction to the electron mass. The 
discrete eigenvalues result from requiring that the wave functions remain invari- 
ant under translation by an integral number of magnet wavelengths Ao- How- 
ever, for relativistic electrons in a typical magnet I R! 10'*. This gives essentially* 


a continuum of states indicating that a classical approach Is accurate. Further- 
more, if we were to impose the finite length boundary conditions on the wave 
function the magnet would only include « 10* periods. It would therefore be 
Impossible to resolve energy level differences of one part in 10'*. From now on 
we will therefore consider the electron energy to be a continuum variable. 

The current density / = tefff can be found from the wave functions In 
(2.4) or (2.7). To lowest order in A' the current density in a linearly polarized 
magnet is proportional to [-(A’/ 7 )cos(fco*), 0 , ] where fi, = I-I/ 27 *. The 

current density is modulated In the i -direction in proportion to K. This agrees 
with the classical current found from the Lorentz force equations in the pres- 
ence of the magnet field alone. The procedure of finding the electron trajec- 
tories in the magnetic field is the classiced counterpart to solving for the elec- 
tron wave functions in the magnetic held. 

3. QuaDtum mechanical spontaneous emission 

In this section we derive the transition rate, angular distribution, and fre- 
quency dependence of spontaneous emission from an electron in an undulator. 
This radiative process Is magnetic bremsstrahlung, and is fundamentally the 
same process as occurs in the spontaneous decay of excited atomic states. A 
distinction, however, is that the electrons in the excited atoms of conventional 
lasers make transitions over discrete states, while the electrons in an FEL make 
transitions over a continuum of states. The external magnetic field In the FEL is 
necessary for emission to occur, since otherwise energy and momentum cannot 
be conserved in the process. 

The emission and absorption of photons is described by the creation and 
annihilation operators 0 /^ and cg,^ for photons of wave vector £ and helicity X. 
The number of photons per mode is given by the photon distribution function 
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(3.1) 


whk'h is just the expectation value of Ihv photon nuraber operator for the mode 
(£,h). The total number of photons present in all modes is then 

Wphoten = (3.2) 

In the calculation of spontaneous emission \ie assume that no photons are ini- 
tially present. 



Figure 3. Feynman diagrams for spontanecus emission are shown to lowest 
order in the electron-undulator and electren-photon interactions. Wiggly 
lines without directional arrows represent real photons. Vertices are 
denoted by circles. 

The Feynman diagrams that describe spontaneous emission to lowest non- 
vanlsliing order in the undulator field strength are shown in Fig. 3. Tlie zdro 
order term in K does not contribute to emissien since it does not conserve 
energy and momentum. The resulting 5-matrix is 

o ) X rA^(p'*k-p) + (3.3) 


-p) . ^ . , .1 ^ ---^.^, [ t/(p.a) 


.1,, ^ w, W, ^OXo sin\{q-kc)L/'S] . . sin[(g +*:o)f./ 2] 

A}!{q) = {2ny6(q,)6(q,)6{q,)-^a, +% [(, ;ito)L7 2rl 


is the Fourier transform of the undulator vector potential (2.2). The initial and 
final electron four-momenta are and p'^ , k^= [k,ik) is the photon four- 
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momentum, and = (Sx-0) where iy is the photon polarization vector. 

Kinematically only the second term in A^(q), corresponding to a momentum 
transfer from the undulator field to the electron, contributes to spontaneous 
emission. 


From (3.3), we find the square of the r-matrix; 

\T}V\‘= S(q,)S(qy)\U(p\a-)OU(p.a)ys(y'^) . (3.6) 

The matrix O is just the quantity in brackets ( • • • J in (3.3) with Af! replaced by 
. The momentum transfer from the undulator is ^ = p' + £ - p which must 
vanish in the x and y directions. Ihe range of momentum transfers possible in 
the z direction gives the spontaneous emission line shape 


where 


s(i/*l) = 


sin^( !/<*>/ 2) ^ sln‘^(i/o/2) 
(!/<•)/ 2)® (ko/2)® 


(3.6) 


!/<•> = Uko-p’, -k, +p,) 


»Hko-k{l-p,))^uo (3.7) 

The approximate expression for Is valid Ui the relativistic limit. The function 
s(i'l')) is maximum for a momentum transfer from the undulator field of 
^ = Aioz. at which point the resonance parameter i/^'^ vanishes. The characteris- 
tic width of s(i/o) in i^o is rr, corresponding to a fractional line width 
6k/ k » (21V)"'. The photon wave number at the line center (I. e.. at "reso- 
nance”) is 

(1 -/J.cosiS) ^ ° 

This expression agrees with the classical result. In the forward direction 
k„, = Zy^ko. which shows the large Doppler shift of the radiation wave number 



relative to kc- 


- 11 - 


The transition rate is found by multiplying (3.5) by the density of final 
states, which we take to correspond to a free final electron and a plane wave 
photon. The spin sums are rather Involved and a simple form is available only 
lor the case In which the electron moves along the z direction before entering 
the undulator. In that case we And [13] 

dhv [l/9x(tA g) {k d) + (cA a)(l -P. costf)!’’ 

dilduo \Q7j^k(ij^ [ (1-^, costf)* 

where r® = e^/m is the classical electron radius and is the angle between the 
z direction and the photon wave vector ic = Ic k. On axis, the radiation is polar- 
ized In the same sense as the undulator polarization A, but the polarization 
changes oA axis. Due to the strong angular dependence of the denominator in 
(3.9), the radiation emerges within a narrow forward cone with characteristic 
opening angle 7 ~' around the undulato. axis. Within this cone the transition 
rate (3.9), the resonant wave number and the optical polarization all change 
slowly with W. 

A simple interpretation of the spontaneous emission process is as follows 
[ 12]. The number of photons emitted per pass by an electron is found by multi- 
plylng (3.9) by the emission time L = NXq and integrating over the line shape 
s(i/o). Approximating the transition rate in the integrand by its value at i> = 0 
and estimating the solid angle integral fd(\ by n/4y^ ( the solid angle of the 
radiation cone ) gives 


s(>^o) . (3 9) 


no. of photons 
pass 



(m-S L) 


(3.10) 


The Arst term is the energy density of the static Aeld divided by kQ. the energy 
of each virtual photon stored in the static Aeld. The second term is the classical 
volume swept out by the electron while moving through the undulator. Thus the 
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total number of spontaneous photons emitted per pass Is Just the number of vir- 
tual photons swept out by the electron in the undulator. For typical FEIjS the 
number of photons emitted per pass is “0.1 per electron. 

Typically not all photons emitted in a pass are stored in the FEL resonator 
cavity. The rigorous mode overlap problem is lengthy, but a good estimate is to 
use the solid angle subtended by the fundamental cavity mode. The characteris- 
tic angular spread of a Gaussian mode is (fczo)"' where zq Is the Rayleigh length 
of the cavity [37]. The resulting solid angle for a Gaussian mode Is n/kz^. This 
is smaller than the solid angle n/4y® of the total emission cone by a factor 
Xo/rrzQ. Since this factor is « 1 for typical resonator designs, only a small frac- 
tion of the spontaneous emission remains within the resonator cavity. 

All the results obtained above using quantum Aeld theory can also be 
derived by using the WKB wave functions calculated In the previous section. The 
resulting F-matrix then includes the eiectron-undulator Interaction to higher 
order in K. This result is not readily obtainable using diagrammatic techniques 
since an InAnlte class of diagrams must be considered. The transition rate in 
the forweird direction obtained from the WKB wave functions Is identical to (3.9) 
with W = 0 except for an extra multiplicative factor [iZ'o(^) ~ where 

and y, are Bessel functions and Z = A®/ 4(1 + A®/ 2) [12,3B]. 

4, SUmulaled emission and absorption 

In a free electron laser oscillator, the spontaneous radiation is stored in a 
resonant cavity formed by mirrors placed beyond either end of the undulator on 
the common axis of the undulator and electron beam. New electrons which 
enter the undulator on subsequent passes may then interact with this stored 
radiation, so that stimulated emission or absorption occurs. Photons may be 
present at a veu-iety of wave numbers as expressed by the photon distribution 
function » 7 (^, A). 
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The Feynman diagrams for stimulated emission are shown in Fig. 4a to 
lowest order In K. The square of the associated T-matrix is the same as (3.5) 
except for an additional factor of which arises from the action of the pho- 

ton creation operator on the initial state. The differential probability per unit 
time for stimulated emission is then 


(Znre I U(v',a')OU( 


s(ut*>) h(£.X)+l] 


X ) (4.1) 


X d(p,'+fc,-p*)<5(p^'+A:^-p„) 




Figure 4. (a) Feynman diagrams for stimulated emission are shown to 
lowest order in the electron-undulator and electron-photon interactions. 
Photons other than that emitted by the electron do not interact directly 
with the electron, (b) As (a) but for absorption. Photons other than that 
absorbed by the electron do not interact directly with the electron. 


We now specialize to the case where p and ic are along the unduiator axis, 
and assume that the electrons are highly relativistic. This is a good approxima- 
tion for high quality electron beams and tor resonators with a large Rayleigh 
length. The stimulated emission rate per wave number is then found by 
integrating (4.1) over the density of final states for the electron, summing over 
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the final electron spin, and averaging over the initial electron spin. The result is 

[12] 

.(^■’) f.cb.» ^ n . (4.2) 

where, as in (3.7), 

!/(•) = i[A:o - (fc/2y®)(l + (fc/p))] = i/fl - SwAffc/p . (4.3) 


In this expression we have retained terms in the small quantity k/p ( typi- 
cally 10“*®) only in the argument of the function s(i/**)). All other terms 
in k/p are smaller by a factor A'»l. In the calculation of spontaneous emission 
in the preceding section, terms in k/p were dropped altogether. As shown 
below, however, k/p must be retained in the kinematic factor in order to to 
properly describe gain. 

In order to find the rate equation for the photon distribution function, we 
also require the rate for absorption. The lowest-order Feynman diagrams for 
this process are shown in Fig. 4b. The calculation of the rate for absorption is 
similar to the calculation of the stimulated emission rate. The differences are: 

(1) [t}(£,X) 4 1] is replaced by r](f,X), since it Is now the photon annihilation 
operator that acts on the initial state; 

(2) the four-momentum transfer, which was given by = p'^ + k^~p^ for the 

case of emission, is now = p'^ - ~ Pm • 

(3) , only the first term in (3.4) for Ajl(q) contributes to absorption. The result- 

ing expression for the forward absorption rate is [12] 

u,<-l(„.t.X) . . (,,« 

where 


= L[ko - (A:/2/)(l - {k/p))] = i/o + ZnNk/p 


(4.5) 
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The difference in kinematics between the emission and the absorption rates 
appears in the sign of the small quantity k/p appearing in and This 
results in a slight difference between the emission and absorption rates for fixed 
k.ko, and p. The magnet wave number kg and initial electron momentum p are 
fixed by design, but the FEL oscillator contains a range of photon wave numbers 
k. The rates for emission and absorption and the difference between these rates 
vary with k, so that the net gain is a function of wave number. This is embodied 
In the photon rate equation. 

6. Photon rate equation 

The number of photons evolves due to emission and absorption by the elec- 
tron beam. The rate of change of Tj{k,K) is found by Integrating the dlfference'of 
(4.2) and (4.4) over the electron momentum distribution function N,(p) : 

= fdpN,{p)[w^’^(j>.k,\)-w^*^(j>,k.\)] (5.1) 

We only consider the evolution of the expectation value of the photon number 
operator and not the expectation values of the creation operator e/x or 

the annihilation operator commutation relations are therefore 

neglected so that we Ignore quantum fluctuations. In addition, gain must be 
small since we do not follow the evolution of the optical phase through c^\ and 
O/bx [39]' Most present and proposed FELs Indeed have small gain per pass and 
small quantum fluctuations. 

The electron momentum distribution function N,{p) also changes with time 
due to emission and absorption. A continuum of states is available to the elec- 
trons so that the number of electrons per state is low and Fermi statistics do 
not restrict transitions. Almost Invariably W, (p) has an initial width large com- 
pared to k and has no structure on the order of k. These attributes are not 
changed by repeated emission and absorption during a single pass, which act 
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only to redistribute electrons in momentum. Furthermore, the initial width of 
N,{p) is typically small compared to the characteristic width in p of 
{ nj('l(p,*:,\) -iu<“>(p,fc,A) ] in (5.1). Thus we may regard A',(p) as a narrow 
function of p. Repeated emission and absorption during a single pass can 
signiflcemtly modify A',(p) when r}{k,X) is large, since the transition rates 
increase with r]{k,\). When r][k.\) becomes sufficiently large that N,{p) 
acquires a fractional width in momentum dp/p {ZN)~', saturation occurs. 
Our analysis is therefore restricted to weak optical fields (small Ti(k,\)) below 
the saturation limit. This regime includes most of the dynamical evolution of an 
FEL oscillator. With these approximations, the rate equation (6.1) becomes 

A’, [ io(")(p,l:,X) -io(“>(p,fc,X) ] . (5.2) 

where A', is the total number of electrons within the quantization volume V. 
Making use of (4.2) and (4.4), this may be written as 


Since the optical gain per pass is low, t){k,\) changes only slightly during a 
single pass and the electron distribution remains constant over each pass. We 
then rewrite (5.3) as eui equation for the change of the photon distribution func- 
tion over many passes through the undulator. We note from (4.3) and (4.5) that 
i/*! and differ only by the small quantity -4rrAifc/p, so that a first-order Tay- 
lor expansion may be used In (5.3). The resulting rate equation is 



TJlXo 

64n®Afy 


s(i'o) + »?(*:. X.n) 


(6.4) 


where n is the pass number. The dimensionless electron current density j Is, in 
cgs units. 



(5.5) 
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which is the same as occurs in classical calculations [ IEEE ]. The function p(i/o) 
arises from the Taylor expansion of s(i/o): 


9(‘'o) = 


1 

2 dUg 


(2 - 2COSI/0 - i/osini/o) 


Po 


(56) 


Equation (5.4) contains both a term due to spontaneous emission [indepen- 
dent of T)(l:,\,n)] as well as a gain term [proportional to f](A:,X.n)J which arises 
from the difference between the rates for stimulated emission and absorption.. 
This latter term is present as a consequence of the slight kinematical difference 
between the emission and absorption process. Were this difference absent, 
there would be no gain. The spontaneous and gain terms depend in different 
ways on the relationship between the electron energy and photon wave number 
expressed by the resonance parameter i/g- From (3.6), the Increase in t](fc,X,n) 
due to spontaneous emission is greatest for Ug = 0. while from (5.6) the increase 
due to the dominance of stimulated emission over absorption is greatest for 
i/q n 2.6, corresponding to a wave number lower than that which is optimum for 
spontaneous emission. As the photon number grows to 


mcXo 


(5.7) 


(in cgs units), the stimulated gain term becomes important. TTiis is the PEL 
threshold condition. Below threshold (q « »Joi) »)(*:, X.n) grows linearly, 
increasing by each pass. Above threshold (q»i)<^) growth is 

exponential and the fractional gain per pass is given by jg(i'g), in agreement 
with classical calculations of the gain in weak optical flelds [5,12]. We note that 
both the spontaneous and gain terms in (5.4) are identical to the classical 
results, llie relation (5.6) between s{i'g) and 3 ( 1 ^ 0 ) is a restatement of a 
theorem due to Madey [1.40J; like that theorem, it is only valid for weak optical 
fields that are well approximated by forward plane waves [41]. 


The solution to (5.4) is [12] 

„(*: ,X,n) = e *<•'»>"- 1 } . (5,8) 

Initially (n = 0) no photons are present. When the gain function 3 ( 1 / 0 ) is positive, 
(5.8) gives flrst linear and then exponential growth of the photon number. When 
p(i/o) is zero, the growth Is linear and arises from spontaneous emission only. 
For negative g(i>g) the photon number tends to an asymptotic value for which 
the emission and absorption rates are equal. We discuss these characteristics of 
the solution (S.B) in more detail below. 

6. Oscillator evoIuUoa 

In this section we use the solution (5.8) for the photon distribution function 
to study the light stored in an PEL oscillator. The total energy of the photons in 
all modes stored in the volume V is .^photon = (Zn)~^Vf d^k hck tj(£ ,X,n) (In cgs 
units). Since the characteristic solid angle for a Gaussian mode is fdO « n/kzg 
is small for large zg»L, It Is appropriate to replace »j(l?,X.n) in this integral by 
the corresponding function r){k,\,n) for on-axis photons given by (5.8). We may 
then write the optical power per unit area as /’photon = ^’photonC/ V 
/ic®(2n)"®(n/*:zo)_/'dJk it® Tj(it,X ,n) in cgs units. For oscillators with smaller 
values of zg ( >» Z.) the optical phase changes substantially over the length of the 
undulator, leading to changes in the resonance parameter and in the functions 
s(i/g) and 3 (i/g) [41]. 

We extend our study to include oscillator evolution for magnet designs 
other than the simple undulator by replacing s(i/g) and 3 ( 1 / 0 ) with the 
corresponding functions describing each alternate magnet design. We consider 
the additional examples of the two-stage optical klystron and the tapered undu- 
lator. We cUso discuss the effect of spontaneous noise and shot noise on oscilla- 



- 19 - 


lor evolution. In all of tills the resonator losses are assumed to be negligibly 
small compared to the gain. Greater losses can easily be included by subtract- 
ing the losses from g (i/o) in (5.8). 


(a) Conventional undulalor 

In Fig. 5 we show s(i/o), p(i<o). and the corresponding evolution of r](k,\,n) 
for a linearly polarized undulator (|eA-a = 1) with N = 50. Xg = 3.0 cm. y = 50. 
and a dimensionless electron current density j = 1.0. This value of j would arise 
from the typical values K = 0.3 and N,/Vf» 10" cm’®. With these parameters 
the center of the spontaneous line (i/q = 0) corresponds to an optical wavelength 
X = 6.0 /im. Other choices of parameters give somewhat different numerical 
results, but the qualitative conclusions of Fig. 5 are unchanged. 


CONVENTIONAL UNDULATOR 
_ 'Mil* 4.9x10* l«| 


Figure 6. The mode evolution for 
an FEL oscillator using a conven- 
tional periodic undulator shows a 
definite peak after 100 passes. 
Here j = l.p, N = 50. y = 50. and 
Xfl = 3.0 cm. so that 
Vti\ = 4.92 X 10*. Upper graphs: 
Tj(i/o) for pass numbers n = 1. 50. 
and 100. Middle graph: spontane- 
ous emission function 
Lower graph: gain function g\vg). 
The range of i^o depicted is from 
-20 to 20. The maximum gain per 
pass is 13.5 per cent at uq = 2.6. 



As the pass number increases, the radiation becomes increasingly mono- 
chromatic due to mode competition. The line center moves towards the max- 
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Imum gain point i/q 2.6. at which point the gain per pass Is 13.5 percent. After 
only 100 passes, however, the center of the line is at a slightly lower value of i/o 
since the number of spontaneous photons is greater neetr ug = 0. The most nega- 
tive value of p(t'o) occurs at t/g = —2.6: near this point the competing processes 
of spontaneous emission and net absorption have nearly come to steady state 
after 100 passes, giving a relatively small asymptotic value of Tj(ifc.X,n). 

We note that while other values of i^o besides the peak value of » 2,6 pro- 
duce positive gain, the gain at these other values is sufficiently small that after 
100 passes these sidebands are suppressed by six orders of magnitude. This is 
emphasized In Fig. 6 in which the photon distribution fuiiction after 50 and 100 
passes Is shown on a linear scale. For an optical cavity with Xg = 5L the optical 
power per unit area after 100 passes is approximately 2.1 kW/cm®. essentially 
100 percent of which Is within the central peak of Fig, 6. 

CONVENTIONAL UNDULATOR 
’hh=4.9xl.O^ j“I.O 

4 X 10' 

2x10" 

0 

0 12 3 4 5 

«*o 

Figure 6. A comparison of central region of t](i/g) for an FEL oscillator using 
a conventional periodic undulator after pass numbers n = 50 and 100 shows 
significant laser line narrowing due to mode competition. The range of Ug 
depicted is from 0 to 5. 
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In Ihe preceding section we noted that our analysis is only valid if the value 
of T)(k,X,n) is below saturation, so that the fractional change in momentum of an 
electron after one pass is small compared to (2A')~*. To determine the satura- 
tion limit, we find the average momentum change per electron by equating the • 
momentum gain of the photons in a single pass to the momentum loss of the 
electron beam. The resulting restriction is. in cgs units. 


,, , V m®XoSoC® 

tj . •” 64rT®/ie“ff®/vy 


where g(t'ma) is the maximum value of 9(1/0) end Ai/o is the width of the peak in 
g . For the parameters used here *j„i 10'®. Thus the calculation depicted in 
Figs. 5 and B. in which r)(k,X,n) is always less than 10'^ is well within the range 
of validity of our approximations. 


(b) T'wo-slage optical klystron 

An alternative magnet design to the conventional undulator is the two-stage 
optical klystron [42,43]. In an optical klystron the undulator magnet Is divided 
into two separate sections between which is placed either a long drift space or a 
shorter dispersive magnet. In either case the spontaneous emission function 
s(t/o) changes shape due to interference between emission from the two sec- 
tions. so that the variation with i/q becomes more rapid as shown in Fig. 7. Con- 
sequently the gain function g(i>o)- 'I'hich from (5.6) is proportional to the deriva- 
tive of s ( i ' q ). has larger maxima and the gain is enhanced. This is particularly 
useful when the gain of a conventional undulator would be unacceptably low. 

We study oscillator evolution for an optical klystron by replacing the func- 
tion s(i/fl) in (5.6) by the corresponding function for an optical klystron as calcu- 
lated classically [42]. For magnet sections of equal length, this is 

, ^ [l-cos(i/o/ 2 )] [l + cos;Vc /2 + X')] 

®'ok(*^o) = .ova 


( 6 . 2 ) 
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where x = Aftf[ (1/0/ 2Af) - 27 t ] and Afj equals the number of optical wavelengths 
which pass over an electron during its traversal of the dispersive section or drift 
space [43]. For Nd = 0. (6.2) reduces to the original form (3.6). As Afa 
increases, sqk(i/o) varies more rapidly vrith Vq. The corresponding gain function 
then has greater maxima: 

ffOK(»'o) = ^ S-cos x-cos(i/o+x)-(i/o/2)sin(i/o+x) 

-2cos(i/o/2)+2eos((i/o/2)+x)-(i/o/2)sin(i/o/2)+(i/o/2)sin((i/o/2)+x) (6.3) 

+ (»/(/2)(^<|/^)(sin((i/o/2)+x)-(l/2)aln(i/o+x)-(l/2)sinx]i(«/o)‘® . 

Note that if Afj is an Integer we may drop the term -ZnN^ the deAnition of x 
since this term does not change Sqk or poK- 


OPTICAL KLYSTRON 



Figure 7. The mode competition 
in a two-stage optical klystron 
FEL with Nd = 250 shows many 
more gain peaks than in the 
periodic undulator in Fig. 5. 
Here j - 0.2, Af = 50. 7 = 50. and 
Ao - 3.0 cm, so that 
Tit^ = 4.02 X 10*. The range of i/j 
depicted is from -10 to 10. The 
maximum gain per pass is IS per 
cent at i/q = 0.5. 


In Fig. 7 we show the evolution of the photon distribution function for an 
optical klystron. This example is identical to the conventional undulator dep- 
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Ictcd In Fig. 5 but with the value of j reduced to 0.2. A dispersive section has 
been Introduced with Nd = 5N = 250 to bring the peak gain per pass up to the 
value obtained with the conventional undulator. The sidebands to either side of 
the central peak in Fig. 7 are larger and more closely spaced than for the con- 
ventional undulator. This is due to the higher sideband gain and more rapid 
variation of g (i/o). For this example only 63 percent of the optical power present 
after 100 passes is within the maximum gain peak centered at i/q ^ 0.5. Further- 
more the power within this central peak is only 14 percent of the peak power 
obtained with the conventional undulator. This reduction is due in part to the 
narrowness of the peak and in part to the reduced value of s(i/q) at the peak 
gain point. The adjacent sidebands are suppressed by less than an order of mag- 
nitude, compared to six orders of magnitude for the conventional undulator. 
After many more passes, mode selection will be more complete and sidebands 
will be further suppressed, but before mode selection is complete the laser will 
reach the strong optical regime and saturation. In strong Aelds the gain func- 
tion 9 ( 1 / 0 ) is altered and the mode selection problem changes. 

(c) Tapered undulator 

Another type of magnet design is the tapered undulator (or "tapered 
wiggler") [23]. This design is intended to increase the gain in strong fields above 
that obtained with a conventional undulator. thereby increasing the saturation 
limit. This can be done by decreasing ("tapering") the magnet wavelength Aq 
along z, by decreasing the magnetic Reid strength, or by supplying a longitudi- 
nal accelerating electric Reid. Each method results in a change of the electron 
energy for resonance (i/q = 0) for Rxed wave number fc. When the optical Reid is 
strong, some electrons can become trapped in phase with the optical Reid, 
resulting in enhanced energy transfer from the electrons to the optical Reid. 


As with the optical klystron, we study the evolution of a tapered undulator 
FEL oscillator by replacing the spontaneous emission and gain functions in (5.6) 
by the corresponding quantities for a tapered undulator. The spontaneous omis- 
sion function .Siaper(>^o) niay be written as an opaque expression involving a 
number of Fresnel integrals [44,45] which we do not present here. With increas- 
ing amounts of taper St,per(t'o) becomes broader and the peak value decreases 
05 shown in Fig. B. Again the gain function is obtained from the spontaneous 
emission function by differentiation. Because of the broadening of the spontane- 
ous emission function, the maximum slope of the line shape and hence the max- 
imum amount of gedn in weak Reids is therefore reduced relative to a conven- 
tional undulator. Thus we expect a tapered undulator to perform less well dur- 
ing the early weak-fleld stages of oscillator operation than does a conventional 
undulator. 


TAPERED UNDULATOR 



Figure 0. The mode competition 
In a tapered undulator FEL with a 
Rve per cent taper of the undula- 
tor wavelength Aq shows behavior 
distinct from that in Figs. 6 and 
7. Here > = 1.0. N = 50, y = 50. 
and Ao = 3.0 cm, so that 
Tilly = 4.02 X 10*. The range of i/q 
depicted is from -20 to 10. The 
maximum gain per pass is 8 per 
cent at Ug = -6.4. 


In Fig. B we show the evolution of the photon distribution function for an 
undulator identical to that used in Fig. 5 but with a Rve percent taper in Ao from 
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the beginning to the end of the undulator. In this example wo have assumed 
that both Xo and the undulator field strength B vary along the length of the 
undulator so that K remains constant. After 100 passes the optical power is less 
than the value with a conventional undulator by two orders of magnitude. After 
500 passes the optical power becomes comparable to the power obtained after 
100 passes with a conventional undulator. Unlike the situation with an optical 
klystron, the sidebands in this case remain small so that the stored light is quite 
monochromatic in weak fields. With larger amounts of tapering, the sidebands 
are enhanced and can remain comparable to the main peak after lOO passes. 


(c) Quantum fluctuations and shot noise 


The gain and spontaneous emission rates in the previous examples have 
been taken to be const 2 int with pass number. In fact there are fluctuations due 
to quantum and shot noise that will vary the shapes of s(i/o) and j(i'o) on each 
pass. We show here that typically these fluctuations are small. 

From (5.4) and (5.7), at low photon number the growth of the photon distri- 
bution function is given by dr\(k dn The photon distribution 

function integrated over the density of stales gives the number of photons as in 
(3.2). Tlie solid angle in d^k is again the actual solid angle Jdtt- n/kzQ cap- 
tured between the spherical mirrors of the resonator. The cross-sectional area 
of the mode waist is nw§ = Zrtzo/k. Since the mode area doubles in each dis- 
tance zq we can estimate the interaction volume in (3.2) as 
V « /,(irto|t/2zo) = nL^/k. The wave number interval dk in (3.2) can be rewrit- 
ten in terms of the resonance parameter: du = 2nNdk/k, where k “ Zy^kg near 
resonance. This gives a convenient formula for the number of photons entering 
the resonator each pass: 


d ^phoion ^ 

dnd I/O 


4m 0 dn 


4nzo 


i nth 


The full range di/g Ri 2/r about resonance is excited by spontaneous emis- 
sion. but the range of Interest for gain Is only duo « 1 about i/q = 2.6. For typical 
free electron laser resonator designs L/Zzo is of order unity, j 1. 50. and 

nih 5x10*. This results in a large number of photons (« io») even after a single 
pass through the laser. Assuming that Poisson statistics apply [27]. the frac- 
tional fluctuations in the photon number are small ( 3xi0~^). 

The optical mode length corresponding to the frequency Interval in di/Q 1 
is ZOjiN/ k, TTie number of electrons In that length is given by the volume ele- 
ment irw§(ZQnN/k) times the electron density. Typically this number is « 10®. 
The shot noise associated with such a large number of electrons will be small. 
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ABSTKACr 

The spectrum, angular distribution, polarization and coher- 
ence properties of the radiation emitted by relativistic electrons 
undulating through a quasiperiodic tapered magnetic field are stu- 
died. Tapering the wavelength and/or fleld strength along the 
undulator's axis has the effect of spreading the spectral line to 
higher frequencies: interference over this broader spectral range 
results in a more complex line shape. The angular dependence, on 
the other hand, is not affected by the amount of taper. The polari- 
zation of the radiation in the forward direction is determined by 
the transverse polarization of the undulator, but the polarization 
changes off axis. The radiation patterns predicted here are dis- 
tinct from those of untapered undulators, and their detection is 
now feasible. They will provide useful diagnostics of electron tra- 
jectories and threshold behavior in free-electron-laser oscillators 
using tapered undulators. 
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IntroducUon 

Charged particles traveling along the axis of a static, undulating, magnetic 
Acid execute transverse oscillations. TTte resulting acceleration radiation from 
relativistic electrons ("magnetic bremsstrahlung" [1-7]) is emitted into a narrow 
cone in the forward direction. The Doppler shifted spectrum is peaked at a 
much higher frequency than the electron oscillation frequency. The polarization 
of the radiation in the forward direction is determined by the conAguration of 
the undulating magnetic Aeld and resulting particle motion: a helical array of 
magnets produces circularly polarized light while a linear array produces 
linearly polarized light. As the detector is moved off axis the emission spectrum 
shifts down in frequency, decreases, and the polarization changes [4-7]. A tra- 
jectory with many, small transverse excursions produces a spectrum with a few 
narrow peaks at the low-order harmonics. The magnetic Aeld generating this 
type of radiation is called an "undulator”, while the term "wiggler” is reserved 
for magnetic Aelds with only a few periods and larger excursions which generate 
broad band synchrotron radiation [4,5]. 

In a free electron laser (FEIL) [B,9], the magnetic bremsstrahlung is stored 
in an optical resonator to provide feedback for subsequent stimulated magnetic 
bremsstrahlung. The optical gain at various frequencies, angles and harmonics, 
depends on the undulator design and the resulting electron trajectories through 
the undulator. The evolution from spontaneous to stimulated emission also 
depends on that design. These important characteristics are known for the sim- 
ple periodic undulator, . but less is known about the tapered undulator which 
represents an important modiAcation for high power PEL operation [10-12]. In a 
tapered undulator the magnet's wavelength and/or Aeld strength are varied 
along its length to preserve the same Doppler shift while the electrons lose 
energy to the optical Aeld. This improves the energy extraction efficiency from 


PACS: 41,70 
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l.he electrons when operating at high optical power levels. A physical picture of 
this process can be given in terms of electron trapping and deceleration in the 
potential "bucket'' generated by the combined action of the laser and the static 
fields [11,12], 

However, the same tapered undulator design that Improves energy extrac- 
tion efTiciency in strong optical fields reduces the electron-optical coupling in 
weak fields. This is caused by the broader spectral range of the tapered undula- 
tor, and the details of the reduced coupling can be investigated directly from 
the spontaneous emission spectrum. Furthermore, In any real experimental 
situation one must include a study of the spectrum off axis since resonator 
modes extend over a finite range of angles. Detailed knowledge of the emission 
spectrum can be a useful diagnostic tool in determining the paths of electrons 
through the undulator. The forward emission spectrum In the fundamental line 
from a linearly tapered undulator has been calculated analytically [13]. We 
present the spectrum's full angular distribution In higher harmonics for a wide 
range of tapers. The polarization of the emitted radiation Is also examined. For 
helical undulators we show that the polarization changes from circular to linear 
at a well defined angle, regardless of the tapering. Because of its analytical sim- 
plicity the focus is mainly on the helical undulator design, but some results are 
presented for the linearly polarized field design to highlight their differences. 


I. Electron Trajectories 


The spontaneous emission spectrum is determined by the electron trajec- 
tories In the undulator. Neglecting radiation losses (7=0), the equation of 
motion for an electron in a magnetic field is 


dt 


where b = |b j is the electron charge, m is the electron mass, c^ is the electron 
velocity, Tmc® Is the electron energy, and c is the speed of light, 

A circularly polarized magnetic field Inside the undulator has the form 


B = B{z) [ cos +(z), sin +(2), 0 ] 


(1.2) 


where +(2) = dz' fco(z') = [1 + tj z/2Z,(tj)] fc„z, A„(z) = 2n/A:„(z) is the 
undulalor's wavelength at z , and = Zn/k^ is the imdulator's wavelength at 
e = 0 . The parameter describes a linear taper of the imdulator’s wave vec* 
tor. The length of the undulator L{rj) is a function of taper rj and is the sum 
of all tapered wavelengths. This gives 
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(1.3) 


where N is the number of undulator periods. For long undulators (Af » 1) 

i(»?)«AfA, t . (j 4) 


where Z, = i(0) =AfA. is the updulator length with no taper. 

We consider the particular case in which the amplitude of the magnetic field 
is also a linear function of z such that fl(z) = 5„[1 + riz/ Hr))] and the dimen- 
sionless ratio AT = 85(z)/fc.(z)mc® is constant throughout the undulator. Typ- 
ical values of K for an undulator are of order unity. (If A" » 1 , the array of 
magnets becomes a broad band "wiggler" [4,6]). Both A:.(z) and B(z) can be 
used to "tune" the Doppler shift along the undulator's length, but the special 
case where K Is constant Is analytically simpler. The Stanford undulator. 


yme 




( 1 , 1 ) 
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although untapcrcd. givos typical values of \, = 3.2 cm and = 2.4 kG. and 
uses a 40 MeV electron beam ( 7 = 60 ), so that K = 0.7 . A typical tapered undu- 
lator has 1. 160 cm and r; 0.05 with Oelds and wavelengths similar to the 

Stanford untapered case. 

The transverse equations can be integrated immediately because K is con- 
stant. 

/9x(0= 1 -cos'l') + p.(0) . /S„(f) = - |^sin'k + p„(0) (1.5a) 

/*» = 1 1 j * = ft = const. (1.5b) 

The constants of integration ft(0) and ft(0) can be chosen to insure that the 
beam does not drift in the transverse directions. This requirement gives the 
conditions for "perfect injection" 

ft(0) = -^ . ft(0) = 0 . (1.5c) 

Integrating (1.5b) gives z{t) = cp„t 4 - z(0) . The transverse oscillations are 
obtained by direct integration of (1.5a) using z(f) in '('(z) : 

i(0 = - ^^- -Icos (2 tts 2) [C(q) - C(2s)] + 

+ sin (2ns®) [5(q) - 5(2s)] j + z(0) , 

( 1 . 6 ) 

1/(0 = - [cos (2ns*) [S(q) - S(2s)] - 

- sin (2ns®) [C(g) - C(2s)] j + j/(0) , 

where s® = L(»})/2 t}\,, q = 2s [1 + r)c t / Hr))], S{q) and C(q) are Fresnel 
integrals and z (0) = 0 for simplicity. For undulators with a number of periods 
N » 1 and with rj ^ I the arguments of the Fresnel integrals are large. Using 
their asymptotic expansions [14] and keeping only the leading term in we 
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obtain 


where 


Hr) = -p- liaJliL +1(0) 

' ' 2ny ( 1 + tjt) ’ 




'I'(t) = !:„ L(»j) t(1 + »)t/2) . 


(1.7) 


and T=cftt//,(r)) so that OiST^l for any trajectory. Both results (1.6) and 

(1.7) are new and relevant to the explicit angular dependence of the spectrum 
that will be calculated in Sec. IV. 


The function x(r) is plotted in Fig. 1 for the values t) = 1.0, z„(0) = 0 , and 
Af = 10 periods in the undulator. A similar plot would describe i/(t) . Both the 
wavelength and the amplitude of the oscillations decrease while keeping K con- 
stant. A typical amplitude of the transverse oscillations is K\,/Znyfa 10'® cm. 
There is an upper limit on K/y& 0.369 for stable orbits in untapered undula- 
tors [I5j. 



Fig. 1. Electron trajectories in a tapered undulator. The electron is shown to 
"undulate" in phase with the magnetic field. The amplitude and wavelength 
of the oscillations decrease to keep K = eS(z)/fco(z)mc® constant along 
z . 
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To insure that, all the electrons In a beam follow helical orbits along the 
same axis of the undulator, we must choose the initial position i(0) and y(0) 

I I 

so that i(t) dr = y{r) tir = 0 . The Integration can be performed 
numerically to find that for values of rj less than unity |i(0)| s 0.057 K\,/2iry. 
|j/(0)| s 0.090 KK„/Zny. Since typical electron beams have a d “ 1 mm diame- 
ter this condition cannot be met for all electrons. Most electrons travel In paral- 
lel but identical helices. The characteristic emission angle for relativistic elec- 
trons is y~' so that the light emitted with wavelength X adds coherently from 
all electrons within a beam of diameter d If d ■syX . This condition is not met 
for typical experiments since y\ « 0.2 mm, and coherent emission Is only possi- 
ble over a narrower range of emission angles. Fortunately In an FEU the high Q 
resonator selects a much narrower range of angles naturally so that alt elec- 
trons participate coherently. 

II. Total Fjiengy lladialcd 

We can use the formula of Udnard [16] to express the total electromagnetic 
energy radiated: 

pi) 

Using (1.5) we obtain 

= §-0" 7® fT* p, + y + yVO) . (2.2) 

For small amounts of tapering and using (1.4) 

A. > + • (2.3) 

Notice that F!toi Increases In proportion to and increases with tj 

because the electron is forced into a tighter spiraling motion. Typical numerical 
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values (yiaBO. K »0 7. A, 1.0m, X® 3cm) give Etot ***0.1 eV. This Justifies 
neglecting radiation losses In Sec. 1 since « ymn^ . 


III. lidnard-Wiecbert nelda 


The radiation fields from accelerating electrons can also be Investigated by 
using the LIdnard-Wlechert fields [16]. The electric field at the observation posi- 
tion 0 = Dft = 0(sint> cosp, simS sin^, cosiJ) created by an electron at #*(<) is 



(3.1) 


where ^{l') = B - f{t') and K=l-ft-^(r). The quantity In brackets is 
evaluated at the retarded time given by f = f - /?(f')/c. In the far field limit 
( /? large) and In the forward direction (i5 = 0), /?(/’) <a (/J - c/9a£'). Using 
(1.7) and '('(t) defined there, we get 


where 



4y^Bftil:|, {I+tjt') 

(l + A’T(/?-T'i(t?)) 


[ sin +(t'), - cos +(t’). 0 ] 


( 32 ) 


"" (1+^^A(i7) 


The radiation Is substantially Doppler shifted to higher frequencies for relativls- 
Uc electrons due to the y* factor In +. This feature gives the FEE its wide tun- 
able range to short wavelengths. For typical parameters the emitted wavelength 
Is ~ 3 m. "Hie effect of tapering Is to Introduce more Fourier components Into the 
oscillation spectrum, thus complicating the line shape. The forward radiation is 
clrcidarly polarized because of the helical undulator design. 


It Is interesting to investigate whether quantum effects might play a role in 
the emission process. The number of photons emitted by a single electron per 
pass through the undulator is approximately fTioi/hu, ignoring emission into 
higher harmonics {K s 1) and the taper (tj « 1). The photon frequency from 
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(3.2) is u’»2y^u„ where t)„ = r:fc„ . Then using (2.3) £,„,/bu£ 1. The classical 
results must therefore be interpreted as representing the average energy emit- 
ted and the photon statistics left to another calculation. 

Now consider the emission from a beam of A/, electrons. Interference 
effects due to the phase differences introduced by the initial position i*j(0) of 
the j"‘ electron have to be taken into consideration. The effects of the 
transverse distribution of initial positions has been discussed. The effects of the 
longitudinal distribution of initial electron phases = 2'/‘k,zj(0)/ (t+K^) is 
found by summing the contributions from all the electrons using (3.2) 




d® = yv, + 2 2 cos (f<-fy) , if = tan 

<» 


-1 

<COS (j > 


and <■■■> = N,~' ( ■ • ) • When N, » 1 and the phases are completely 

i=i 

random A y/N^ . The radiated power detected will then be proportional to 
N, and during the initial stages of start-up In a resonator this is the relevant 
case. After enough radiation build-up. the optical field begins to bunch elec- 
trons in phase (j : so that the limit Etat N, is approached. In what follows, 
only the emission from a single electron is calculated, and the result is con- 
sidered characteristic of the incoherent emission from the whole beam. 


IV. Radiation tipcclrum 

The Fourier spectrum of the Udnard-Wiechert fields can be used to solve for 
the infinitesimal amount of electromagnetic energy emitted into the solid 
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angle dO within the frequency range (u.u + du) [Kef. 16] 

'^)dir~ (0)]exp[i«(< -ft r*(f)/c )] |‘' (4.1) 


Since an electron only accelerates inside the undulator. the limits of the time 
integration are f = 0 to L(tj)//3„c (t = 0 to 1). For long helical undulators. the 
emission spectrum does not depend on the azimuthal angle <p . so that we take 
ip = 0 in ft . The initial position f (0) introduces a phase factor that does not 
affect the emission spectrum. Inserting ^(t) from (1.5) and f(r) from (1.7) we 
obtain 


' \ K 

dr |f — cos^iJ cos 'k (t) + sim> cost) 

S - ^oSin^iS - ^siniS cosiS cos 'I'(t) | 


■t 9 I —sin 4 '(t) j + 2 I - ^oSin^iS - ^siniS cosiS cos 'I'(t) j 

<expf [fi ~a cosi>1t+ /fsind ( sin >1 >(t) ] 1 1 

^exp (1 ftcosi»T+ (1+ tjt) 


where 't'(r) is defined below (1.7). The analytical integration is carried out in 
the Appendix, but the result is not transparent. Instead we numerically obtain 
graphs of the spectral properties. Expression (4.2) reduces to the sum of the 
squares of six real integrals that can be more efficiently evaluated numerically 
than the result (A.3). 


The spectrum's fundamental line shape in the forward direction is 
presented for a wide range of values of .»} in Sec. IV A. Then, in Sec. IV B. the 
anguiar features of the spectrum are examined in detail at a few selected values 
of T). The values lor the physical parameters are = 3.2 cm. K = 0.747. 
7 = 80 . and the number of undulator periods is N =50 . 
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A. Ilio h'orward Spectrum in the I'\indamcnlal 

In Fig. 2 the forward emission spectrum of (4.2) is shown for the fundamen- 
tal at selected values of rj between 0.0 and 0.40. The figure shows that the line 
becomes broader and more structured, as rj increases, while the center moves 
towards higher frequencies. These features can be understood if we think of a 
tapered undulator as a succession of untapered undulators, whose wavenumber 
increases over the same length, so that the convolution of their spectra gives a 
shifted line center at Uo(l + i]/2)/(l - ft) for t> = 0 . 



Fig. 2. The forward spectrum from a tapered undulator is shown with 
0 s s 0.40 . / =1 , and d = 0. The energy emitted is plotted in units of 
the forward power emission energy from an untapered undulator using the 
same electron energy and having the same physical parameters fif, K, and 

K ■ 

For the tapered undulator the total spectral width can be approximated by 
the sum of the untapered linewidth «Uo/Af(l - ft) . and the shift in the line 
center caused by tapering, which is hu,,»j/ 2(1 -ft). The resulting linewidth 
for tapered undulators is therefore «£j„(1 + IV t)/2)/N{\ - ft) . This estimate 


gives the range of frequencies over which the emitted energy drops to “ 5% of 
the peak value. In Fig. 2 we show forward spectra for a range 0£ yVq/2s 12 . 
Note that the linewidth Increases rapidly with Increasing taper, because of the 
large number of periods. In Fig. 3 the emitted energy at the line center is plot- 
ted as a function of rj . The decrease in peak emission observed between 
t) = 0.0 and q = 0.20 Is due to the rapid increase In the spectral width, 
together with the slower increase In the total energy radiated. 



Fig. 3. The forward emission of the fundamental at the line center is plot- 
ted against the amount of taper q for 0 « q « 1 . 

B. Angular Dependence (Including higher harmonics) 

The anguleu- dependence of the radiation from a tapered undulator shows 
the same characteristic behavior as for of the untapered undulator [6,7]. Fig. 4 
shows the radiated energy as a function of frequency and angle in the fundamen- 
tal and first three higher harmonics for the taper q = 0.06 . Note that the peak 
emission In each harmonic shifts down In frequency as the observation angle 
away from the undulator axis d Increases: the line shape remains substantially 
unchanged as the detector is moved off axis. The same physical arguments as 
presented in Sec. IV A show that the peak emission falls on a locus of points in 
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Kig. 4. The fundamental and first three higher harmonics of the emission 
spectrum from a tapered undulator with 7) = 0.05 are shown as a function 
of frequency u and angle in units y i> , 

An interesting aspect of (4.4) is that the linewidth depends on r) and / only 
through their product. Therefore the spectrum in higher harmonics should have 
the same characteristic width as the one at lower harmonics with a higher 
amount of taper. Likewise reducing the tapering gives a tine shape resembling 


the spectrum in lower harmonics. In Fig. 5 we show the shape of Veirious spec- 
tral lines, all calculated at the fixed characteristic emission angle = y~' . 
They are arranged in a square "matrix" whose rows correspond to various taper- 
ings (t) = 0.05 , 0.10 , 0.15 . 0.20 ) and whose columns correspond to the funda- 
mental and the first three higher harmonics (/ = 1, 2, 3, 4 ). The emission 
energy and frequency scales are the same for all graphs, to allow for direct com- 
parison. Notice that the matrix is nearly symmetric about the diagonal, in that 
the line shapes corresponding to the same value of /t] are similar. 


f*l f=2 f=3 f=4 



Fig. 5. The spectral line shapes d‘£(u)/dudCl are shown for t) = 0.05, 
0.10, 0.15, 0.20 and / = 1, 2, 3, 4. Line shapes corresponding to the same 
value of /tj are seen to be similar. 

As in the case of a circularly polarized untapered undulator [6.7], the 
tapered undulator generates no forward radiation in higher harmonics. In Fig. 6 
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wo follow Uie radialcd energy measured at the line center Oj given in (4.3) as a 
function of tS for various harmonics and tapers. Each separate graph refers to 
the same harmonic number / = 1, 3. 3 and 4, and shows the angular depen- 
dence of the peak emission for different values of taper rj . At each angle the 
peak energy radiated into the frequency interval around Uy decreases mono- 
tonically as t) increases owing to the line broadening In (4.4). 



Fig. 6. The radiated energy measured at the line center frequency for 
the harmonics / =1, 3, 3, and 4 Is plotted against 7 iJ for taperings 
T) = 0.0, 0.05, 0.10, and 0.15 for the case of a circularly polarized undulator. 

For comparison In Fig. 7 we plot the same quantity in a linearly polarized 
undulator using the same physical parameters. There Is now emission in the for- 
ward direction of each odd upper harmonic, / = 3, 5, 7,... owing to the longitudi- 
nal acceleration of the electrons [6,7]. 



Fig. 7. The radiated energy measured at the line center frequency Uf for 
the hEU-monlcs / = 1, 3, 3, and 4 is plotted against yd for taperings 
T} = 0.0, 0.05, 0.10, 0,16 for the case of a linearly polarized undulator. 


V. PolBrizaUon of the Spontaneous Emission 

The polarization of the spontaneous radiation can be studied directly by 
using the Udnard-Vfiechert fields (3.3). From (3,3) the ratio IffrlVlByl® is 
seen to be unity at d = 0 and to vanish at the particular angle d* defined by 

yd*= cos-' (ft) «>^(1 -/J,)>*= (1 + A"®)** (6.1) 

for any value of taper rj . For a typical value of AT = 0.7, yd*= 1,348. As d 
increases from 0 to d’, the radiation changes polarization from circular to 
linear independent of the amount of tapering. 

The polarization of the spontaneous radiation calculated using (4.1) can be 
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found by projecUng the integrand onto a unit polarization vector. 

t = ( COST? coS|4>, eosiJ sin$, - sini5 ) (5.2) 

1 

The observation angle away from the undulator axis is d and the polarization 
angle is $ . The spectrum shown in Fig. 0 plots the radiated energy 
d’‘E(i)/ do dO from a tapered undulator with 7} = 0.05 as a function of iJ 
measured at the line center of the fundamental for three different poiarization 
angles 4> = 0, n/4. rr/2 . The radiation off axis becomes progressively more 
polarized in the y-direction and at • the emission becomes linearly polarized 
as described by (5.1). 



Fig. 0. The energy radiated d^E(t)/ du dO with polarization f by a 
tapered undulator with r) = 0.05 is shown as a function of -y at the line 
center in the fundamental. The rad iation c hanges its polarization from cir- 
cular to linear at the angle y&' = Vl + 


Conclusion 

The results presented in this paper provide the first complete description of 
the spontaneous emission spectrum from a tapered undulator. The frequency 


and angular spectrum are presented for a wide range of taperings. The assumed 
linear dependence of k^(z) and K = const simplify the calculations but show 
the same general features expected of a wide range of tapered undulators. 
Practical designs are likely to be more complex to optimize the electron beam 
energy extraction during high power laser operation. The differences will show 
in the detailed shapes of the spectral lines while the angular distribution and the 
total energy emitted will remain comparable. TTiese results should be useful to 
experimentalists working on tapered FEli designs. 
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Appendix 

To perform the T-inlegral in (4.2) we need to rewrite the integrand. Con- 
sider the second term in the exponential of (4.2) and expand in plane waves with 
Bessel function coefficients [14] to write 


exp 


i^/Tsind sin 4'(t) ] 1 _ / «(cj.d) 

(l+nT) Jj "1 1+1?T 


exp(in'l'(T)) 


(A.l) 


where n = uK sin ■&/ ■ The right hand side of (A.l) can be rewritten as fol- 
lows [14] 

(A.2) 


^ expfmtfT)] ^ 
( 1 + »?T )" 






2 **:! 


1 - 


(\+T]Tf 


11 d = 0 only the fc=0 term survives, the double series reduces to unity, and 
the spectrum can then be expressed in terms of Fresnel integrals. If d > 0 the 
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T-intcgrals in (4.2) can bo expressed in the general form 


n = -.^*=0 2 i ! " 



(A.3) 


Where w = uL(r])(l - cosiS)/^„c . When the tapering parameter tj « 1 (as 
, .-.i-,, ' is typically the case) an expansion in r) will have terms of the form 

dr T* exp I i [(n ± I)'I'(t) + ui(o,iS) T ] ( (A. 4) 

Since +(t) is quadratic in t . all resulting integrals can be performed analyti- 
cally [14] and only the first few terms in the power series expansion need be 
retained. 
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